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The angular distributions of 13.6-Mev deuterons scattered elastically by Pb, Au, Pt, Sn, 


Ag, Ni, Cu, and Fe are studied. 


Reactions between deuterons and nuclei, par- 
ticularly elastic scattering, exhibit characteristics 
that result specifically from the small binding en- 
ergy of the deuteron and from the fact that its cen- 
ter of mass does not coincide with its center of 
charge distribution. 

Because of the experimental difficulties associ- 
ated with the necessity of using selective spectro- 
meters, very few investigations of elastic deuteron 
scattering have been published, especially for 
scattering from medium-weight and heavy nuclei. 
However, the available literature shows that the 
angular distributions of elastically scattered deu- 
terons depart considerably from Rutherford scat- 
tering, and that the character of the departure is 
different from that of protons. 

As in the case of alpha particles, it is charac- 
teristic that, beginning at a specific angle,'’” the 
scattering cross section decreases rapidly com- 
pared with the Rutherford cross section. In order 
to account for this effect, Porter’ considered the 
absorption of alpha particles and deuterons having 
Coulomb orbits in classical approximation. Porter 
fitted the data by assuming that the deuteron mean 
free path near the center of a nucleus is longer 
than that of an alpha particle; this assumption can- 
not be accepted unconditionally. Nishida‘ calcu- 
lated the electric breakup of the deuteron, and 
showed that since deuteron breakup requires the 
acquisition of energy at least equal to the binding 
energy, the departure from the Rutherford cross 
section will occur at a constant angle for nuclei 
with different charges and will depend only on the 
deuteron energy. Nishida’s calculation of o(@) is 


in good agreement with experiment! for 15.2-Mev 
deuterons scattered from Pb and Bi. Slaus and 
Alford® used 4-Mev deuterons, and interpreted 
their results by means of the optical model. They 
fitted data by introducing a very large imaginary 
part in the potential (~15 Mev), but were unable 
to obtain agreement for lighter nuclei (Mg and 
Al). 

The mechanism responsible for the non-Ruther- 
ford elastic scattering cross section has thus far 
remained undecided. We have sought further in- 
formation by measuring angular distributions of 
13.6-Mev deuterons scattered elastically by Fe, 
Ni, Cu, Ag, Sn, Pt, Au, and Pb at intervals of 
2.5 — 5° in the angle range 10 — 140°. 

Our measurements were performed on a deu- 
teron beam extracted from the cyclotron of the 
Institute of Physics of the Academy of Sciences of 
the Ukrainian S.S.R. The experimental technique 
has been described in an earlier paper.® The tar- 
gets were self-supporting metal foils that had 
been rolled, or that had been deposited on a sub- 
sequently dissolved organic film. Target thick- 
ness did not exceed 2.5 —3 mg/cm? except in the 
case of lead (4.7 mg/cm’). The zero angle was 
fixed by taking a few spectra on both sides of the 
zero position. Angles were accurate to within at 
least 0.2°. The half-widths of peaks were 2.5-3% 
in the range 20 — 90°, and ~5% above 90°. Statisti- 
cal errors did not-usually exceed 3%. Figure 1 
gives the angular distributions of (o/oRuth) nor- 
malized to unity for 10 — 25°. 

It is noted, first of all, that in the case of heavy 
nuclei (Pb, Au, Pt) the departure from Coulomb 
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FIG. 1 


scattering occurs at angles 35— 40°. Our account 
of the mechanism involved in this effect is based 
on the importance of nuclear interactions at deu- 
teron-nucleus distances q = Rn + Rg +4, while 
the electric interaction plays the principal role at 
larger distances. If q is taken to be the impact 
parameter for Coulomb scattering, the correspond: 
ing angle @¢ is determined from* 


sin (0¢ /2) = Ze?/(2M,v2q — Ze?). (1) 


The arrows in Fig. 1 indicate the calculated values 
of 6, for Rg = 4.31 f and Ry = 1.25 A’ f. Thus 
at the given energy the departure from Rutherford 
scattering which results from nuclear interaction 
should be observed beginning at 60 — 64° in the 
case of heavy nuclei. 

According to Nishida,* the distance b at which 
deuteron breakup begins to take place is given by 


b = Ze/vV ME, 


where Ep is the deuteron binding energy. For 
our deuteron energy 30° was the corresponding 
calculated angle at which electric breakup begins 
to be effective. The somewhat larger observed 
angle for the departure can be associated with the 
fact that breakup becomes appreciable when the 
interaction energy somewhat exceeds Ep. This 
can possibly explain why no departure from 
Rutherford scattering was observed for Eg 

= 4 Mev.°® 


*The quasi-classical approximation, which furnishes an 
adequate general description of scattering on heavy nuclei, is 
justified in our case by the fact that Ze?/fiv exceeds unity 
even for Fe. Therefore Eq. (1) can be regarded as suitable for 
an approximate evaluation of 6. 
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For Pb, Au, and Pt, cross sections smaller 
than the Rutherford values at angles up to 60° 
therefore result from electric breakup of the deu- 
teron. Figure 2 shows the absolute electric break- 
up cross sections for these nuclei. 

In the case of lighter nuclei the departure from 
Rutherford scattering is observed at angles 
smaller than 40°; the angle decreases with smaller 
Z. The distribution exhibits a number of peaks. 
Since in the cases of Fe, Ni, Cu, Ag, and Sn the 
departure occurs at angles in good agreement with 
6c, nuclear interaction is the most likely cause. 

In conclusion we wish to thank Yu. A. Bin’kov- 
skii for preparing the targets, V. N. Dobrikov and 
N. I. Zaika for assistance with the measurements, 
and the entire staff of the cyclotron laboratory. 
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The influence of the relative AgBr content in nuclear emulsions on the magnitude of the 
AS UMReELy coefficient for the 4*— e* decay was studied experimentally. Values of the 
HL” -meson depolarization were obtained separately for AgBr and for gelatin. 


INTRODUCTION 


‘Tae asymmetry coefficient of the u*— e* decay 
for u* mesons stopping in various substances has 
been investigated in a number of experiments.'° 
According to the theory of the universal four- 
fermion interaction,°®»! the angular distribution of 
the decay electrons, integrated over the spectrum, 
is given by 1 — 7; cos 6, where @ is the angle be- 
tween the electron momentum and the p* -meson 
spin. The experimentally-observed distribution is 
of the form 1 — acos ¥, where ¥@ is the angle be- 
tween the momenta of the »” meson and of the 
electron, and a < 4. The latter fact is due to the 
incomplete polarization of u* mesons at the time 
they are produced, and to additional depolarization 
during the last stages of their slowing down, which 
include the period between their stopping and 
decay. 
experiments with nuclear emulsions and 

bubble chambers, the 7 — yw* decay occurs after 
the y* mesons have stopped completely, and the 
u* mesons are therefore completely polarized in 
the beginning. In such experiments, the magnitude 
of the u* -meson depolarization D is determined 
during the last stages of slowing down and stopping 
of the p* meson. 

Thus, the experimental value of a determines 
the residual polarization of the »~ meson, P = 1 
— D, according to 


[2 == yo. (1) 


It is usually assumed®” that the y* -meson 
depolarization in matter is mainly due to the pro- 
duction of mesonium. In the *S; mesonium state 
with m = 1, there is no depolarization of the p* 
meson. In the state with m = 0, which is a super- 
position of the states 8S; and ‘Sas total depolariza- 
tion occurs. Therefore, in the absence of a strong 
magnetic field which would decouple the spins of 


the electrons and the yp” mesons in the mesonium, 
half of the 4* mesons become depolarized. Fora 
multiple electron exchange, total depolarization of 
uu mesons is possible. 

The present investigation deals with the de- 
polarization of u* mesons in nuclear emulsions 
with different relative AgBr content. 


EXPERIMENTAL METHOD 


An emulsion chamber consisting of stripped 
layers of NIKFI-R emulsion of four types, differ- 
ing from each other in their AgBr content, was 
placed into the 350-Mev 1* -meson beam of the 
synchrocyclotron at the Joint Institute for Nuclear 
Research. A copper absorber, whose thickness 
was chosen in such a way that ™ mesons stopped 
in the middle of the chamber, was placed in the 
path of the particles. The emulsion chamber was 
surrounded by a double iron screen, which, atten- 
uated the intensity of the scattered field of the 
accelerator and of the earth’s magnetic field to 
0.04 oersted. 

The particle flux density during the irradiation 
amounted to 5 x 104 particles per em’, 

The NIKFI emulsion was used in its regular 
form, or with double, triple, or quadruple gelatin 
dilution. 

The agreement between our data on the density 
and shrinking of the emulsion with the data supplied 
by the Research Institute of the Motion Picture 
Industry and the Physics Institute of the Academy 
of Science (see Table I) indicates that we can use 
the values of the relative AgBr content in the 
emulsion shown in the table. 


RESULTS OF SCANNING 


In the scanning of the emulsion we measured 
the points at which the ™ mesons stopped, and 
also the direction of the projection on the plane of 
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scanning of the 4* -meson emission line. In addi- 
tion, the depth of the end of the y* -meson track 
and the direction of emission of the positron were 
measured. The plane perpendicular to the direc- 
tion of the projection of the u~ -meson line of 
emission and to the plane of the emulsion sepa- 
rates, on the average, the positrons emitted for- 
wards and backwards. In order to exclude redun- 
dant detection of the same event, a contact mounted 
on the microscope table produced a signal when the 
investigated 4* meson left the scanned strip, and 
also upon its return to the strip for further scan- 
ning. 

A total of 45 457 events of ™*— w*— e* decays 
was found in the emulsions with the four different 
concentrations. In the reduction of the data ob- 
tained, those events were selected in which the p* 
mesons stopped at a distance > 50 from the sur- 
face of the undeveloped emulsion. As a result of 
such a selection, the total number of the 7 — p* 
— e* decay events was reduced to 38 192. 

Data on each type of emulsion are given in 
Table II. 


TABLE II 
potas Percents 
Degree of aos er a a, | ageofun- 
PAS b d 
Giation es eyentsii a= Zz Bonitone 
| 

4 114,184) 5.564 | 6.081 | 0.089 0.34 

2; 9.902) 3.934 | 4.420 |0,117 0.59 

3 | 11,547) 4,514! 5.402 | 0,122 Ai) 

4 9.824] 3,697 | 4.299 | 0.151 3.9 

CORRECTIONS 


The distribution of the p* -meson decay posi- 
trons is given by the expression 
aN = const-(1 — a cos $) dQ, 
where ~v is the angle between the momenta of the 
wu” meson and of the positron, and where the posi- 
trons emitted in all directions with respect to the 
primary particles are detected. 
For the ‘‘forward-backward’’ positron distribu- 
tion, the asymmetry coefficient is 
a = 2(Ny— Ne) / (Ny + N¢)- 
However, ir connection with the fact that the p* 
-meson momenta are distributed within the angles 
0 — 30° or 0 — 24° with respect to the emulsion 
plane (depending on the thickness of the emulsion 


layer ), the measured asymmetry coefficient should 
be divided by the correction coefficient K, 

= cos? y/cos g, where ¢ is the angle of dip of the 
u* meson. Such a correction takes into account 
the fact that the direction of emission of the p* 
meson is not horizontal, but inclined by 3 — 4%, 
depending on the type of emulsion. 

A second correction was determined from the 
double scanning of those events of 7 — y*— e* 
decay that can result in the transfer of positrons 
from group Np to group N¢ and vice-versa. This 
can be explained by observer errors, bad visibility 
of the positron because of lowered grain density 
along the particle track in the diluted emulsion, 
incorrect detection of the positron direction, etc. 
The factor obtained is Ky = 1 — 2p, where p is the 
relative number of cases of incorrectly-recorded 
positron direction. With increasing dilution of the 
emulsion, this factor, averaged over the results of 
different scanners, varies from 0.94 to 0.9. 

The low density of grains along the positron 
tracks in emulsions with fourfold dilution, and the 
strong inhomogeneity of the emulsion, lead to a 
relatively high percentage of omitted positrons at 
the end of the u -meson tracks (see Table II). We 
have attempted to establish the distribution of the 
positron directions for three cases in which they 
were not observed, using the method of random 
tries from the statistics already accumulated for 
the given dilution. For these tries, a 6% overesti- 
mate of the forward-backward asymmetry coeffi- 
cient was obtained. This was done based on statis- 
tics which made it possible to consider such an 
overestimate as agreeing with the measured value 
of the asymmetry coefficient for the given dilution. 

Taking into account the two corrections and also 
the fact that the omitted positrons do not affect the 
result, we obtained the following asymmetry co- 
efficients for the various dilutions of the emulsion: 

Ox, = 0.100+ 0.018, Ogx2 = 0,133 40,022, 

x3 = 0,153 40.020, Oex4 = 0.170 +0.022* , 


*We also studied the asymmetry of positrons in the quad- 
ruple-dilution emulsion which had previously been treated with 
TEA hypersensitizer [(C,H,OH);N]. Taking the correction fac- 
tors into account, it was found that @ = 0.148 + 0.028. Thus, 
the use of TEA does not lead to a marked depolarization of the 
pt mesons. 


INVESDIGALTLION OF 1 * 


DISCUSSION OF RESULTS 


From our experimental results we can, using 
Eq. (1), estimate the residual polarization of p* 
mesons in AgBr and in gelatin. 

It was assumed that the depolarization occurs 
during the time after the u* mesons have stopped 
either in the AgBr or in the gelatin. 

In that case, the polarization of the u* mesons 
decaying in the emulsion can be written in the 
following manner: 


Bie a), (2) 


where P; and P» are the polarizations of the p* 
mesons decaying in gelatin and AgBr respectively, 
and y = xS/(1+ xS) is the relative number of p* 
mesons stopping in gelatin (where x is the ratio 
of the volume of gelatin to the volume of AgBr, 
and § is the stopping power of gelatin relative to 
the stopping power of AgBr). For a known value 
of y, one could obtain the values of P; and P, 
that best approximate the data obtained according 
toulq. (2). 

However, y is related to S, which is not known 
in our case, so that the problem is to determine 
the three parameters P,, Py, and S. In general, 
a Simultaneous determination of these parameters 
appearing in Eq. (2) is possible only for very 
large statistics where, for a unique S, we can ob- 
tain a linear variation of P with y. Moreover, x 
and S should be interdependent. In the case where 
the value of P is subject to statistical errors, the 
linear variation of P with y is maintained for 
various values of S, so that the unique correlation 
of the parameters disappears. Using the least- 
squares method, we have constructed a family of 


straight lines with various values of S (see figure ). 
The analysis of these curves by the x? test excludes 


the possibility of discriminating in favor of one of 
them. 

We therefore have a number of equally-probable 
values of S with corresponding values of P; and 
P,. From additional data we can, however, find a 
lower limit for S. 

The measurement of the range of 4.12-Mev p™ 
mesons (originating in the decay of the stopped 
™ mesons) in emulsions with various gelatin 
contents makes it possible to determine directly 
the ratio of the stopping power of gelatin and of 
AgBr, the most reliable value of which is equal to 
0.34. It is known that, with decreasing energy of 
charged particles, the stopping powers of light and 
heavy elements become comparable, and their 
ratio tends to unity. Assuming that depolarization 
occurs in the stopping, or, at any rate, at the end 
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Polarization of pt 
mesons as a function 
of the relative number 
of p+ mesons stopping 
in gelatin (y) for vari- 
ous values of S. The 
experimental points 
correspond to the as- 
sumed values S = 0.34 
and 1.0. 


of the yp” -meson range, where the energy is of the 
order of several times ten kev, we can assume 
that, in our case, S lies in the 0.34 — l range. P, 
can then vary from 0.09 to 0.12 (i.e., ~ 0), and P, 
from 0,9. to 0.7. 

Data given in the literature make it possible to 
choose a better value of S. It is first necessary 
to estimate the energy of u* mesons for which the 
particles stop in each of the emulsion components 
(i.e., the energy for which a uw” meson incident 
upon an AgBr grain stops in it). 

In a very approximate way, using the tabulated 
data of Fay, Gottstein, and Hain, '° or using the em- 
pirical formula for small ranges, E[kev] 
= 84 R°-®°°[ J, it was found that the u* meson 
loses ~ 40 kev in the last AgBr grain. This does 
not contradict another calculation based on the de- 
termination of the residual range in AgBr for 
133-kev * mesons from the formula for ioniza- 
tion losses in the Born approximation. 

From the data of Warshau,!" the ratio of the 
stopping power of light and heavy substances (Be 
and Ag) for 0.1-Mev protons or ~ 0.015-Mev y* 
mesons amounts to 0.8. The ratio of the stopping 
powers of gelatin and AgBr'®>! for 0.52-Mev 
protons (~ 0.06-Mev pu” mesons) amounts to 0.81. 

Comparing all the various data, it is reasonable 
to choose S = 0.8. 

From a further analysis of the data obtained for 
S = 0.8 we find P; = 0.72 + 0.22 and P,=0+ 0.11 
(taking into account that polarization cannot be 
negative ). 

A strong depolarization of u* mesons in AgBr, 
in spite of the multiple exchange with an electron, 
can evidently be explained by the action of an 
additional process comnected with the production 
of mesonium. If we regard mesonium as similar 
to positronium, we can assume that, for certain 
substances, there is a finite probability of pre- 
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ponderance of the system’s orthostate. Thus, the 
cross section for orthopositronium in halides is 

~ 107'8 cm?.”” This is possibly due to production 
of the p*Br molecule, as a result of which the 
original orientation of the uw” -meson spin is 
‘‘forgotten.’’ On the other hand, a relatively small 
depolarization of the 1* meson is observed in gela- 
tin. This means that apparently not all w* mesons 
produce mesonium in gelatin, and other mecha- 
nisms of depolarization being absent, the »* me- 
sons conserve their original spin orientation up to 
the very moment of decay. 

The authors express their deep gratitude to 
Prof. I. I. Gurevich for his advice and interest in 
the work. We would like also to thank Prof. V. I. 
Gol’danskil and B. A. Nikol’skii for their discus- 
sion of the results, and Z. S. Galkin, G. I. Polosin, 
and A. V. Smelyanskaya for help in scanning the 
emulsion. 
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The concentration of a plasma in a magnetoacoustic wave is measured. It is shown that the 
lonization increases considerably and rapidly in magnetoacoustic resonance. The radial con- 
centration distribution in the plasma is almost uniform. 


INTRODUCTION 


A study of magnetoacoustic resonance is of con- 
siderable interest in problems connected with the 
development of methods of high-frequency ioniza- 
tion and heating of plasma. It was shown by Frank- 
Kamenetskii ! that resonant phenomena due to 
propagation of magnetoacoustic oscillations are 
possible in a plasma-filled infinite cylinder located 
in a magnetic field. Magnetoacoustic resonance 


was actually observed and investigated experiment- 


ally.2 However, comparison of the observed reso- 
nant frequencies with the calculated ones is made 
difficult by lack of exact data on the concentration 
of the plasma and on its distribution in space. The 
purpose of the present investigation was to meas- 
ure the concentration of plasma during the process 
of magnetoacoustic resonance. 

The method of high-frequency probing, used in 
the earlier experiments,’ yields only the lower 
limit of plasma concentration. The microwave- 
interferometer method gives the average value of 
the concentration along the line of sight. The ad- 
vantage of these methods is that they are absolute 
and do not disturb the plasma. Since we were in- 
terested in the measurement of the plasma con- 
centration in space and in time, we chose the 
method of double electric probes for the relative 
measurements. The absolute calibration was 
against a microwave sounding signal. It is well 
known‘ that absolute measurements with elec- 
tric probes become insufficiently reliable in the 
presence of a magnetic field, because the mag- 
netic field affects differently the motion of the 
particles that arrive at the probe at different 
angles. For this reason the probe measurements 
were regarded in the present investigation as rel- 
ative only. 
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FIG. 1. Diagram of the apparatus: 1— generator (f = 42—50 
Mc/sec, Pmax = 150 kw, tg = 10 milliseconds (decrease 67 
percent)); 2—tank circuit coupled to the plasma, in the form 
of a cylindrical loop with freg = 45 Mc/sec, L = 40 cm, D = 12.5 
cm; 3—coil for longitudinal magnetic field (L = 90 cm, D = 30 
cm, Hmax = 16 koe, T/2 = 4 millisec); 4—capacitor bank to 
supply the coil; 5—cylindrical vacuum chamber of glass, 

7 cm i.d. and 150 cm long; 6—vacuum system; 7 —microwave 
sounding generator with A = 3 cm; 8—magnetic probe; 9— 
double electric probes. 


1. DESCRIPTION OF THE APPARATUS 


The experiments were carried out with the ap- 
paratus illustrated in Fig. 1. 

A cylindrical plasma column was produced in 
a longitudinal homogeneous quasi-static magnetic 
field; the direction of the applied high-frequency 
magnetic field coincided with that of the quasi- 


FIG. 2. Arrangement of 
probes in the chamber. 


View in the direction of the arrow A 
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FIG. 3. Connection diagram of the probes. 


static one. The experiments were carried out with 
hydrogen. To estimate the concentration of the 
charged particles, double probes were sealed into 
the tube in which the plasma was produced; in ad- 
dition, soundings were made with pulses from a 
3-cm klystron oscillator. The double probes were 
made of molybdenum wire 0.5 mm in diameter and 
were sealed into the wall of the vacuum chamber 
(Fig. 2). One pair was placed along the axis of the 
chamber, while the other was placed 8 mm away 
from the wall. The probes were connected as 
shown in Fig. 3. 

To obtain a probe current that is linear with 
the concentration, the equipment was operated 
saturated. In this case the Bohm formula holds, 


ip= 0.4n. V 2kT./m; S, 


where ip is the probe current, mj and nj are the 
mass and concentration of the ions, Te is the 
electron temperature, and S is the collecting area 
of the probe. 


4 


2. PROCESSING OF THE EXPERIMENTAL DATA 


Oscillograms were taken of the probe currents 
with and without voltage applied to the probes 


FIG. 4. Oscillograms of signals from one pair of probes 
for different voltages: I — for Up = 300 v, II— for Up =O ata 
generator voltage E=6 kev and H, =5.8 koe; p =8 x 107 
mm Hg; sweep time t, = 10 milliseconds. 


(Fig. 4). The oscillograms of Fig. 5 show the cur- 
rents produced with different probes. The first 
probe was located at the wall, the second on the 
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FIG. 5. Oscillograms of probe currents for different pairs 
of probes (upper beam) and signals of microwave sounding 
generator (lower beam); I—probes located at the wall, 

II — along the chamber axis. Values of E, H,, p, and t, are the 
same as in Fig. 4, Up = 300 v. 


chamber axis. Figure 6 shows the oscillograms of 
the current flowing in a probe located at the cham- 
ber walls and the sounding microwave signal with 
rapid sweep. 

The oscillograms in Figs. 7 and 8 illustrate the 
variation dependence of the probe current with the 
voltage E of the ionizing generator at a constant 
magnetic field Hg, and of the field intensity Hg 
at constant ionizing-generator voltage. 


FIG. 6. Oscillogram of the probe current and the signal of 
the sounding microwave generator with fast oscillogram sweep 
(ts = 3 milliseconds); the arrows indicate the maxima of con- 


centration, the values of E, H,, p, and Up are the same as for 
Fig. 5. 
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FIG. 7. Dependence of the probe current on the generator 


voltage at the same values of H,, p, Up and t, as in Fig. 5. 
Oscillogram I—E = 9 kv, II—-E =6 kv, I—E =3 kv. 


FIG. 8. Dependence of the probe current on the intensity 
of the magnetic field: I—H, =8 koe, I—H, = 5.8 koe, IM — 
H, = 4.2 koe; experimental conditions are the same as for 
Fig. 5. 


Figure 9 shows an oscillogram of the quasi-static 


magnetic fields Hy and the form of the sounding 
microwave signal pulse in the absence of plasma. 


FIG. 9. Form of 
the quasi-static mag- 
netic field (oscillo- 
gram I) and of the 
envelope of the micro- 
wave sounding signal 
(oscillogram II) at 
E=0, p=10° mmHg, 
t, = 10 milliseconds. 


We also plotted the characteristic of the probes, 
as shown in Fig. 10. The saturation of the probe 
current is evident. 


+ J Rel. units 


FIG. 10. Charac- 20 
teristics of the probes: 
Curve I—probe at the 
wall, II— probe on the 
chamber axis. 
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The probe was calibrated by comparing the os- 
cillograms of the probe current with the oscillo- 
gram of the microwave sounding signal (see Fig. 
5). It was assumed here that at the instant when 
the microwave signal is triggered the electron con- 
centration passes through the value n = 10-4.cmas: 

The oscillogram of Fig. 6 shows that the probe 
current has two maxima, corresponding to the fol- 
lowing values of quasi-static magnetic field and 
electron concentration: n = 6 x 10! cm™? at Hy = 
650 oe and n =5 x 10!* cm™? at Hy = 1580 oe. 

The radial distribution of the plasma concen- 
tration, estimated with the aid of Fig. 5, is n = 
8.6 x 10'* for probes located at the wall, and n = 
6.2 x 10'* for probes located on the chamber axis. 


3. DISCUSSION OF RESULTS 


It has been shown in an earlier investigation” 
that a quasi-static magnetic field is varied, the 
amplitude of the alternating field goes through 
two or three resonant maxima. These were in- 
terpreted as magnetoacoustic resonances. In the 
present paper analogous resonant maxima were 
observed upon variation of the concentration of 
the plasma with time. 

The resonant frequencies are close to the geo- 
metric mean of the electron and ion cyclotron 
frequencies we and w;, as should be the case 
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when the number of electrons per unit plasma- 
cylinder length is small. In this frequency region 
different types of oscillations are possible, to 
which the auxiliary resonances may indeed cor- 
respond. An accurate identification of the type of 
the resonant oscillations calls for a detailed 
measurement of the field configuration, and needs 
further investigation. 

We can, however, draw the following prelimi- 
nary conclusions from the data obtained on the 
radial distribution of the amplitude of the high- 
frequency magnetic field He and on the ampli- 
tudes H and Hz as given in reference 2. The 
resonance Hy = 650 oe corresponds to the first 
radial number ky = 3.83, while the resonance at 
Hy = 1580 oe corresponds to the second radial 
number k, = 7.0. Because of the symmetrical 
character of the excitation, we assume that the 
azimuthal number is m = 0 in either case. The 
resonant frequencies calculated under these as- 
sumptions are listed below; the generator frequency 
used is We = 3.2 x 10°, 

Here w* is the circular frequency of the radial 
magnetoacoustic oscillations, w is the circular 
frequency of the longitudinal-radial magnetoacous- 
tic oscillations, and the remaining notation is that 
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of reference 5. For w* we assume kz =0, and 
for w we assume k, = 0.08, corresponding to 
total reflection of the wave from the ends of the 
plasma cylinder. The calculation formulas were 
taken from references 1 and 5. The resonance at 
Hp = 1580 oe corresponds to approximately one-half 
the ‘“‘hybrid’’? frequency. The velocity of propaga- 
tion of the magnetic sound differs little here from 
the Alfven velocity. The resonance at Hg = 650 oe 
corresponds to a frequency close to ‘‘hybrid’’ but 
is somewhat higher. Purely radial oscillations 
are impossible in this case. The presence of a 
considerable component of the high frequency field 
H Y confirms that actually the direction of the wave 
vector was in this case quite different from radial. 
We thank E. K. Zavoiskii for interest in this 
work. 
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Rotation of the propagation and polarization vectors has been observed experimentally ina 
plasma for propagation of an electromagnetic wave at a frequency between the ion and electron 


cyclotron frequencies. 
EXPERIMENTAL SECTION 


ibs the work reported here the propagation of 
electromagnetic waves along a cylindrical plasma 
column in a uniform quasistatic magnetic field Hy 
has been studied. The plasma was produced ina 
cylindrical glass chamber by an ionizing oscillator 
which provided a nominal power of 150 kw at 50 
Mc. The radio-frequency magnetic field was in the 
same direction as the static field. The experi- 
ments were carried out in hydrogen at a pressure 
p=8x10* mm Hg. The plasma density was esti- 
mated by the blocking of pulses from a klystron 
which operated at a wavelength A = 3 cm. 

The basic parameters and a diagram of the 
apparatus are given in Fig. 1 of the preceding 
paper. 

Linearly polarized waves are excited in the 
plasma by a probing oscillator (pulsed) which de- 
livers a power of 500 w at a frequency f = 29 Mc. 
The tank coil of the oscillator, which is located in 
a region of uniform quasistatic magnetic field 
(shown schematically in Fig. 1), is directly 
coupled to the plasma. It has been found that 
presence of the discharge in the chamber does not 
affect the operation of the oscillator except to 
cause a small frequency shift (of the order of 1%). 

The detector system consists of magnetic 
radio-frequency probes; these are small coils 
consisting of Plexiglas forms on which 5 to 10 
turns of type PEL wire (0.06 mm in diameter ) 
are wound. The probes are used to measure the 
field components Hy, , and Hz; the orientations 
of the planes of these coils are different, but the 
product SW (where W is the number of turns and 
S is the area of a loop) is the same for all probes. 
A double magnetic probe has also been used. This 
probe differs from the one-coil probes in that two 
windings are wound on the frame and the planes of 
the windings are mutually perpendicular (a so- 
called double Hy — Hy probe ). 


FIG. 1. Tank coil of the probing 
oscillator. 


A block diagram of an experiment used to study 
the signal from a magnetic probe placed in the 
tank coil of the probing oscillator is shown in 
Fig. 2. Figure 3 shows oscillograms of the dif- 
ferent wave components; here, the direction of Hy 
coincides with the direction of the field H in the 
tank coil of the oscillator. 


Plasma 


\. RF magnetic probe 


oscilloscope 


FIG. 2. Block diagram of the method used to measure the 
fields in the tank coil of the probing oscillator. 


FIG. 3. Oscillogram 
showing the magnetic 
field in the tank coil of 
the probing oscillator 
(sweep length t, = 12 
msec.) a) the H, com- 
ponent with vacuum in 
the chamber; b) and c) 
are the H, and Hy com- 
ponents with plasma 
present. 


The oscillogram in Fig. 3a shows the time var- 
iation of the Hy component of the probing oscilla- 
tor when the chamber contains nothing but vacuum; 
the oscillogram in Fig. 3b shows this same compo- 
nent with plasma in the chamber. The shallow dips 
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in the second oscillogram correspond to times of 
maximum plasma concentration in the chamber. 
In Fig. 3c we show the time variation of the Hy 
component. It is apparent from this figure that 
the peaks in the Hg signal coincide with the dips 
in the Hy signal. 

The absolute magnitudes of these signals have 
also been measured; a calibrated signal generator 
was used for this purpose. The measurements 
show that at an oscillator plate voltage of 750 v, 
the field at the center of the tank coil (in vacuum ) 
Hy = 0.33 oe. When plasma is present this field is 
reduced to Hy = 0.14 oe. The other two compo- 
nents of the field are considerably smaller, being 
approximately 20% of Hy. The distributions of the 
field components Hr, Hy, and Hz over the diam- 
eter of the vacuum chamber were also measured. 
These curves are shown in Fig. 4. 
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FIG. 4. Curves showing the distribution of the magnetic 
field components over the diameter of the vacuum chamber. 
Curve 1 shows the H, component with vacuum in the chamber 
while curves 2, 3 and 4 show the components H,, Hz and Ho 
with plasma present but off resonance; curve 5 shows the H, 
component at resonance (/ is the distance from the center of 
the chamber). 


FIG. 5. Cross section of the 
chamber in the region of the wave- 
guide. 


H 
4] 
| 


\N Sealed in section / 


Chamber Lj] Waveguide 

The transmission of electromagnetic waves is 
studied in a plasma waveguide which is a glass 
plasma-filled chamber; the waveguide has an 
external copper shield which is 20 cm in length. 
The distance from the tank coil of the oscillator 
to the detector is approximately 25 cm. The 
radial distributions of the electromagnetic field 
components were measured by sealing two tubes 
into the vacuum chamber at an angle of 90° with 
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respect to each other. A cross section of the 
vacuum chamber is shown in Fig. 5. 

The vacuum wavelength of the probing oscillator 
is approximately 10 m; with the waveguide diam- 
eter which was used (7.5 cm) this wave is beyond 
cut off in the waveguide. With plasma in the 
chamber, but no static magnetic field, no trans- 
mitted signal can be observed. However, with 
plasma in the chamber in the presence of a quasi- 
static magnetic field, a transmission signal is ob- 
served at the rf magnetic probe in the plasma 
waveguide. The time variation of the transmission 
signal is shown in Figs. 6a, band c. These photo- 
graphs show four narrow transmission signals per 
period of the quasistatic magnetic field. These 
signals appear at times which correspond closely 
to the time of peak plasma concentration in the 
chamber. This result is corroborated by Fig. 7; 
in Fig. 7 one oscillogram (b) shows the trans- 
mission signal while the other (a) shows the time 
variation of plasma concentration in the chamber 
as measured by double electric probes.! 


FIG. 6. a) Oscillogram 
of the transmission signal, 
b) oscillogram showing 
blocking of the signal at 
A = 3 cm (the blocking 
time is shown by the ar- 
rows), c) oscillogram of 
the quasistatic magnetic 
field (the cross denotes 
the zero of the magnetic 
field). 


FIG. 7. a) Oscillo- 
gram showing the concen- & 
tration, b) transmission 
signal (t, = 12 msec). 


The radial distribution of the various compo- 
nents of the electromagnetic field transmitted 
which by the plasma waveguide are shown in Fig. 8; 
these curves were obtained with radio-frequency 
magnetic probes. The amplitudes of the different 
components are within 20% of each other. The 
field at maximum transmission is 0.07 oe. 

Even with asymmetric excitation the distribu- 
tion of the field components in the waveguide is 
axially symmetric. From this we conclude that 
the linearly polarized wave is split into two cir- 
cularly polarized waves; in the frequency region 
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which has been investigated only one of these is 
transmitted through the waveguide. In a gyrotropic 
medium the wave can be rotated. If the wave is 
rotated at an angular frequency equal to the os- 
cillator frequency, there should be a phase shift 
of 90° between signals from identical probes at a 
given cross section of the chamber which are 
oriented at an angle of 90° with respect to each 
other. The following experimental method was 
used to detect this phase shift. The signals from 
the probes were fed to amplifiers through equal 
lengths of cable (and low-frequency filters) and 
then compared in phase. 

After calibration, the probes were placed in the 
plasma waveguide and checked to see that ampli- 
tude of the transmission signal was the same in 
both. Following this check the transmission sig- 
nals were combined in a phase detector, but no 
appreciable change in the shape of the oscillogram 
was noted. However, when a section of cable A/4 
in length is inserted in one arm (before the 
filter) the transmission signal increases in the 
first half cycle of the magnetic field and decreases 
in the second half cycle. When the section of 
cabie is placed in the other arm, the shape of the 
oscillograms is again changed. Now the trans- 
mission pulses increase in the second half cycle 
and decrease in the first half cycle. With the 
same arrangement, but with sections of cable 
which are A/2 and A/8 in length, no change is 
noted in the oscillograms. Thus, it has been 
shown that there is a phase shift of approximately 
90° between the probe signals. This result corro- 
borates our statement that the wave in the wave- 
guide rotates at frequency w. 

By knowing the position of the probes in the 
plasma waveguide and introducing a fixed phase 
shift of 90° in the circuit of one or the other of 
the probes, we can determine the relative delay of 
the signals from the probes; thus, the direction of 
rotation of the wave can be determined. The di- 
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rection of rotation of the wave is the same as the 
direction of rotation for an electron. 

A similar experiment was carried out with the 
double probe. The oscillograms obtained in this 
case were Similar to those obtained with two 
probes. It follows that there is a phase shift of 
approximately 90° between the Hr and Hy compo- 
nents of the radio-frequency field which is trans- 
mitted in the plasma waveguide. The appropriate 
oscillograms are shown in Fig. 9. 

From the oscillogram in Fig. 10, which shows 
the time behavior of the first transmission peak, 


FIG. 9. a) Oscillo- 
gram of transmission 
Signal, t, = 12 msec; 
b) oscillogram showing 
the signal in the phase 
detector when a A/4 
cable is introduced 
into the arm containing 
one probe and then the 
other. 


FIG. 10. a) Oscillogram showing the behavior of the con- 
centration and b) transmission signal (t, = 3 msec). 


it is apparent that the transmission signal exhibits 
a fine structure in the form of three satellites 
which coincide in time with the maximum concen- 
trations. The results of these measurements are 
given in the table, where i is the number assigned 
to the peak of the transmission signal, n is the 
plasma concentration, €|| and Ap] are respectively 
the longitudinal component of the dielectric con- 
stant and the plasma wavelength computed for an 
infinite medium, we and wj are respectively the 
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i | Hy, oe n | = Ap ®e | oO; 
cm 
1 450 | 6-102 | 13300 | 8,6 | 7,8-109 | 4,3-108 
2 1370 | 6-402 | 4400 |13 24.109 | 133-108 
3 2980 | 5.4012 | 2200 | 19 39.109 | 32.408 


electron and ion cyclotron frequencies. The fre- 
quency of the probing oscillator is w = 18 x 10", 

The shape of the transmission oscillogram may 
be interpreted as follows. The wave cannot be 
transmitted at very weak magnetic fields,’“ since 
W> We and w< wy. As the quasistatic magnetic 
field increases, We becomes larger than w and 
transmission becomes possible. However, the 
wave can propagate in the waveguide only for 
sufficient high concentrations (when the wave- 
length in the plasma is smaller than the cutoff 
wavelength) (cf. Fig. 6). The sharp rise in the 
transmission signal corresponds to the increase 
in plasma concentration in the waveguide. The 
subsequent behavior of the transmission then, in 
general, follows the variation in concentration. 
The termination of transmission at a sufficiently 
strong field H) is due to the reduction in concen- 
tration, which causes a marked increase in wave- 
length in the plasma, so that the waveguide is 
beyond cutoff.*»® 


CONC LUSION 


The results of these experiments indicate that 
if the frequency relations wj < w < we and w < wy 
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are satisfied, it is possible to propagate a rotating 
circularly polarized electromagnetic wave ina 
plasma waveguide in a longitudinal magnetic field; 
this result is of interest from the point of view of 
plasma containment and radio-frequency heating. 
The authors wish to thank E. K. Zavoiskii for 
his continued interest in this work and L. I. 
Rudakov for a number of valuable discussions. 
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’ 
The energy spectra and angular distributions of protons from the reactions C!*(d, p) C!3, 
O(a, p) oO!" and si%® (d, p) Si? were studied for proton energies from 3 to 15 Mev, using 
6.3-Mev bombarding deuterons. A new magnetic analyzer, the multispectrograph, yields 
simultaneously the energy spectra of reaction products emitted at different angles. By 
comparing the observed angular distributions with stripping theory it was possible to de- 
rive the parities, spins, and reduced widths for a number of levels of the final nuclei. 


Excrrep levels of light nuclei (10 < Z< 15) have 
been interpreted with encouraging success on the 
basis of a collective nuclear model.!™‘ It is there- 
fore interesting to continue the study of stripping 
reactions for the same values of Z in order to de- 
termine the spins, parities, and reduced widths of 
higher excited levels. 

The present work is a study of (d, p) reactions 
on Si78, 08, and c!*. A cyclotron furnished 
6.25-Mev deuterons that were monoenergetic to 
within ~1%. The energy spectra of reaction prod- 
ucts were obtained with a multispectrograph 
(multi-angle magnetic analyzer), which was de- 
scribed in earlier work.®® This instrument obtains 
angular and energy distributions simultaneously; 
this is especially important for the study of weak 
spectral groups and for the identification of im- 
purities. 

The following targets (~1.5 mg/cm? thick) 
were used: a) polyethylene film (carbon target), 


FIG. 1. Energy spectrum of protons at 6 = 69°. 4,6,7,8— 
proton groups from the reaction Si**(d, p)Si”; 1,9, 11, 12— from 
C2(d, p)C?; 3, 5—from O'*(d, p)O’”. Group 2 is not shown, be- 
cause at 69° it is masked by the strong group 1 resulting from 
carbon contamination of the target. N is the number of proton 
tracks in the microscope field of view; L is the coordinate 
along the photographic film. 


b) quartz film (oxygen and silicon targets), and 
c) silicon (natural isotope mixture ) deposited on 
a ~0.2u silver backing (silicon target). Figure 
1 is a typical energy spectrum from the silicon 
target, obtained in the seventh channel of the mul- 
tispectrograph. Figure 2 shows the angular dis- 
tributions of different proton energy groups from 
Si?® and the corresponding Born-approximation 
curves.’ The table gives the theoretical orbital 
angular momentum 7, transferred to the final 
nucleus by the neutron, together with the parities, 
spins, and relative neutron capture probabilities 
An. Analogous results for O'7 and C are also 
given. 

Our results for the orbital angular momentum 
ln transferred to si’, o'7, and C by a captured 
neutron agree with values given by other investi- 
gators.*»? We also obtained the angular distribu- 
tions of three proton groups from si?® which had 
previously not been resolved.’ From a comparison 
of these angular distributions with stripping theory! 
it follows that the 5.946-Mev level of Si?® has odd 
parity and spin * or ¥,. Our data do not indicate 


No. of | Energy ; Spin and A 
erie 1 fever; Mey, rs parity (rel. units) 
Si28(d, p)Si2® 
2, 4,078 isotropic — — 
4 4,934 1 Teg Bi 10 
6 5.946 4 3/o-, Ue 0.93. 
7 6,105 1(2) — 1,1( for In=1) 
8 6.380 1 Sikes SRS 7,2 
Cd, p)Ci8 
1 0 1 | Vo~ 1 
i) 3.090 0 1/4 1,38 
‘ttl 3,684 1 3/9- 0,75 
12 3.855 2 5 /at he 3h. 
O18 (d, p)O27 
3 0 | 2 | ye | 3.29 
5 | 0.875 0 1/ot 1 
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FIG. 2. Angular distributions of proton groups from 
silicon. J is the effective differential reaction cross 
section in relative units. Experimental results are rep- 
resented by vertical lines, whose lengths correspond 
to the statistical errors. The solid curves were calcu- 
lated from the formula of Bhatia et al. for R = 6.4 x 107** 
cm: a—group 2, E = 4.078 Mev; b—group 4, E = 4.934 
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uniquely either 1, = 1 or ly = 2 for the 6.105-Mev 
level. However, for both levels ly) = 1 agrees 
qualitatively with Nilsson’s scheme? when the de- 
formation parameter 6 = — 0.15 given in refer- 
ence 3 is used. The almost isotropic angular dis- 
tribution of the proton group corresponding to the 
4.078-Mev level of Si?® in the measured angular 
range indicates that a direct-interaction meghan- 
ism makes only a small contribution to the produc- 
tion of this level. 


! Alder, Bohr, Huus, Mottelson, and Winther, 
Revs. Modern Phys. 28, 432 (1956), 

2S. Nilsson, Kgl. Danske Videnskab, Selskab, 
Mat.-fys. Medd. 29, 1 (1955). 

3Bromley, Gove and Litherland, Can. J. Phys. 
85, 1057 (1957). 


- Mev; c—group 6, E = 5.946 Mev; d—group 7, 
” — =6.105 Mev; e—group 8, E = 6.380 Mev. E is the 
excited level of the final nucleus. 


4V. G. Sukharevskii, JETP 36, 52 (1959), Soviet 
Phys. JETP 9, 37 (1959). 

5yu. A. Nemilov and V. F. Litvin, IIpu6oppi u 
TeXHuKa 9KCnepAMeHTa (Instruments and Exptl. 
Techniques ) No 3, (1960). 

6V. F. Litvin, Tpygp: PAAH (Trans. Radium 
Inst. Acad. Sci. U.S.S.R.) 9, 141 (1959). 

’Bhatia, Huang, Huby, and Newns, Phil. Mag. 
43, 485 (1952). 

8 J. R. Holt and T. N. Marsham, Proc. Phys. 
Soc. (London) A66, 467 (1953). 

9, A. Ajzenberg-Selove and T. Lauritsen, 
Nuclear Phys. 11, 1 (1959). 


Translated by I. Emin 
278 


SOW PAY SLOSS. JETP 


VOLUME 12, 


NUMBER 6 JUNE, S961 


PRODUCTION OF NUCLEAR FRAGMENTS IN PHOTOGRAPHIC EMULSION BY 


80-MEV POSITIVE PIONS 


A. 8. ASSOVSKAYA and N. S. IVANOVA 


Radium Institute, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor June 18, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 89, 1511-1516 (December, 1960) 


The production of multiply-charged particles by comparatively low-energy (80-Mev) 7” 
mesons was investigated with nuclear emulsions. An analysis of the charge, energy, and 
angular distributions of the fragments and a comparison of the experimental data with cal- 
culations indicate that at the given incident meson energy the fragments are produced only 
by fast protons generated within the nucleus as a result of 7* absorption by\a nucleon pair 
(n, p). The experimental results permit the possibility that fragments are knocked out by 


these protons. 
INTRODUCTION 


The production of multiply-charged particles in 
interactions between pions and complex nuclei is 
of considerable interest. It has been suggested! 
that when nuclei are struck by nucleons of suffi- 
ciently high energy, mesons are created which play 
an important part in the fragmentation process in- 
duced by the high-energy nucleons. The investiga- 
tion of fragment production by pions could provide 
essential information for the understanding of this 
process. 

In earlier work’? we investigated the fragmenta- 
tion of photoemulsion nuclei struck by 280-Mev 1” 
mesons. It was concluded that in this case frag- 
ments were produced by fast nucleons resulting 
from interactions (absorption and scattering) of 
m* mesons with nucleons of the nucleus. The di- 
rect production of fragments by interactions be- 
tween m* mesons and nuclear substructures was 
considered improbable, but was not entirely ex- 
cluded.? 

In the present work we investigated the produc- 
tion of multiply-charged particles in emulsion nu- 
clei struck by 80-Mev 1* mesons. This lower 1* 
energy excluded the possibility that multiply- 
charged particles were produced by the ejection 
of nuclear substructures; the maximum possible 
energy of a fragment with Z = 4 was insufficient 
to surmount the Coulomb barrier. If the stated 
process were important for the production of 
fragments by 1* mesons, we could expect a great 
reduction of the fragmentation cross section. 

We investigated the fundamental features of the 
production of multiply-charged particles - the 
cross section for the process, and the angular, 


charge, and energy distributions of ejected frag- 
ments. We also compared the results with data on 
fragmentation produced by 280-Mev m* mesons 
and by high-energy nucleons. 


EXPERIMENTAL PROCEDURE 


We used the fine-grain P-R emulsion prepared 
in the laboratory of N. A. Perfilov at the Radium 
Institute. This emulsion possesses good discrim- 
inating power and permits sufficiently reliable 
visual detection of tracks produced by multiply- 
charged particles with Z = 4. 

The plates were irradiated by a (80 + 5)-Mev 
nm’ beam from the synchrocyclotron of the Joint 
Institute for Nuclear Research. For each interac- 
tion accompanied by the emission of a multiply- 
charged particle we investigated the nature of all 
particles in the star, and used Hodgson’s technique,‘ 
taking the total charge of emitted particles into 
account, to distinguish disintegrations of heavy 
and light nuclei in the emulsion. The emission 
angle of each fragment relative to the incident pion 
was measured, together with its charge and energy 
whenever possible. 

The charges of fragments were evaluated by 
measuring integrated track thicknesses.® Tracks 
having dip angles not greater than 30° in the unde- 
veloped emulsion were selected. The calibration 
histograms show that fully reliable charge dis- 
crimination is possible for fragments with ranges 
greater than 24u; less reliable discrimination is 
possible in the case of shorter ranges. The cali- 
bration was based on the observation in the same 
emulsion layers of alpha particles and Li§ and B 
ions having characteristic hammer tracks. The 
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energy of a particle with a given charge was de- 
termined from its range in conjunction with range- 
energy curves.°® 

Fast singly-charged particles accompanying 
fragments were specially studied for the purpose 
of detecting fast emitted pions, and for determin- 
ing angular correlations between fast emitted pro- 


tons and fragments. 


EXPERIMENTAL RESULTS 


Scanning of the emulsions yielded 108 disinte- 
grations in which a multiply-charged particle was 
produced by an 80-Mev m* meson. In accordance 
with the aforementioned criterion, 64% of these 
were attributed to interactions between 7* mesons 
and heavy nuclei, and 36% to interactions with light 
nuclei. 

Cross section. We obtained the following cross 
sections (in units of ieee cm’) for the production 
of fragments with Z = 4: 


Pion energy, Mev 80 280 
Cross section for fragment production 
from heavy nuclei ile ae (Dg) lett se (ORS 


from light nuclei 0.4+0.2 0.56 + 0.3 


The cross sections for fragment production by 280- 
Mev m* mesons were taken from earlier work.° 
Only a slight reduction of the cross section is ob- 
served in the case of 80-Mev pions, if we neglect 


the considerable magnitude of the statistical errors. 


Charge distribution. Figure 1 shows the charge 
distribution of fragments* in the case of heavy 
nuclei. Fragments with Z = 6 were not observed. 
A comparison with the charge distribution in the 
case of 280-Mev pions shows that the curve for 


No. of cases, % 


FIG. 1. Charge distribution of fragments from heavy emul- 
sion nuclei: solid curve — for 80-Mev 7* mesons; dashed curve 
— for 280-Mev 7+ mesons.? 


*Some fragments with Z = 3 could have been overlooked 
visually. Therefore all data and comparisons are given for 
Z>4. 
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80-Mev pions falls off more rapidly toward larger 
values of Z. The charge distribution in the case 
of light nuclei is not given because of insufficient 
data. 

Energy distribution. The solid line in Fig. 2 
represents the energy distribution of fragments 
with Z = 4 emitted by heavy emulsion nuclei. 
Arrows indicate the potential-barrier heights for 
the emission of particles with Z = 4 and 5 from 
Br nuclei. The energy distribution of fragments 
with charges 4 and 5 produced by 280-Mev pions 
is given for comparison.®? Both histograms are 
normalized in area. The maxima are found in the 
region of the potential barrier, and approximate 
correspondence of the two distributions is observed. 

Angular distribution. Figure 3 shows the almost 
isotropic angular distribution of fragments with 
respect to the direction of incident 80-Mev pions. 
The forward-to-backward ratio is 1.3 + 0.3, where- 
as for 280-Mev pions sharp forward peaking was 
observed, with the ratio? 2.8 + 0.6. 

Fast protons accompanying fragments. The 
fast singly-charged particles accompanying frag- 


No. of cases, % 


——— fe i 4 " 
GO” 10.5 304) EO RCO MO CB 
¥ 4 Emev 
2-4 25 
FIG. 2. Energy distribution of fragments with Z = 4 and 5, 
from heavy nuclei. Solid histogram — for 80-Mev pions; dashed 
histogram — for 280-Mev pions. 
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FIG. 3. Angular distribution of fragments with respect to 
the m* beam (projected on the plane of the emulsion). Solid 
histogram — for 80-Mev 7+ mesons; dashed histogram — for 280- 
Mev 7+ mesons’ (both histograms for all emulsion nuclei). 
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ment emission were all identified as fast protons 
with energies > 50 Mev. No pion emission was 
observed in the case of E, = 80 Mev. 

Figure 4 gives the distribution of angles be- 
tween multiply-charged particles and the accom- 
panying fast protons. The angles of divergence 
lie predominantly in the interval 120-180°, espec- 
ially in the case of light nuclei. 
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FIG. 4. Distribution of angles between fragments and fast 
protons (projected on the plane of the emulsion). Solid histo- 
gram —for heavy emulsion nuclei; dashed histogram — for light 
nuclei. 


DISCUSSION 


We can arrive at certain conclusions regarding 
the part played by a direct process of ‘‘substruc- 
ture’’ ejection by pions, through a comparison of 
fragmentation cross sections in the cases of 80- 
Mev and 280-Mev 7* mesons. The small differ- 
ence between these cross sections suggests that 
this direct process does not occur, and that the 
fragmentation is produced only by fast nucleons 
generated within the nucleus. Some tendency 
toward a reduction of the cross section is probably 
associated with the change of energy of fragment- 
producing nucleons, from 200 —150 Mev for E, 
= 280 Mev to ~110 Mev for E, = 80 Mev. 

The angular distribution of fragments will now 
be discussed in greater detail. The strong forward 
directivity observed for E, = 280 Mev is accounted 
for sufficiently well? by assuming that in this case 
fragments are produced not only by protons asso- 
ciated with 1* absorption, but also to a consider- 
able extent by fast recoil nucleons resulting from 
nm’ scattering on individual nucleons within the 
nucleus. For E, = 80 Mev the angular distribution 
of fragments is almost isotropic. In order to de- 
termine the mechanism we computed the angular 
distribution of fragments in the case of 80-Mev 
a* mesons, assuming that fragments are produced 
only by fast protons resulting from m* absorption 
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by a quasi-deuteron in the nucleus in the reaction 


nt +d—>p+p (1) 


and compared the calculation with experimental 
results. The calculation had to take into account 
a) the angular distribution of protons resulting 
from the absorption of 80-Mev m* mesons by deu- 
terons, and b) the differential cross section for 
fragmentation of emulsion nuclei by protons of 
corresponding energies (~ 100-120 Mev). The 
angular distribution of protons associated with 
process (1) was taken to be dN/dQ = A + cos’! 
in the center-of-mass system, where A = 0.216 
and remains constant for 1* energies from 70 to 
150 Mev. We corrected this distribution for the 
motion of a quasi-deuteron in the nucleus, assum- 
ing 9 Mev as the average energy of the former. 
The angular distribution of fragments of emulsion 
nuclei produced by 100-Mev protons was taken 
from reference 8. 

Figure 5 shows the spatial angular distribution 
of fragments that we obtained, together with the 
calculated curve, which is seen to furnish a good 
fit. The experimental Neorward/Nbackward ratio 


was 1.3, compared with the calculated value 1.33. 


i 


No. of cases, % 


— Le i 1 1 
OC SP Wi? aN? PP Ta? 


FIG. 5. Angular distribution of fragments produced by 80- 
Mev 7+ mesons. Experimental results are represented by the 
histogram; the dashed curve represents a calculation which 
takes into account only protons resulting from pion absorption. 


It can therefore be stated that in the case of 
80-Mev 7* mesons the angular distribution is at- 
tributable entirely to protons resulting from 1* 
absorption, and that the low-energy recoil nucleons 
associated with scattering play practically no part. 
The unimportance of recoil nucleons is also con- 
firmed by the fact that pions are not emitted si- 
multaneously with fragments. 

The above-mentioned difference in the charge 
distributions of fragments for 80- and 280-Mev 
pions, respectively, (Fig. 1) can also be accounted 
for satisfactorily by assuming that fragments are 
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knocked out by fast nucleons. In the case of 80- 
Mev m* mesons the highest energy of a fast nu- 
cleon is estimated at ~ 110 Mev in the nucleus 
when the 1* mesons are absorbed by quasi-deu- 
terons.* The maximum transfer of energy by this 
nucleon to a ‘‘substructure”’ of the form C@’ is 
approximately equal to the height of the potential 
barrier for the ejection of this fragment from the 
residual nucleus, i.e., fragments with charge 6 are 
unlikely to be found in this case. For 280-Mev 1 
mesons, protons ejected in a similar process have 
~ 210 Mey, and fragments with Z ~ 6 or more are 
energetically possible. 

The angular correlation (Fig. 4) between frag- 
ments and fast protons also confirms the important 
role of protons associated with 1* absorption. The 
predominance of angles in the range 120 — 180° 
agrees with the hypothesis that the fragments are 
produced by the protons, since the latter are 
emitted at 180° in the c.m. system, while the frag- 
ments mainly retain the dominant direction of the 
fragment-producing protons. Figure 4 shows that, 
as was to be expected, the correlation is more 
pronounced for light nuclei, in which case 85% of 
all fragments accompanied by fast protons fall in 
the range 120 —180°. In the case of heavy nuclei 
the corresponding fraction is 58%. 

Earlier work® indicated that fragments are gen- 
erally produced most effectively by cascade nu- 
cleons of relatively small energy, since the energy 
spectrum of the fragments is approximately inde- 
pendent of incident-particle energy.t Figure 2 


*Taking into account the depth of the potential well for 
interactions between 7+ mesons and emulsion nuclei, the 
energy of protons associated with the absorption of 80-Mev 
pions is estimated to be 120 Mev. 

TBy comparing the spectra ot fragments produced by 
660-Mev and 6.2-Bev protons and by 280-Mev 7+ mesons it was 
found that the latter are equivalent to 150—200 Mev protons. 
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shows that the energy distribution of fragments 
produced by 80-Mev pions does not differ essen- 
tially from the previous results. This means that the 
energy of a fragment-producing nucleon can be as 
much as ~110 Mev inside the nucleus. 

The foregoing experimental results and discus- 
sion do not appear to conflict with the hypothesis 
that under the given conditions fragments are 
knocked out by nucleons. 

In conclusion the authors wish to thank A. I. 
Mukhin for assistance in irradiating the emulsions, 
V. I. Ostroumov for a discussion of the results, 
and Prof. N. A. Perfilov for his continued interest. 
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Results are presented of a theoretical and experimental study of the magnetoacoustic reso- 
nance and of the absorption coefficient a of ultrasonic waves ina magnetic field H. The 
investigation refers to tin and indium single crystals and short-wave sound (A= 1) for. 

k | H (k is the wave vector, ) the wavelength of the sound, and 1 is the length of the elec- 
tron path). It is shown that two types of oscillations occur in tin: resonance nonharmonic 
oscillations and sinusoidal oscillations. Those of the first type are ascribed to the existence 
of an open Fermi surface in tin. The period of the open surface, computed on the basis of 
the oscillation periods, is in agreement with crystallographic data. The anisotropy of the 
oscillation periods along various crystallographic directions is studied. The anisotropy and 
frequency dependence of saturation of a in a strong field is investigated. An analysis of the 
periods, amplitudes, oscillation phases, and absorption curve shapes in tin agree with the 
model of a Fermi surface in the form of a plane network of ‘‘corrugated’’ cylinders directed 
along the [110] and [110] crystallographic axes. The reasons for some quantitative dis- 
crepancies between the theory and experiment are discussed. 


1. INTRODUCTION 


A large number of researches! !* have been de- 
voted to the theoretical and experimental study of 
ultrasonic absorption in metals at low tempera- 
tures under conditions for which the mean free 
path of the electrons 7 is much greater than the 
sound wavelength A. The effect of the irregular 
change of the absorption coefficient a in a mag- 
netic field, first observed by Bommel,! was ex- 
plained qualitatively by Pippard® on the basis of 
the presence of a spatial periodicity of the field 
in the metal. Periodic changes in @ as a function 
of H ‘are connected with an unusual spatial reso- 
nance, in which the diameter of the electron orbit 
in the magnetic field is an integral multiple of the 
wavelength i. 

The first theoretical calculations for closed 
Fermi surfaces were carried out in the work of 
Gurevich,’ and were later developed in reference 
8. Experimental verification of the theoretical 
deductions was made by a number of authors.*»5»*° 
The behavior of @ ina strong field, where r«<A 
was also studied (r is the characteristic dimen- 
sion of the electron orbit ).!!~¥ 

Results are given in the present paper of a 
theoretical and experimental study of the peculi- 
arities of ultrasonic absorption in a magnetic 


field. A comparison is given of the theory with 
experimental data for tin and indium. 


1. OSCILLATORY EFFECTS 


The nonmonotonic dependence of the absorption 
coefficient a on H is associated with the fact that 
the electrons periodically get into a plane of con- 
stant phase of the variable field under the action 
of a constant magnetic field, whereupon the periodic 
change of a as a function of H7! can be of two 
types:® nonresonant oscillations of a harmonic type 
and resonant changes of nonsinusoidal form. In 
addition to these peculiarities, resonant oscilla- 
tions, corresponding to sharp jumps in the absorp- 
tion coefficient a, should be observed in the curve 
of the depéndence of the derivative of the absorp- 
tion coefficient da/dH on the field. All the peri- 
odic field dependences occur under the condition 
Fe Ot al 

We shall cite the chief results of the theoretical 
investigations for the case in which the wave vector 
of the sound k is perpendicular to H, inasmuch as 
the experimental data given below apply to this 
case. 

The character of the oscillatory dependence of 
a on H depends in a fundamental way on the topol- 
ogy of the Fermi surface. For closed surfaces,’ 
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the oscillations are harmonic and are associated 
with electrons, the diameters of whose orbit D has 
an extremum in the direction of sound propagation 
(D = Dext). In this case, 


a (H)~ ay 2 {1 + A (RDext)—“ sin (RDext 4 1/4)}, 


Dext = € (@H)* (Py max — Py min); (1) 


where Q@)=a(0) ~ Nuw/pvs® is the absorption for 
H = 0(a@ has the dimensions cm); N is the den- 
sity, » the chemical potential, v the electron 
velocity, p the density of the metal, w/2m the 
frequency, s the sound velocity, c the light veloc- 
ity, e the electron charge, and p the electron 
momentum; the wave vector k is directed along 
the x axis, the field H, along the z axis; y = r/l 
<1, py max — Py min is the extremal diameter 
of the Fermi surface in the k x H direction in mo- 
mentum space; A~ 1. 

The oscillations of the given type take place on 
open periodic trajectories also if the vector k is 
parallel to the average direction of the open tra- 
jectory €. The extremal diameter Dex; is deter- 
mined by the difference py max — Py min 0D the 
cross section axis pz = 0.* The oscillations asso- 
ciated with self-intersecting trajectories passing 
through a saddle point have an amplitude approxi- 
mately (kD)3/2 > 1 times smaller, and the phase 
of the oscillations changes with the field with 
logarithmic slowness. 

If the vector k deviates from the direction & by 
an angle ¥[ 2% (kl)7!] in the plane k | H, then 
the nonoscillating part of the absorption, connected 
with the open trajectories, sharply decreases (by 
a factor of kl!) in comparison with (1). The am- 
plitude of the oscillations changes appreciably for 
3 ~ (xr)!?/1 and in the range of angles (xr)!/2/1 
<< 3 « x/1 it is comparable with the value of the 
monotonic part of the absorption a@/ay ~ (kr#)7!, 
Upon further increase in the angle, 3 « (kr)~!, the 
nonresonant harmonic oscillations are replaced by 
oscillations of a new, resonant type.® The maxima 
in the curve of the absorption as a function of H 
are much narrower, and the minima are broad and 
less pronounced. 

The presence of sharp resonant maxima is con- 
nected with the fact that the projections of the 
average (over the period of motion in the magnetic 
field) displacement of the electrons in the direc- 
tion of the vector k differ from zero: k-vT 
= kyVyT = kych¢ /eH =~ 0 (the y axis is perpendic- 


*In what follows, in speaking of an open surface, we shall, 
for definiteness, have in mind an open surface of the ‘‘corru- 
gated cylinder’’ type. The principal peculiarities of the absorp- 
tion are the same for other types of open surfaces.® 
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ular to H and &; be is the period of the open tra- 
jectory in momentum space in the € direction). 
Resonance takes place for |k-VT| = 2mn(n 

= 1, 2, 3,...). Close to resonance, 


oT 


aot ae ats 
Pe (i — AAP 


yt (kbec/2meH” 2 


(2) 


the line has a Lorentz shape and its relative width, 
AH/Hy =y/n ~ (kyl)~', does not depend on the 
number n. 

The maximum is obtained for Hy = kycb¢ /2me, 
and the period of the resonant oscillations is 


AH + = 2ne/k,bee. (3) 


At the maximum, 


bn ~ )/1 ~ OH, 


(4) 


the absorption increases in proportion with the 
field and frequency and is comparable with the 

nonoscillating part of the absorption on closed 

trajectories. Far from resonance, Aopen ~ % 
and is much smaller than dp. 

Nonresonant oscillations of relatively small 
amplitude (Qos¢/@n < (kr)7!”) are superim- 
posed on the resonant oscillations. The amplitude 
of the resonant oscillations falls off with approach 
of the vector k to the direction of the y axis. At 
3 = 3, (3, is the angle between k and & for which 
the line k-v = 0 on the Fermi surface runs only 
along closed trajectories), the resonant oscillations 
associated with the open trajectories under consid- 
eration disappear. The amplitude of the resonance, 
along with the non-oscillating part of a, is strongly 
anisotropic relative to small departures of the 
vector k from the plane k | H and of the magnetic 
field from the plane perpendicular to the axis of 
the cylinder.® 

The conclusions of the theoretical analysis were 
the object of experimental study. The oscillatory 
effects for k | H were investigated by means of 
the methods described previously*’”° in the fre- 
quency region v = u/2m = 180 — 220 Mc on single 
crystals of tin and indium in the various crystal- 
lographic directions. 

Typical dependences of the absorption coeffi- 
cient on the magnetic field are shown in Fig. 1 for 
Single crystals of tin and indium.* Figures la 
and 1c illustrate the harmonic nonresonant oscilla- 
tions, the phase of which is equal to (1/ 4) sign 
(d*Dext/dp?). The resonance oscillations are 
shown in Fig. 1b; the phase of these oscillations 
is equal to zero. Figure 2 shows the dependence 
of the number of maxima of resonance and nonres- 


*An error in notation exists in reference 5: the [110] and 
[100] axes should be interchanged. 
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FIG. 1. Oscillations 
of the absorption coef- 
ficient of longitudinal 
sound in tin and indium 
at v = 220 Mc, ki H: 
a— sinusoidal oscilla- 
tions in tin, the vector 
k in the (010) plane at 
an angle of 60° with re- 
spect to the [001] axis; 
b—resonance oscilla- 
tions in tin, k || [101] 
(the two curves illus- 
trate the reproducibility 
of the record); c—in- 
dium, the k vector 
close to [110]. 
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FIG. 2. Dependence 
of the number of maxima 
of oscillations on the 
inverse field. For tin: 
curve 1 —sinusoidal os- 
cillations, 2—reso- 
nance oscillations, the 
k vector || [101], 3- 
resonance oscillations, 
the k vector at an angle 
of 40° to the [001] direc- 
tion; for indium: the 
curve 4 — sinusoidal 
oscillations. 


pee oscillations on the reciprocal of the field 
ies: 

It must be noted that it is impossible to separate 
the harmonic and resonance oscillations for all 
directions. In a number of cases, the oscillogram 
is the superposition of several oscillatory compo- 
nents with different periods and amplitudes, the 
treatment of which is extremely difficult. 

Figure 3 shows the results of measurement of 
the anisotropy of the oscillation periods in the re- 
ciprocal field vAH™ for tin in the rotation of the. 
vector H in different planes H | k. These data 
form the starting point for the calculation of the 
extremal (in pz) displacement of the electron in 
the magnetic field in the direction of sound propa- 
gation k. 

A stereographic projection of the planes in 
which the magnetic field vector H was rotated for 


FIG. 3. Dependence of the periods: O— reso- 
nance and 0, ®—non-resonance oscillations on 
the direction of the magnetic field in tin (0, e— 
refer to the left hand scale, 0 to the right); a— 
the k vector along [001], b—k in the plane (010) 
6 at an angle of 40° to the [001] axis, c—k at an 
angle of 60° with respect to the [001] axis in the 
(010) plane, d—k along [110]; measurement of 
4 the field direction of a,b, c is from the [100] 
axis, for d, from [001]. 
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all the specimens of tin studied is shown in Fig. 4. 
These directions of H in which the oscillations 
were observed most strongly are marked by the 
heavy lines. 


FIG. 4. Stereo- 
graphic projection of 
the investigated di- 
rections of HI kin 
tin. The shaded re- 
gions are those di- 
rections of H for 
which resonance os- 
cillations are ob- 


served. 


{100) 


Figure 5 shows the results of measurement of 
the periods of oscillation in single crystals of in- 
dium for two directions of the vector k. 

Considerable interest attaches to the resonance 
oscillations observed in tin with k , H for two 
directions of the wave vector k and in a narrow 
range of directions of the magnetic field (see Fig. 
4, shaded region). In the change of orientation of 
the vector k, the period of resonance oscillations 
changes (Fig. 2, curves 2, 3). For the first direc- 
tion (k |; [101]), AH = 1.71 x 1074 oe7!, for the 
second, AH! = 1.82 x 1074 oe! (vp = w/2r 
= 220 Mc). 


2. ANISOTROPY OF ULTRASONIC ABSORPTION 
IN A STRONG MAGNETIC FIELD 


It is convenient to investigate absorption aniso- 
tropy in strong fields on the same specimens on 
which the oscillatory effects were measured. The 
latter take place only under the condition x « l. 
Therefore, the region of strong fields corresponds 
to the inequality r«xz<J. The results given be- 
low of theoretical analysis and the measurements 
of the absorption coefficient refer to the case in 
which ‘‘deformation absorption’’ plays the princi- 
pal role,!”!3 i.e., one can neglect the induction 
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fields G=c!tixH and disregard the inhomogen- 
eity of the variable electromagnetic field at dis- 
tances of the order of the dimensions of the elec- 
tron orbit r in the magnetic field. 

The peculiarities of deformation ultrasonic ab- 
sorption in a strong magnetic field are in many 
respects analogous to absorption at H=0. The 
fact is that the rapid rotation of the electrons 
about the H direction leads to the averaging of all 
the characteristics over the period of precession, 
so that the formula for absorption has the same 
form as for H = 0,° in which, however, all the 
quantities are replaced by their average values on 
the trajectory €(p) =p, p: H/H = const (denoted 
by the bar over the symbol): 


a(H)=h?w (ard (e — p) |g |?vofv2 +(kvyy?, (5) 


where W is the energy density in the sound wave, 
Vo= tne is the frequency of collisions, and dT is 

the element of momentum volume; g = (Aj (Pp) 

— <A >) Uk is connected with the deformation 

change of the energy of the electron €(p). 

We write out the results for the case k | H. On 
the closed trajectories, k-v= 0, the coefficient 
of absorption flattens out and its value is kl > 1 
times larger than qd»: 


a 


0: (H) = hSW™ \ ded (e — w) |g? vo ~ Npwt,/ps®. (6) 


The sharp increase in the absorption in a strong 
field in comparison with a) is connected with the 
fact that all the electrons in the magnetic field on 
average (over one period) move along the field, 
i.e., for k ; H—in planes of equal phase, where 
they interact most effectively with the variable 
fields. For H= 0, the relative fraction of elec- 
trons moving in the plane of constant phase is of 
order (kl)~'. Correspondingly, a (H)/ay ~ kl. 

In the presence of open trajectories, the esti- 
mate given by (6) remains valid; however, upon 
rotation of k relative to H (or H relative to k) 
a sharp anisotropy of the absorption must take 
place in the plane k ; H: a@(H) can change by a 


FIG. 5. Periods of the oscillations vAH™* 
of the absorption coefficient in indium as a 
function of the direction of the vector H; a— 
k close to [110], b—k near [100]. Two series 


095° of points correspond to two different periods 


of oscillation for the given direction of the 
magnetic field H, calcuiated from the [001] 
axis. 
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value of the order of a. This anisotropy is con- 
nected with the fact that Vy ~ 0 on the open tra- 
jectories. (The y axis is parallel to the normal 
to the plane in which the magnetic field and the 
direction of the open trajectory lie.) If kyVy/V9 
~ kil) > 1, then the contribution of the open tra- 
jectories to the deformation absorption (5) is 
smaller by a factor of (kl#)* > 1 than the contri- 
bution from the closed trajectories. 

The absorption in a strong magnetic field also 
possesses a strong anisotropy relative to the de- 
parture of the vector k(or H) from the plane 
k | H. If the angular departure » 2 (kl)7', the 
absorption falls off strongly: 

a (H) = ah*W-\ ded (e —n) 8( kv) | EP ~a/p. (7) 

Violation of the inequality @(H) > dp for 
k | H in strong fields can be due both to insuffi- 
ciently rigorous fulfillment of the condition 
k | H(g 2 (kl)7!) and to the fact that for certain 
types of open Fermi surfaces, at definite directions 
of the wave vector k (for example, a weakly 
‘‘corrugated cylinder’’ or a plane, the vector k 
parallel to the axis of the cylinder or plane) the 
quantity k-v = 0 and the order-of-magnitude es- 
timate for a, is identical with (6). 

Experimental investigation of the absorption in 
a strong field was carried out on a number of 
single crystals of tin and indium. In all cases, the 
difference a@(H) — @) was determined experi- 
mentally. However, along with the given quantity, 
it is also desirable to know the absolute value of 
a(H). For this purpose the value of a) was de- 
termined by investigation of the temperature de- 
pendence of the absorption @)(T) in the transition 
to the superconducting state. Extrapolating the 
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curve @)(T) as T — 0, we can separate out the 
electronic part of the absorption, eliminating the 
losses connected with the transition layers, -the 
lattice, and other factors. In those cases in which 
values of a») were not obtained, the anisotropy of 
the difference a(H) — a» was studied. Diagrams 
are given in Fig. 6 for the variation of a — a» as 
a function of the angle between the vector H and 
the [100] axis in tin for different directions of k 
in the (010) plane (here k | H). Figure 6d illus- 
trates such a diagram for k || [110] with measure- 
ment of the magnetic field from the [001] axis. 

As is seen from Figs. 6a, b, c, the absorption 
coefficient decreases in comparison with its value 
for H=0, and also increases as a function of the 
field orientation. With approach of the H vector 
to the [100] direction, the value of a always in- 
creases. The peculiar feature of Fig. 6d is that 
@(H) > dp for all directions. 

The frequency dependence of the ultrasonic ab- 
sorption coefficient in a strong field and without 
the field was studied for indium single crystals. 

In the absence of a magnetic field, the absorption 
coefficient a) increases linearly with frequency 

in the frequency range 50-150 Mc. The frequency 
dependence of a, is shown in Fig. 7 (curve 2). The 
single crystal was so rotated that the vector k was 
directed close to the [110] axis. 

Application of a magnetic field of 8000 oe per- 
pendicular to the k vector led to a sharp decrease 
in the absorption coefficient. At a frequency of 
60 Mc, with a field orientation close to [001], the 
coefficient a fell off by a factor of more than 6.5. 
With increase in frequency, the relative decrease 
in the absorption coefficient in the strong field de- 
creased. Figure 8 shows the anisotropy of the 
quantity a/ay in a field of 8000 oe for the three 


FIG. 6. The angular dependence of 
&—, in a strong field for tin: a—k 
along [001], » = 70 Mc, H ~ 10,000 oe; 
b—k at an angle of 40° to the [001] axis, 
v = 60 Mc, H ~ 6500 oe; c—k at an angle 
at 60° to the [001] axis, vy = 60 Mc, 

H ~ 6500 oe; d—k along the [110] axis, 
v = 60 Mc, H = 6500 oe. Measurement of 
the field direction was from the [100] axis 
for a, b, c, and from the [001] axis for d. 
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FIG. 7. The dependence of the ultrasonic absorption coef- 
ficient on the frequency in indium single crystals: 1—H = 8000 
oe, the direction of the H vector corresponds to the maximum 
absorption on the curves of Fig. 8; 2-H =0; 3—H = 8000 oe, 
the direction of H corresponds to a minimum in the curves of 
Fig. 8. 


FIG. 8. Angular 
and frequency depend- 
ence of @/, for 
H = 8000 oe on the 
direction of the vec- 
tor H in indium. The 
vector k is close to 
[110], measurement 
of the direction of H 
740° is from the [001] axis. 
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frequencies of 60, 100 and 140 Me, all for the same 
sample of indium. The study of the frequency de- 
pendence of a at the maximum (Fig. 7, curve 1) 
and at the minimum (Fig. 7, curve 3) of the absorp- 
tion shows that in the first case a(H, v) increases 
linearly with frequency, but more rapidly than ap; 
in the second case, the increase in a(H, v) is 
close to quadratic in the frequency. 


3. DISCUSSION OF THE RESULTS 


The experimental investigation of oscillation 
effects —the anisotropy of the periods, the phase 
of the oscillations, and also the form of the absorp- 
tion curves — all make it possible to explain a 
number of characteristic peculiarities of the top- 
ology and form of the Fermi surface in metals. 

In the simplest case of a single closed convex sur- 
face possessing a center of symmetry, the study 
of only single oscillations of the absorption coeffi- 
cient in the magnetic field makes it possible to 
establish its form and dimensions completely. 

For more complicated surfaces (for example, 
non-convex, and all the more, open), the problem 
of defining them is very difficult, in the first place, 
because of the high sensitivity of the phenomenon 
to the various singularities on the Fermi surface, 
and in the second place, because of the periodicity 
of the absorption curves in the inverse field. Both 
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these factors make the curve of the dependence of 
the absorption on the magnetic field the sum of 
many oscillating components with different periods, 
phases and amplitudes. Therefore the analysis of 
the experimental data is very complicated in many 
cases; frequently, it does not give unique solutions. 
The difficulties that were pointed out are typical 
for the majority of oscillatory effects, both at 

high frequencies (cyclotron resonance, ultrasonic 
absorption in a magnetic field), and in the case of 
diamagnetic quantum oscillations (the de Haas- 
van Alphen effect, the Shubnikov-de Haas effect, 
etc. ). 

Experimental investigations of the oscillations 
of the absorption coefficient in single crystals of 
tin and indium confirm, first, the validity of most 
of the conclusions of the theory.°~? Actually, in 
those cases in which one can easily determine the 
fundamental period of the oscillations, the curves 
are periodic in the inverse field, the initial phase 
of the vibrations is equal to zero for curves of the 
resonance type, and is different from zero for 
harmonic oscillations. Long-period oscillations 
and oscillations with relatively small amplitude do 
not have a definite phase; the latter depends on H. 
It is possible that these oscillations are connected 
with self-intersecting trajectories passing through 
saddle points. 

In complete correspondence with the theory, the 
position of the maxima in the magnetic field is 
proportional to the ultrasonic frequency.*® With 
increase in the frequency, the oscillations are in- 
creased, and the amplitude of most oscillations 
with small period increases upon increase‘of the 
field. Decrease in the temperature and purifica- 
tion of the samples, leading to an increase in the 
mean free path of the electrons, also increase the 
amplitude and number of observed peaks. 

In single crystals of tin, nonharmonic resonance 
oscillations with narrow maxima are observed in 
a narrow range of directions of the magnetic field 
(Fig. 4). At the same time the oscillatory depend- 
ence of a on H"! for most other directions is 
harmonic in first approximation. 

Observation of resonance oscillations under 
conditions in which the vectors k and H are per- 
pendicular makes it possible to draw the immediate 
conclusion that the Fermi surface of the given 
metal is open.? Measurement of the periods of 
these oscillations allows us to determine the direc- 
tion and period of the open trajectory. In the first 
case, in which the wave vector k makes an angle 
of 28° with the four-fold axis [001] in the (010) 
plane, the period AH™ = 1.71 x 1074 oe7! (the 
magnetic field H lies inthe (110) plane). From 
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this start we can compute the value of the period 
of the open trajectory be by assuming that the 
Fermi surface is open along the [110] direction. 
(The € axis is parallel to [110], H is directed 
along the z axis.). With the aid of Eq. (3), we get 


bz = ex/cnyAH 1 = 15-10°2° g-em/sec 


(ny = cos (ky) = 0,942,  %=1.5-10em). 

If the direction of the wave vector k is changed, 
then the product kyAH should remain unchanged 
if the oscillations are connected with this same 
open trajectory. Calculation of the period of the 
oscillations in the second case, in which the wave 
vector k is directed at an angle of 40° to the [001] 
axis in the same (010) plane, yields AH;! 
= ky;AH ky» = 1.81 x 1074 oe"! (the anisotropy of 
the sound velocity can be neglected). This value 
agrees with the measured value of AH;' = 1.82 
x 1074 oe! with an accuracy to within better than 
one percent. 

The direction of the open trajectory along [110] 
does not contradict the data of the galvanomagnetic 
measurements of Alekseevskii and Gaidukov”’ for 
tin, and the value of the period in the open trajec- 
tory is in good agreement with the size of the Bril- 
louin zone in this direction as obtained by Cham- 
bers.” 

The fact that for other directions of the wave 
vector k(k parallel to the axes [001], [110]) reso- 
nance oscillations from open periodic trajectories 
are not observed has the explanation that the angle 
2 between the vector k and the direction of the 
open trajectory is bounded by the inequalities 


Os>(kry2, | 0— 8, [S>(Ary3, <n. 


For k || [001], # = 1/2 -—the latter inequality is not 
satisfied, while for k || [110], the angle ¥=0 and 
the first inequality is violated. In complete agree- 
ment with theory, the phase of these oscillations 
is equal to zero, and the breadth and height of the 
resonance maxima increase with the field. 

For all the orientations studied, the extremal 
diameters py max — Py min for electrons in tin, 
computed from the period of the harmonic oscilla~- 
tions [Eq. (1)], are less than the dimensions of 
the first Brillouin zone. 

It was shown above that the experimental curves 
are very complicated and are the superposition of 
several oscillating components. Asa rule, it is 
relatively easy to separate the oscillations with 
widely differing periods. The small periods of 
AH correspond to the fundamental dimensions 
of the Fermi surface, while the large periods can 
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arise as a result of a small departure (in the 
limits of angle of the order of k~‘J~!) of the wave 
vector k from the given crystallographic direction, 
or of the magnetic field from the crystallographic 
plane. 

In the latter case, in the presence of open sur- 
faces, the open periodic electron trajectories 
transform into extremely prolate or aperiodic 
open trajectories, which in turn lead to a large 
number of oscillations with relatively small ampli- 
tudes and large periods. Therefore, data are given 
on all the drawings for AH on the anisotropy of 
the two principal periods of oscillation, measured 
in different directions for single crystals of tin 
and indium, and the results of the treatment of the 
long period oscillations (which are distinguished 
from the others by low accuracy ) will not be dis- 
cussed. 

Making use of data on the anisotropy of the 
periods of oscillation, we can attempt to estimate 
certain dimensions of the Fermi surface in tin. 

All the results on the absorption anisotropy agree 
better with one another if we assume that the 
Fermi surface of tin is a “‘plane grid’’ of ‘‘corru- 
gated cylinders’’* with the open direction along 
[110]. The maximum diameter (height) of the 
cylinders in the [001] direction is about 11 

x 10779 g-cm/sec, the diameters in the [110] and 
[100] directions are respectively equal to 3 x 107” 
and 2 x 107?’ g-cm/sec. The first value is obtained 
from the periods of oscillation given in Fig. 3d, 

the latter two from Fig. 3a. 

Generally speaking, caution is necessary in the 
treatment of periods of oscillation in the determina- 
tion of the extremal diameters of the Fermi sur- 
face, inasmuch as the value of Py max ~ Py min 
for a noncentral extremal cross section is not its 
diameter, but its projection on the direction k x H. 

Study of the oscillatory effects in indium shows 
that the Fermi surface of this metal is rather 
complicated, just as in tin. Resonance oscillations 
were not observed in the directions we investigated. 
Attention is turned to the very large value of the 
maximum diameters of the Fermi surface (up to 
Oy ames g-cm/sec), which is appreciably larger 
than the maximum dimensions of the Brillouin 
zone in indium constructed on the planes (111) 
and (200); these dimensions are 3.75 
x 107*° g-cm/sec and 4.35 x 10° *° g-cm/sec, re- 
spectively. 

The study of the oscillation dependence of the 
absorption coefficient makes it possible to esti- 


*This model corresponds to the galvanomagnetic data of 


Alekseevskii and Gaidukov.?"”* 
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mate the mean free path lengths of the electrons 
from the number of oscillations (J ~ na, where 

n is the number of clearly observed oscillations ). 
In tin, the number of oscillations, and, consequently 
the path length, depends on the orientation; at T 

= 4,2°K, it has the order of 0.5 —- 1mm. In indium, 
the path length is somewhat less (about 0.3 mm). 
The purity of the metals studied is characterized 
by the ratio of resistances at helium and room 
temperatures: Ry »/R3o9 = 1.6 X 10° for tin and 
Ry.o/Rgo9 = 8 X 10~° for indium. Our estimates 
agree well with the data of static measurements of 
Aleksandrov and Verkin,”4 who obtained a value of 

1 ~ 0.65 mm for the mean path length in tin of such 
purity. 

The study of ultrasonic absorption in a strong 
magnetic field is of significant interest for the in- 
vestigation of electron gas kinetics in a metal. 

The experimental data confirm qualitatively the 
predictions of the theory: the absorption coeffi- 
cient levels off in a strong field, while the leveling 
off value is anisotropic. In single crystals of tin, 
as is seen from Fig. 6, the absorption coefficient 
always increases upon approach of the magnetic 
field to the (001) plane. The very fact of apprec- 
iable anisotropy of the absorption agrees with the 
open character of the Fermi surface in tin. 

In single crystals of indium, at frequencies of 
the order of v = 60 —100 Mc, the absorption levels 
off in a strong field; however, the value of the 
leveling off is much less than the absorption coef- 
ficient a) in the absence of the magnetic field. 

The saturation effect is very clear at fields of 
6 — 8 koe, and the anisotropy of the absorption in 
the strong field is comparatively small. 

It follows from the galvanomagnetic data that 
the Fermi surface in indium is closed.”! Starting 
out from theory, one must expect a sharp increase 
in the absorption in a strong field for H ; k. Such 
a sharp increase has been observed neither in 
indium nor in tin. This essential divergence be- 
tween theory and experiment can be connected 
with the fact that the time of free flight decreases 
in a strong magnetic field.* It is known that the 
scattering amplitude, and consequently the colli- 
sion probability of the charged particles, depend on 
the magnetic field. Moreover, in a strong magnetic 
field, the collision integral depends on the inten- 
sity of the resultant electric field. The latter 
dependence can also have a significant effect on 
the effective relaxation time. Obviously, in the 
consideration of collisions, it is not possible to 
ignore quantum effects. Further experimental and 
theoretical investigation of this question can give 


*The authors are indebted to A. I. Akhiezer for this remark. 
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interesting data on the mechanism of the interac- 
tion of the electrons with the lattice and with each 
other. In any case, if this assumption is valid, 
then we can satisfactorily account for the absorp- 
tion coefficient curve in strong fields. In particu- 
lar, it is seen from curve 3 of Fig. 7 that the fre- 
quency dependence of the absorption is evidently 
quadratic — in correspondence with the conclusions 
of the theory, although the rate of growth (which 
is proportional to the relaxation time ty) is much 
less than expected. 

It is seen from a comparison of theory with ex- 
periment that the observed oscillation effects are 
in much better agreement with the theory than the 
peculiarities of the absorption in strong fields. 
This is understood, since the oscillations are 
chiefly determined by the kinematic properties of 
the electrons in the metal and are not connected 
with the interaction, while the absorption in strong 
fields is very sensitive to the collision mechanism. 

Thus, the results given above show that the 
study of magnetoacoustic resonance makes it pos- 
sible to obtain a number of valuable data on the 
structure of the energy spectrum, and the study of 
the peculiarities of the absorption in strong fields 
gives information on the relaxation properties of 
the electrons in the metal. Further study of the 
peculiarities and anisotropies of resonance and 
absorption in strong fields, in other metals, and 
for nonperpendicular vectors k and H will be of 
interest. 
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Dy * (T;, = 80.2 hrs.) was obtained by double neutron capture from Dy 
scheme studied. The multipolarity of the following y-ray transitions in Ho 


164 and its decay 


166 Were deter- 


mined: 28 kev (M1), 54.2 kev (E2) and 82.5 kev (M1). Branching ratios for the B decay 
of Dy'®® to various levels in Ho!®* were obtained and a level scheme for low lying states in 


Ho! is proposed. 
INTRODUCTION 


Heuer and Burson! have studied the decay of 
Dy i (Ti = 80.2 hrs.), the Dy’ being made by 
double neutron capture from Dy‘. In the decay 
of Dy." they found transitions with energies 28, 
54.2, 82.5, 286, 346, 368, and 427 kev. On the 
basis of the observed yy coincidences, they pro- 
posed the level scheme for Ho!®* which is shown 
in Fig. 1. They did not determine the multipolarity 
of the y transitions, nor the spins and parities of 
the levels in Ho!®, 

Ho! decays with a half life of 27 hr into Er'®® 
(Fig. 2). The decay can go with approximately 
equal probabilities to either the ground state of 
Er’ or the first excited state (2*). There are 
practically no transitions to the 4° level (the 
second excited state in the rotational band yearit 
follows that the spin of the ground state of Ho!® 
can not be greater than one. 

Graham et al.” have studied the form of the f 
spectrum with a 1771-kev end point. The 
spectrum was studied in coincidence with 81 kev 
y rays. It was shown that the spectrum had a 
unique form, due to a spin change of two with 
change of parity. The fy correlation was also 
investigated. The authors concluded that the 
ground state of Ho! had spin zero and negative 
parity. 

According to the unified model of the nucleus, 
for the low lying intrinsic states, the quantum 
number K is equal to 2, the projection of the 
angular momentum on the nuclear symmetry axis. 
For odd-odd nuclei ©, and hence K, is equal to the 
sum or difference of the values of 2 for the last 
odd proton and the last odd neutron, Q = |Qp + QI. 


*Deceased. 
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FIG. 1. The decay scheme of Dy?** (the level which is the 
final state for the spectrum with end point 408 kev has not 
been established). 

FIG. 2. The decay scheme of Ho! (ref. 3). 


The nuclear state has even parity if the last odd 
proton and neutron have the same parity, and is 
odd if the two parities are different. 

From the above considerations it follows that 
information about the spins of excited states in an 
odd-odd nucleus can be obtained from the excited 
states of neighboring odd-even and even-odd nuclei. 
For HO, the appropriate neighboring nuclei 
are ¢7Ho!® and ggEr!*’. The ground and first 
excited states of these nuclei are shown in Fig. 3.° 
The expected intrinsic states of Ho!®® are shown 
schematically in Fig. 4. A rotational band can be 
associated with each of the levels shown in this 
figure. 

From Fig. 4 it is clear that the ground state 
of the nucleus Ho! should have the quantum 
number K = 0. However, since the shape of the 
nucleus is invariant under reflection in a plane 
perpendicular to the axis of symmetry, it follows 
that an odd parity intrinsic state implies odd 
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values for the spins (i.e., the rotational band 1°, 
Se BOs i ie Hence the ground state of Ho! 
should be assigned a spin of one. This conclusion 
is in disagreement with the experimental result 
obtained by Graham et al.” 

The contradiction between theory and experi- 
ment for Ho!® is important as a matter of prin- 
ciple. The purpose of the work reported here 
was to find the spins of the levels in Ho'®® by 
studying the spectra of y rays and conversion 


electrons from the 8 decay of Dy!®, 


EXPERIMENTAL RESULTS 


The spectra of the internal conversion elec- 
trons were measured on a Siegbahn type B spec- 


trometer with focusing at an angle TV 2, resolution 


AHp/Hp = 0.25%, and aperture 0.25% of 47. The 
source was dysprosium oxide enriched to 86.5% 
Dy! and deposited on an aluminum foil 4 p thick. 
The thickness of the dysprosium oxide layer was 
about 0.06 mg/cm’. The source was irradiated by 
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thermal neutrons from a reactor for 6 to 7 days. 
The measurements were made 36 hours after the 
irradiation in order to avoid effects due to. Dy'®° 
(Tip = 2.4 hrs. ). 

Figure 5 shows the spectrum of internal con- 
version electrons from Ho!®®, The spectrum con- 
tains conversion lines corresponding to transitions 
in Ho! with energies 28; 54.2 and 82.5 kev. The 
spectrum also shows a line due to internal conver- 
sion electrons from the 81 kev transition in Er’®®, 
arising from the 6 decay of Ho!®, 

A search was made for conversion electrons 
due to transitions with energies > 82.5 kev in 
Ho'®®, No such electrons were found. If there 
are any, their intensity is less than 0.5% of the 
intensity of the K line in the 82.5 kev transition. 

The conversion electron spectrum shown in 
Fig. 5 was analyzed for the relative conversion 
coefficients associated with the three transitions. 
The results are shown in Table I. The table also 
shows values for the same internal conversion 
coefficients according to Sliv and Band.° 

y spectra and yy coincidences were also 
measured. These measurements showed that the 
28- and 54.2-kev y rays were in coincidence while 
there was no coincidence between these y rays 
and the one with energy 82.5 kev. This result 
agrees with the data of Helmer and Burson.! 

The measurements of y ray spectra showed 
that the combined intensity of all y rays having 
energy greater than 82.5 kev must be less than 1 
or 2% of the intensity of the 82.5 kev y ray. 
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TABLE I 
Relative conversion coefficients : one, 
12 ntensity o 
kev E ; t pease the transition 
awaetier er | e2 | 23 | Mt | m2 | Ms 
Dee ot 
28 10.5 40,3 | 1.45 | 0.01 | 0,014 | 10.7 | 14.4 | 13.0 0,23 + 0,01 
py tL / Lay 
54.2 0.85 40.03 | 2.7 | 0.89 {0.94 | 76 | 3.22 | 0.53 0,23 + 0.01 
Gi) Lr 
( £120)10,42) 1\p3.65) 0.1 | 0.017 | 11:4 | 8.8 | 63 
82.5 eo ( 1 
| 7.620.2 | 6.4 | 0,5 | 0,04 | 6.61 | 3.16 | 0.7 ) 
SiEr | 1,05 + 0,01 


DISCUSSION OF THE RESULTS 


Comparison of the experimental and theoretical 
ratios of internal conversion coefficients leads to 
the conclusion that the 28- and 82.5-kev y rays 
are pure M1 transitions. The 54-kev y ray isa 
pure E2 transition. 

The intensities of the 28- and 54.2-kev y rays 
were equal within 2 or 3% (see Fig. 1). The 
equality of these two intensities implies that the 
first excited state in Ho!® is essentially populated 
only by transitions from the second excited state 
at 82.5 kev (or at least that this occurs in the 
vast majority of cases). There is only a small 
probability that the first excited state in Ho'® 
be formed by decay from higher excited states or 
directly by 8 decay of Dy'®, 

The probability that Dy'® decays to the ground 
state of Ho!® relative to the probability that it 
decays to the excited state at 82.5 kev can be 
inferred from a comparison of the sum of the in- 
tensities of the 28- (or 54-) and 82.5-kev transi- 
tions with the intensity of the 81-kev E2 transition 
in Er’, Calculations with account of the fact that 
there is only a small probability that Dy * decays 
to high excited states and using the results of 
Graham et al.’ show that when Dy decays, the 
82.5-kev state in Ho! is formed (55 + 2)% of 
the time. That only one or two per cent of the B 
decays of Dy'® are to high excited states follows 
from an estimate of the intensities of y rays and 
conversion electrons connected with transitions 
having energies greater than 82.5 kev. The re- 
maining ~ 43% of the decays of Dy'® lead to 
formation of Ho!® in the ground state. 

It is not possible to determine uniquely the 
spins of the first two excited states in Ho!®* from 
a knowledge of the multipolarity of the 28, 54.2, 


and 82.5-kev decays only, especially in view of the 
fact that the spin of the ground state is not known 
with certainty. However, the following considera- 
tions serve to narrow the range of possibilities. 

1. Since there is no # decay to the first 
excited state in Ho!®*, the spin of this level must 
be greater than the spins of the ground state and 
the excited state at 82.5 kev. [The spin and parity 
of the ground state of Dy'®® is 0* (even-even 
nucleus ]. 

2. In establishing the spins of the levels in the 
Ho!6 nucleus, it should be borne in mind that the 
54.2 and 82.5 kev transitions are pure — there is 
no admixture of other multipolarities. The same 
comment, though rather weakened, applies to the 
28 kev transition. 

3. It is not possible to measure directly the 
order of the 28- and 54.2-kev transitions, i.e., the 
energy of the first excited state in Ho!®, However, 
the intensity of the 82.5-kev y transition relative 
to the intensities of the 28- and 54.2-kev y transi- 
tions have been measured, and this can be com- 
pared with theoretical estimates® (Table II). One 
is led to the conclusion that the most likely 
process for de-excitation of the 82.5-kev level is 


TABLE II 


Ratio of transition 


Possible tran- probabilities 


sitions from the 


level at 82.5 kev Theory | Experiment 


W, (82kev)/W.. (28kev) 


28 54.2 
S25 ben) yO) 25 6 | 13,5 
M1 lay? 
Ww. (82kev)/W, (54kev) 
YAR?) es) 
82.5——> 28 > 0 108 | 25 
1B) M1 


DAEADNCAY®SCHEME OF Dy**® 


5 —~- 0" 
Bae FIG. 6. Proposed 
025 |\MI 
26 va level scheme for low- 
r di i. lying levels in Ho'®, 


82,5 => 54.2 0. 


M1 


In this case, the energy of the first excited 
state in Ho!®® is 54.2 kev. It should be noted, 
however, that the process 

82.55 280, 
is not ruled out, since E2 transitions are often 
faster than estimated theoretically, while the M1 
transition can be forbidden to a significant degree. 

4. It should be borne in mind that Fig. 4 serves 
to eliminate a large number of spin assignments 
for the levels of Ho!®*, 

In view of the foregoing, Fig. 6 shows three 
possible level schemes for the low lying states of 
Ho!*®, The most likely one of these is a, since it 
agrees best with the experimental data of refer- 
ence 2 and the data being presented in this paper. 
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In conclusion, the authors consider it a pleasant 
duty to thank D. A. Varshalovich for discussion of 
results. 
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The angular distribution of shower particles is studied for 70 showers (jets ) produced by 
singly-charged or neutral cosmic-ray particles of 10’ — 10" ev, and possessing more than 


eight strongly-ionizing particles. 


In the present experiment, the angular distribu- 
tion of secondary particles in 70 interaction events 
of singly-charged and neutral cosmic-ray particles 
with heavy emulsion nuclei was studied. The 
showers were found in scanning Ilford G-5 emul- 
sions exposed in the stratosphere during the 1955 
Italian expedition, and possess five or more rela- 
tivistic tracks, ng = 5, and more than eight heavily 
ionizing particles, nh + ng > 8. Of these showers, 
55 were produced by singly-charged particles and 
15 by neutral ones. The maximum value of the 
Lorentz factor for the coordinate system with a 
symmetrical angular distribution is ye = [1 
— Bi} = 11. The measurements were carried 
out by the method already described by one of the 
authors.’ For nuclear interactions of the charged 
particles, the angles with the direction of the 
primary particle were determined. In the range 
Yc < 3 (31 showers out of 55), our measurements 
are rather good, since, for the majority of the 
~ particles, the distance from the point of intersec- 
tion of the track with the sphere surrounding the 
vertex of the shower to the point of intersection of 
the primary-particle track with the same sphere 
is much greater than the errors in the determina- 
tion of the coordinates of these points. For larger 
values of yc, this condition is not always satisfied. 
The symmetry of the angular distribution of 
shower particles with respect to the 7/2 angle in 
the center-of-mass system in collisions with com- 
plex nuclei has been studied by a number of inves- 
tigators.*’? These investigations showed that such 
a Symmetry exists in the frame of reference in 
which half of the particles have the angle 6*> 1/2 
(c system). The transformation from the angle @ 
in the laboratory system (1 system) to the angle 
0* in the c system is given by the formula 


Y- tan 0 = tan (6*/2), (1) 


y x 

a= COSA 

FIG. 1. Angular distribution in the c system of secondary. 
particles in showers produced by charged|particles; a— showers 
with y, <3, b—showers with y, > 3. n—total number of 
secondary shower particles. An does not contain particles 
with @> 1/2, so that 2An <n. The dashed line represents the 
theoretical histogram to show the distortion of the isotropic 
distribution in the c system for m = 0.9 and for a 
transformation from the angle @ to the angle 6* according to 
Eq. (1) for ya =Ve- 


which has been obtained under the assumption that 
the velocity of the particle in the c system f* is 
equal to the velocity Be of the c system itself. 
The Lorentz factor yg of the c system was deter- 
mined from the relations 


(Yc), =coth,,, (2) 


log (¥c)2 = —log tan6, (3) 
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The latter relation is correct for a symmetrical 
angular distribution of particles in the c system. 
The above-mentioned assumption that the secondary 
particles are monoenergetic in the c system, 
which has often been used in the analysis of experi- 
mental data, leads to an overestimate of ane 
However, such an overestimate does not consider- 
ably distort the angular and energy distribution of 
particles in the c system obtained by means of 
relativistic transformations.° Therefore, the 
earlier conclusions?*® about the symmetry and 
anisotropy of the angular distribution of particles 
in the c system and the increase of anisotropy 
with the energy of the primary particles are evi- 
dently correct. Henceforth, we shall also make 
use of the assumption that the secondary particles 
are monoenergetic in the c system, in order to 
investigate their angular distribution. 

For a small ye, the analysis of the angular dis- 
tribution is rendered difficult by the fact that the 
values m = Bc /8* can be different from 1. Figure 
la shows our data on the angular distribution in the 
c system for particles of 31 showers produced by 
charged particles for yg. < 3. The angle trans- 
formation was carried out according to Eq. (1) for 
Ye =Ve = Al(¥e)i + (¥e)2], i-e., assuming sym- 
metry in the c system and m = 1. In determining 
Yc from the angle @;,, the secondary relativistic 
particles emitted in the 1 system in the backward 
hemisphere were taken into account.* 

The same figure shows the possible distortion 
of the isotropic distribution in the c system, due 
to the deviation of m from unity, calculated using 
Eq. (1). Our experimental data do not contradict 
the assumption of symmetry in the c system for 
small ye; the mean value of m can be less than 
one, but not by more than a few percent. 

For the same group of showers, two values of 
the dispersion were also calculated: 

No ye 2 N ‘la (4) 
3, = | ey ys [log tan 0;; — (log tan But | Sh ; 
f=1 


¢=1/=1 


Near ole: N "2 (5) 

Go = | [log tan 8,; — (log sam by ra . 
t=1 j=ny;+1 c— 

where N is the number of showers, and njj and 

Noj are the number of particles in the i-th shower 

with log tan 6 < (log tan @)j and log tan @ > 

(log tan 9); respectively. The theoretical varia- 

tion of o; and oy with m for an isotropic distri- 

bution in the c system is shown in Fig. 2. Foran 

anisotropic angular distribution, the theoretical 


*A total of 24 such particles out of 480 were observed in 
the composite shower. 
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curves fall above those shown in Fig. 2. However, 
the character of the variation 0; and go, with m 
remains the same. For a symmetrical distribution 
in the c system and for m = 1, we have oj = 09. 
The experimental values o, = 0.50 and gp = 0.52 
are close to each other, and confirm the conclu- 
sion concerning the symmetry of the angular dis- 
tribution of particles in the c system, and con- 
cerning the mean value of m. 

The study of the variation in the anisotropy of 
the angular particle distribution in the c system 
with the energy of the primary particle and with 
the impact parameter makes it possible to obtain 
some data on the character of the nuclear inter- 
action. To this end, experimental values of ng 
and yc are shown in the graph (see Fig. 3). In 
the paper of Takibaev et Ci it is concluded that 
a certain fraction of shower particles is produced 
in secondary collisions of the nucleons inside the 
nucleus at energies below 10” ev. This conclusion 
is based on the fact that, in many showers, the 
number of particles is greater than the maximum 
possible number predicted by the hydrodynamical 
theory.’ However, this theory determines the 
number of particles Ny) (charged and neutral) toa 
constant factor k ~ 1 as follows: 


No =R(L+ 1) Et, 1<37, (6) 


N, = 185k (1 —0,25)*E%, = 1 > 3.7. (7) 


Here I is the length of the tunnel in units of the 
nucleon diameter, and Ey is the energy of the 
primary nucleon in the J system in units of the 
nucleon rest energy. Figure 3 shows theoretical 
curves, calculated assuming a symmetrical distri- 
bution in the center-of-mass system, and also that 
™ mesons are produced only for k= 1.7. As can 
be seen, the agreement with the experimental data 
at high energy is not bad. In order to confirm the 
conclusions of reference 6 for secondary collisions, 
it might therefore be useful to study the variation 
of the anisotropy of the angular distribution in the 
c system with the impact parameter. 
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The curve 2 of Fig. 3 divides the showers ac- 
cording to their values of J and ng for different 
Yc. The showers corresponding to points lying 
below this curve (group I) are on the average 
produced in more central collisions with heavy 
emulsion nuclei than the showers with a smaller 
number of particles (group II), at least if con- 
sidered from the point of view of the hydro- 
dynamical theory. Hence, it follows that the 
angular distribution in group I should be closer to 
isotropic in the c system? if the multiple particle 
production occurs in one act of collision of the 
primary nucleon with a tunnel of nuclear matter.* 
Our experimental data presented in Fig. 4 contra- 
dict the theory qualitatively, and indicate clearly 
the important role played by consecutive collisions 
of the primary nucleon and of secondary particles 
with nucleons of the target nucleus in the energy 
range under consideration. As a quantitative 
characteristic of the average anisotropy of the 
angular particle distribution in the c system, we 
can use the quantity 

N n; N 1/, 
6 =|! Dog tang, — (fog tan 9.1°/ 9) (u—1)], (8) 
t=1 j=1 71) 
where nj is the number of charged particles with 
@< 1/2 in the i-th shower. If we assume a 
normal distribution of the quantities log tan @ and 
the same anisotropy in different showers, then the 
value of o corresponds to the standard deviation 


N 
Ao = o[2 Gi (nj — 1)}'7. For groups I and II of 


*A quantitative comparison with theory is impossible since 
the shower energy is not sufficiently high. 
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FIG. 3. Experimental values of ng and 
yc for 70 showers; 0 — showers produced 
by charged particles (ng = ns— 1), x—- 
showers produced by neutral particles 
(ng =ng). Curves 1, 2, and 3 were calcu- 
lated using Eqs. (6) and (7) for k = 1.7 
and values of / equal to 1, 4, and 8 re- 
spectively. The dashed curves correspond 
to constant shower energy; a—for E, = 10, 
b—for E, = 10?, and c—for E, = 10°. 


the showers produced by charged particles, the 
experimental values of o equal 0.555 + 0.016 and 
0.479 + 0.022 respectively. In the range Ye < 3, 
where our measurements are certainly good, the 
corresponding values are equal to 0.549 + 0.022 
and 0.459 + 0.031 respectively. We note that for 
showers which, according to their multiplicity, 
fall within the framework of the hydrodynamical 


iss 
<) 


S| <. 
| 


oa 
wy 


1 rt) / 
7 =C0S 9° 


FIG. 4. Angular distribution in the c system 
of secondary particles in showers produced by 
charged particles; a—showers of group I (28 
showers), b—showers of group II (27 showers). 
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Group 


6, le nyt Ny 


Showers produced by neutral particles (angles 


with the shower axis were measured) 0.44+0,02 | 0.36 | 0,50 | 17,644.14 
Showers produced by charged particles (angles 

with the shower axis were measured) 0.44+0,02 | 0.37 | 0.47 | 19.2+1.4 
Showers produced by charged particles 

(angles with the direction of the 

primary particle were measured) 19.2441 


0,510.03 | 0.47 | 0,50 


theory for k = 1 in Eqs. (6) and (7), an increased 
anisotropy is observed with an increasing number 
of nucleons of the target nucleus taking part in the 
collision. Thus, those showers also cannot be 
considered to be the result of tunnel-effect colli- 
sions. 

As far as the variation of the anisotropy of the 
angular particle distribution with energy ye is 
concerned, our data shown in Fig. 1 qualitatively 
agree with the results of Miesowicz et al.’ Also, 
at large Yc, the value of o may be somewhat 
underestimated because of experimental errors. 
An increased o with increasing ye is observed 
experimentally both for group I and group II. 

We have also compared the characteristics of 
the showers produced by singly-charged and 
neutral particles. To this end, each of the 15 
showers whose primary particles are neutral 
were compared with a shower produced by a 
charged primary particle and having similar 
values of ng and 6;. The characteristics of 
these showers are given in the table, and they 
show that the singly-charged and neutral particles 
interact with the nuclei ina similar way. Hence, 
it apparently follows either that 7 mesons inter- 


act with nucleons in the same way as heavier 
particles, or that the admixture of 7 mesons 
among charged primary particles is negligible. 

The authors thank G. B. Zhdanov for his com- 
ments on the results of the experiment. 
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The Si?” level scheme excited in the Al?"(a, p) Si? reaction is determined. 


E\xPERIMENTAL data obtained until 1951 regard- 


ing the levels of si?” were systematized by Al- 
burger and Hafner,! and later data have been re- 


viewed by Endt and Braams? and by Dzhelepov and 


Peker.’ A large portion of this information was 
obtained from the energy spectra of protons in 
the reactions Al*"(a, p) si? and si? (d, p)si®?. 
The four lowest excited levels of Si?” were de- 
termined exactly by magnetic analysis of the pro- 
tons from these reactions.*® Data on higher ex- 
cited levels can be found in references 6 and 7. 
For the purpose of checking these data we have 
studied the energy spectra of protons from 
Al( a, p)Si®” using 10.4-, 13.65-, and 14.7- 
Mev a particles. 

An a-particle beam from the cyclotron of the 
Physico-Technical Institute was focused by qua- 
drupole lenses and collimated, before striking a 
thin (0.13 mg/cm”) aluminum target which was 
positioned at 45° to the beam direction, in the 
center of a brass chamber. Ya-2 nuclear plates 
for registering protons from the ALT, a, p) gi%? 
reaction were placed in holders on a circle of 
206-mm radius inside the chamber. Windows 
in the holders were covered with thin aluminum 


foil. Following exposure the plates were proc- 
essed in the usual manner. A MBI-2 microscope 
was used in measuring proton tracks. 

The mean energies of proton groups were de- 
termined for two emission angles (@ = 60° and 90°) 
and three a-particle energies (Eq = 10.4, 13.65, 
14.7 Mev). A more reliable identification of pro- 
ton groups was thus possible, since separation 
could not be achieved with certainty in some indi- 
vidual cases. A certain amount of error is in- 
volved in the determination of mean proton-group 
energies by means of range-energy curves. This 
error could not exceed 1%, because the reference 
energies were those of the proton groups corre- 
sponding to the four lowest levels of sit? which 
had been determined reliably from magnetic anal- 
ysis.*’® In addition, the proton-group energies 
were determined from three to six independent 
measurements (at different angles and a-particle 
energies). The energy levels were determined 
from the relationship 


Q: = Epi (1 + mp/m,) — Eg (1 — ma/mr) 
—2cos6V E,;Eampma/m,, 


where Q; is the reaction energy in the excitation 


Energy levels of Sieh 


Energy level, Mev 
No. of level Reference 5 Reference 6 poe Present 
7 work 

il 2.258+0.006 reper N(Oy — DecbezORO 

2 3.5180 ,007 Soe ORO2 3.65 3,50+0.06 

3 3.79840 .009 3.800.04 — 3,82+0,06 

4 4.85+0.04 4 .83+0.02 — 4.80+0.06 

5 -- 0,280.02 — 5,30+0.08 

6 — 9,02+0,.03 9.60 5, 48+0,08 

7 —- 5,940.04 — 5.70+0.08 

8 — _ — 6,080.07 

9 — 6,52+0,.03 — 6.6840 07 
10 == eOzeOnOs — 7.06+0.07 
44 —- 7,38+0.05 7.34 7,40+0,08 
12 — —— -- 7,760 ,09 
13 — — 8.36 8.44+0 ,09 
14 = = = 8.8040. 10 
15 -- — 9.42 9 ,38+0.10 
16 = a — De ee(0)- 10(?) 
47 = — 10.03 9,960.40 
18 = = = 10.60+0.10 
49 — os 11.02 14 .06+0.10 


| 
=) 
ae 
iw) 


Ech hh Vins OF 6i*° 


of the i-th level of the final nucleus; Mp, Mg, 
and my are the masses of the proton, a-particle, 
and final nucleus; Eg is the a-particle energy 

in the laboratory system; Epi is the mean energy 
of a proton group from reactions leaving the final 
nucleus in the i-th state; @ is the laboratory 
angle of proton emission. The value Qo = 2.38 Mev 
was taken in accordance with the particle masses 
involved in the reaction. 

Results obtained from our experimental data 
and from those of other investigators” ’ are given 
in the table. The existence of a 5.08-Mev level is 
not confirmed, in agreement with reference 6. 

Since the experimental technique could not be 
used to distinguish proton tracks from deuteron 
tracks, it was not fully demonstrated that a 9.70- 


Mev level is excited in the reaction Al”"( a, p) Si? 


I wish to thank L. N. Goryachaya for assistance 
in the treatment of the data. 
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RESONANCE AND MAGNETIC PROPERTIES OF YTTRIUM IRON GARNET AT 
LOW TEMPERATURES 


K. P. BELOV, L. A. MALEVSKAYA, and V. I. SOKOLOV 


Moscow State University 
Submitted to JETP editor June 29, 1960 
J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1542-1547 (December, 1960) 


The variation in the anisotropy of a 8,500 Mc/sec resonance field in a single crystal of yttrium 
iron garnet on cooling from room temperature to 2°K was studied. At helium temperatures the 
magnetic anisotropy constant K; is 8—9 times greater than its room temperature value; ihe 
existence of such a sharp variation in K, is confirmed by the small slope of the magnetization 
curves at helium temperatures, measured on polycrystalline specimens. There are sharp 
maxima in the curves of the temperature dependence of the ferromagnetic resonance absorp- 
tion line width for single crystals in the region 20 —40°K. These maxima are smaller for 
polycrystalline specimens and are greatly spread out between 4 and 60°K. It was found that in 
this temperature range the magnetic viscosity is high (from the static magnetization curves 


measured). 


A detailed study of the temperature dependence 
of the ferromagnetic resonance parameters in 
yttrium iron garnets (YIG) is of considerable 
interest. From the theoretical point of view, the 
low-temperature regions is of the most import- 
ance in this respect. Interesting anomalies in the 
temperature dependence of the ferromagnetic 
resonance line width and of the anisotropy of the 
resonance field were found at low temperatures 
by Dillon! and by Spencer et al.” Kittel et al.3 
have attempted a theoretical explanation of them. 
We have studied the temperature dependence 
of the anisotropy in the resonance field and of the 
resonance line width in several single crystal 
specimens of yttrium ferrite with the garnet struc- 
ture (3Y,03 - 5Fe,03) in the temperature range 
from 2 to 300°K. We have also measure the line 
widths and static field magnetization curves on 
polycrystalline specimens of yttrium ferrite having 
the same composition. The ferromagnetic reso- 
nance studies were carried out at a frequency of 
8500 Mc/sec by using a short-circuited waveguide 
section. The part of the waveguide contained in the 
helium Dewar was made of stainless steel to re- 
duce the heat leakage. The upper end of the wave- 
guide, firmly soldered to the cap, was sealed with 
mica to maintain a vacuum and its lower end was 
shorted by a brass wall. The positioning tube was 
soldered to the outer wall of the short-circuited 
section and the specimen holder was placed in it; 
a spur gear was attached to the end of the holder. 


FIG. 1. Arrangement of the 
short-cuited waveguide sec- 
tion: 1—mica window, 2— 
dividing head, 3— phosphor 
bronze rod, 4—heater, 5— 
gears, 6—waveguide, 7— 
specimen, 8 — thermometer, 

9 — specimen holder. 


The holder with the specimen could be turned 
through 360° by means of a second gear attached 
to a rod passing through the cap. A nonmagnetic 
nichrome heating coil was wound on the tube in 
order to obtain temperatures between nitrogen 
and room temperatures. The temperature was 
measured by a copper-constantan thermocouple. 
Unwanted field distortion was prevented by bifilar 
winding. The range from 4.2°K to 80°K was 
covered by boiling off liquid helium. In this re- 
gion the temperature was measured by a carbon 
resistance thermometer and was maintained to 
an accuracy of 1 — 2°. The resonance line width 
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AH to the half-amplitude level was determined 
from the resonance curve (the resonance curve 
was measured point by point). 

The YIG specimens were grown in the Crystal- 
lographic Institute of the Academy of Sciences by 
Timofeeva,‘ who crystallized them from molten 
mixtures with a cooling rate of 2—3° per hour. 
Polycrystalline YIG was prepared by a ceramic 
process and had a density of 4.97 g/cm*®. The 
specimens were given a spherical shape with di- 
ameter from 0.8 to 2 cm. The spheres were pur- 
posely not carefully polished as the large line width 
of the ferromagnetic resonance was advantageous 
in our cases —it made it easier to observe its va- 
riation on lowering the temperature. The mag- 
netization curves (in weak fields) at low tempera- 
tures were measured ballistically on a small tor- 
oid of polycrystalline YIG having a density of 4.85 


g/cm? 


1. THE ANISOTROPY OF THE RESONANCE 
FIELD 


We studied the variation in the magnitude of the 
resonance field with its direction relative to the 
crystallographic axes in the (110) plane (in which 
all the main crystallographic axes lie) for one of 
the single crystal specimens. The crystal orien- 
tation was determined magnetically with an accu- 
racy of 30’. The accuracy of reading the angle on 
rotating the crystal was 2°. 

The polar diagrams of the resonance field H, 
at temperatures of 300, 77, 20.4 and 2.0°K are 
shown in Fig. 2. It can be seen that the anisotropy 
in H, is very small at room temperature; the ro- 
tation diagram departs only insignificantly from a 
circle (the maximum change in Hy, is of the order 
of 100 oe). The rotation diagram changes sharply 
as the temperature is lowered and maxima and 
minima are clearly seen in the values of H,. At 
liquid helium temperatures the variation in H,. 
is of the order of 1000 oe. This can also be seen 
clearly in Fig. 3, where the dependence of Hy; on 
temperature is shown for a single crystal for the 
two directions [111] and [100], and also for poly- 
crystalline YIG. The change in H, on rotating 


FIG. 3. The varia- 
tion of resonance field 
with temperature: 1— 
in polycrystalline YIG, 
2—in a YIG single 
crystal. 
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the crystal in the (110) plane reflects the crystal 
symmetry of the specimen sufficiently well. 

Dillon! measured the anisotropy in Hy on 
single crystals at low temperatures for a fre- 
quency of 23 700 Mc/sec. He found a very com- 
plicated variation of Hy with respect to the crystal 
axes at 4.2°K. In the (110) and (100) planes he ob- 
tained an eight-leaf rosette. The additional max- 
ima in the diagram were ascribed to rare earth 


element impurities in the YIG. 
Although there was an appreciable amount of 


rare earth impurities in our YIG, no complicated 
behavior of the resonance field relative to the 
crystallographic axes (at a frequency of 8,500 
Mc/sec) appeared in our experiments. 

As is well known, the dependence of Hy on the 
angle of rotation @ (measured from [100]) for 
the (110) plane can be expressed in the following 
form: 


Hy = Hoge— 


(2-3 sin? — sin? 20). 
The relative anisotropy constant K;/Mg was cal- 
culated with the aid of this equation. The spon- 
taneous magnetization M, varies relatively little 
(10%) between room temperature and liquid-helium 
temperature, so that the temperature variation of 
the ratio K,/Mg represents, qualitatively, the va- 
riation of the crystallographic anisotropy constant 
K; with temperature. The table shows values of 
K;/Mg and also of Mg and g for a single crystal 
at different temperatures. 


T.°K |Ki/M, | Mg.G - 

300 40 13 6 1.89+0,02 
77 110 160 1,900.02 
20,4 | 263 160 1.97002 
4,2 | 286 160 1,98+0,02 
QAO) |} avs -- 1 ,99+0.02 


It can be seen that in the region of hydrogen 
and helium temperatures there is a rapid increase 
in the anisotropy constant, compared with its value 
at room temperature (8 —9 times). The existence 
of such a rapid change in K; is confirmed by the 
small slope of the magnetization curves in this 
temperature region, which we measured on poly- 
crystalline specimens (toroidal) of YIG (see 
Fig. 4). 


2. THE TEMPERATURE DEPENDENCE OF THE 
FERRO MAGNETIC RESONANCE ABSORPTION 
LINE WIDTH 


Our measurements showed that there is prac- 
tically no anisotropy in the ferromagnetic reso- 
nance absorption line width not only at room tem- 
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FIG. 4. Magnetization curves, I(T), measured in weak 
fields on polycrystalline YIG in the low temperature region. 


perature but also at helium temperatures. The 
measured temperature dependence of the line 
width for a single crystal (at different orienta- 
tions) and also for a polycrystalline specimen is 
shown in Fig. 5 in relative units AH/AHR (HR is 
the line width at room temperature) for the range 
2—300°K. 


10 


0 700 200 300 T,°K 


FIG. 5. The temperature dependence of the ferromagnetic 
resonance absorption line width in YIG, in relative units. 
Curves 1 and 2 are for single crystals of different orienta- 
tions, curve 3 is for a polycrystalline specimen. 


AH can be seen to increase on lowering the 
temperature. The line width for a single crystal 
has sharp maxima between 20 and 40°K, similar 
to those measured by Dillon! and by Spencer et a.? 
The line width at 40°K has increased to more than 
15 times its room temperature value. These max- 
ima are smaller for a polycrystalline specimen 
and they are spread out over a fairly wide tem- 
perature interval (40—60°K). Since the magnetic 
anisotropy constant changes smoothly at low tem- 
peratures (there are neither minima nor maxima 
on the curve) it follows that the mechanism of the 
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anomalous broadening of the absorption line at low 
temperatures found in polycrystalline YIG is not 
connected with the magnetic anisotropy. According 
to Dillon! and to Spencer et al.? the appearance of 
the anomalous maxima on the AH(T) curves is 
due to the presence of rare earth impurities in the 
YIG. It appears that a terbium impurity in even in- 
significant amounts has an exceptionally strong in- 
fluence. 

According to Kittel,? ions of rare earth impuri- 
ties in the YIG sublattices have a short relaxation 
time, which produces a mechanism of line broad- 
ening which dominates other broadening mecha- 
nisms at low temperatures. There may also appear 
relaxation phenomena at low temperatures con- 
nected with rare earth impurity ions which in- 
fluence the course of the magnetization at low 
temperatures. We found that in the range 20 — 
60°K magnetization was not achieved immediately 
on applying the field, but after 5 —6 minutes, i.e., 
there is a large magnetic viscosity in this tem- 
perature range in YIG (see Fig. 6). 

In conclusion, we express our thanks to Pro- 
fessor A. I. Shal’nikov for his interest in our work 
and for his valued advice, and to V. A. Timofeeva 
for providing the YIG single crystals for our ex- 
periments. 


1J. F. Dillon, Phys. Rev. 111, 1476 (1958). 

2Spencer, Le Craw, and Clogston, Phys. Rev. 
Letters 3, 32 (1959). 

3 de Gennes, Kittel, and Portis, Phys. Rev. 116, 
323 (1959). 

4vV.A.Timofeeva, Kpucrassorpapua 5, 476 
(1960), Soviet Phys.-Crystallography 5, 453 (1960). 
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ELECTRON PARAMAGNETIC RESONANCE IN ANDALUSITE 


A. L. BIL’DYUKEVICH, V. M. VINOKUROV, M. M. ZARIPOV, Yu. E. POL’SKII, V. G. STEPANOV, 


G. K. CHIRKIN, and L. Ya. SHEKUN 
Kazan’ State University 
Submitted to JETP editor July 2, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1548-1551 (December, 1960) 


Electron paramagnetic resonance of Fe** ions which isomorphously replace the Al** ions in 
natural crystals of andalusite Al,SiO; has been observed at frequencies from 9000 to 37000 

Mc/sec. The spectrum is interpreted with the aid of a spin Hamiltonian of the form (2). Two 
magnetically nonequivalent ions exist, whose z axes lie in the plane of the ab axes and form 


and angle of 57.9° with each other. 
THE CRYSTAL STRUCTURE 


A\npauusite is one of the polymorphous modifi- 
cations of Al,SiO;. In natural single crystals of 
andalusite a small portion of the aluminum ions is 
replaced by Fe** ions.! Andalusite crystalizes in 
a rhombic syngony, with a space group Pnnm. 

The unit-cell parameters are: ay = 7.77 A, bo 

= 7.91 A, and cy) = 5.57 A. The unit cell contains 
four (Al,SiO;) molecules (reference 2). 

The data of x-ray structure analysis (cf. Fig. 1) 
indicate that four of the Al** ions are surrounded 
by 5 oxygen ions, and the other four are surrounded 
by six oxygen ions (octahedron). 

We have assumed that the Fe** ions replace in 
the main Al** ions that are surrounded by 6 
oxygen ions. The experiment confirms this as- 
sumption, and therefore in the following we shall 
discuss Al** ions surrounded by 6 oxygen ions. 
These aluminum ions, in turn, are divided into two 
types which we shall designate I and II. If, for 
example, the All ion will be classified as type I, 
then the ions Al2, Al3, Al4, and A15 will be 
classified as type II, and vice versa. 

From the data of the x-ray structure analysis 
it follows that the surrounding of the I ion coincides 
with the surrounding of the II ion if it is translated 
and then rotated by 59.37° about the crystallo- 
graphic c axis. Thus, we are dealing here with 
two identical but differently oriented coordination 
polyhedra, so that it is sufficient to consider in 
more detail the vicinity of any one ion, for 
instance All. 

The oxygen ions O6, O7, and O8 are located 
at distances of 1.884 A, 1.961 A, and 2.236 A 
from the All ion. The distances O7 — O10, 

O6 — O7, and O6 — O11 are not equal. The 


FIG. 1. The crystal structure of andalusite. The large 
circles represent oxygen, the small circles aluminum, and the 
double circles silicon. 


quadrilateral formed by the O6, O7, O10, and 

O11 ions is not plane. Here there exists only one 
twofold symmetry axis which coincides with the c 
axis of the crystal. The electric field of such an 
ion system should have rhombic symmetry. The 
large stretching of the polyhedron allows us to 
assume that the component of the electric field 
along the O8 — O9 direction will be large. 


THE ELECTRON PARAMAGNETIC RESONANCE 
SPECTRUM 


The electron paramagnetic resonance spectra 
were observed at room temperature at 9000, 
15,000, and 37,000 Mc/sec. The results of experi- 
ments at 9000 Mc/sec for the case when the con- 
stant magnetic field H lies in the ab plane are 
given in Fig. 2. It is seen that the experimental 
points straddle the curves given by 
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FIG. 2. Paramagnetic resonance in andalusite at 9000 
Mc/sec. The solid lines are curves given by formula (1). The 
line of points in the upper part of the diagram represents the 
resonance field of the free radical. 


H ~ (9 sin? @ + cos? 6)", (1) 


displaced relative to each other by an angle of 
57.9°. 

Such an angular dependence is obtained ina 
case when we have an Fe** ion in an axial electric 
field, and the Zeeman energy is small compared 
with the energy of the ion in the electric field. 

We therefore described the spectrum with the aid 
of the spin Hamiltonian of the form? 


H = DS? + Big (HS,+H,S,)+ £) A282) (2) 


with an effective spin %. The z axes of ions of 
type I(z,) and II(z.) lie, within the limits of 
experimental error, in the ab plane and form an 
angle of 57.9°. We can thus conclude that the z; 
and Zz) axes are very near to the O8 — O9 and 
O12 — O13 directions, which form an angle of 
59.37°. 

The spectrum at 15000 Mc/sec does not differ 
from the spectrum at 9000 Mc/sec. At 37000 
Mc/sec a small deviation, which shall be dis- 
cussed below, is observed. 


DETERMINATION OF THE CONSTANTS OF THE 
SPIN HAMILTONIAN 


The ground level of the Fe** ion in an axially 
symmetric electric field splits into three doublets 
with M=+4 %, +°4, and + /. When a constant 
magnetic field is applied along the z axis the 
doublets split linearly, so that there appear 

+ Ag\BH, + *g\6H, and + /&,,BH levels. One 
notices readily that the transitions within the + WE, 
and + % doublets are forbidden. If the magnetic 
field is perpendicular to the z axis, then the + Tp 
and + °/ doublets begin to split quadratically, and 
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a very large field is required to observe resonance 
on these doublets. Thus, the peak observed in 
weak fields is due to the + ¥, doublet. 

To determine the constants of the Hamiltonian, 
we calculated the splitting Ae of the + ¥%, doublet 
with the aid of perturbation theory, assuming that 
gBH «< D. Taking into account the second and 
third approximations, we obtain the result 


——— 2 Of = DE 
_ 2 OH yf — x z 3 
Ae =) 9)3 ne (1 IDF eee ). (3) 


Here, hy 
0. 


= g|BHx, h, = gi BHz; Hy was set equal to 

Measurements at 9000 and 15000 Mc/sec have 
shown that the correction containing D is rather 
small, and cannot be determined, so that one can 
only find the g factors: 


gy = 2, = 2,004+40,001. 


In this case Ace ~ (9 sin? 3 + cos’ )'/? (the angle J 
is measured from the z axis) which yields the 
result shown in Fig. 2. 

At 37000 Mc/sec the correction containing D 
begins to have an effect, and we have found that D 
~ 1.8 cm, Thus, the distance between the + yy, 
and + de doublets should amount to about 3.6 cm“, 
To obtain a more precise value of D and to esti- 
mate the errors measurements of frequencies 
exceeding 37000 Mc/sec are required. 

As can be seen from Fig. 2, at angles 3 other 
than 0 and 90°, the absorption line of each ion 
splits up into four closely located peaks. This 
splitting, which is not described by the Hamiltonian 
(2) is apparently connected with a small nonequiva- 
lency of ions belonging to the same type. The deter- 
mination of the corrections to the Hamiltonian (2) 
to account for this nonequivalency requires addi- 
tional investigation. 


TRANSITION PROBABILITIES 


The wave functions of the states between which 
the observed transitions take place can be written 
in the form 

YW, =coso|*/.> + sina|— 7/2), 
W, = sina|?/2>—cosa|— 7/2». 
Here a is an auxiliary angle determined by the 
relation 
tan ao = {(9 sin? 6 + cos” b)'# — cos 0}/3 sin O. 


The probability of the transition is proportional 
to 


w = (71 <1] Se | 2> + 2K Sy 12> + rst] S212, (4) 
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where 7j, Y2, and y3 are the direction cosines of 
the alternating magnetic field H,. The matrix 
elements in (4) are: 


(1(Sy}2)=—%_cos2a, <1] S,[2> = */ai; 
<1] S2|2> = Ygsin 2a. (5) 


The experimentally observed line intensities are 
in agreement with formulas (4) and (5). Thus, for 
instance, if H Il z and H, Il x, then w = 2.25. If, 
however, H || x and H, Il z, then w = 0.25 (for the 
free Fe** ion w = 8.75). 


CONCLUSION 


Andalusite is the only investigated ionic 
crystal in which the Fe** ion has a Stark splitting 
exceeding 3 em. Sucha large splitting has thus 
far been observed only in hemoglobin’ (molecular 
crystal) and in glasses.°® A possible reason for 
the large splitting is the strong stretching of the 
nearest vicinity of the Fe** ion. For the same 
reason the non-axial terms in the Hamiltonian are 
probably only small corrections. 


A. 12S B PL? D YAK BEC Hice teaile 


In addition to the above absorption lines, the 
spectrum contains other weak peaks whose angular 
dependence (shown in Fig. 2 by a dotted curve ) 
does not make it possible to refer them to ions of 
types Iand II. These peaks are possibly due to 
ions surrounded by five oxygen atoms. 

In conclusion, the authors express their deep 
gratitude to S. A. Al’tshuler for interest and 
attention to their work. 


14 G. Betekhtin, Munepanorua (Mineralogy), 


1950, p. 701. 

2R. W.G. Wyckoff, The Structure of Crystals, 
1957. 

3A. Abragam and M. H. L. Pryce, Proc. Roy. 
Soc. A205, 135 (1951). 

4J. E. Bennett and D. J. E. Ingram, Nature 177, 
275 (1956). 

° Castner, Newell, Holton, and Slichter, J. Chem. 
Phys. 32, 668 (1960). 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1552-1553 (December, 1960) 


The hyperfine structure spectrum of the electron paramagnetic resonance of Mn** in dolo- 
mite and magnesite has been studied both experimentally and theoretically. The values of 
the parameters of the spin Hamiltonian describing the position of the lines in the spectrum 


have been determined. 


‘Tue hyperfine structure of paramagnetic reso- 
nance of Mn?+ in dolomite CaMg(CO3), and mag- 
nesite MgCO 3 has been observed at room tempera- 
ture at frequencies of ~9 x 10° cps. Natural single 
crystals of dolomite and magnesite with a manga- 
nese contents of ~0.1 and 0.1% respectively were 
used in the investigation. The crystal structure of 
these minerals has a trigonal symmetry. The im- 
mediate surrounding of the Mn** ions which re- 
place Mg and Ca isomorphously in these sub- 
stances is an octahedron formed by six ( CO3 \s 
groups. This octahedron is deformed along the 
three-fold axis which coincides with the Lg axis 
of the crystal. 

We studied the spectra for H || L3; and H 1 Ls. 
Corresponding to the fact that the ground state of 
Mn’** is °S;,, and the spin of the Mn” nucleus is 
1='/,, we observed 30 fundamental absorption 
lines with the expected intensity relations in each 
of the indicated orientations. In addition, lines of 
considerably lower intensity were observed in 
dolomite for H || L3. In dolomite Mn?*+ ions can 
isomorphously replace both the Ca?+ and the Mg’*. 
It is known! that in this particular case the mag- 
nesium atoms are more readily displaced by man- 
ganese than the calcium atoms. On the basis of 
this we assume that the main absorption lines are 
due to the Mn?*+ ions replacing the Mg?*, and the 
additional lines are due to the Mn?*+ ions replacing 
the calcium. 

The spectra are described by the following spin 
Hamiltonian 


Ht = gbHS + D[SI-FS(S+1)|+ GIS + S44 $9 


F 
7 TED 


Bess 2a] AS + BS 1) S,1,). 


(35 S, — 30 S(S + 1) S2 + 25S? —6S(S + 1) 


Here Z || Lg is also the [111] direction in the é, 
nN, € system. 
For Mn*+ ions replacing Mg2+ in dolomite: 


g = 2,003, D=+153,2 gauss, a— F = £ 10.4 gauss, 


A=+93.4 gauss, B=+94.3 gauss; 


for Mn** ions replacing Ca?* in dolomite: 
g = 2.003, 2D —=(a—F) = +11 gauss, 
A=+93.4 gauss; 
for magnesite: 


g=2.001, D=285.5 gauss, a—F= F121 gauss; 


A=+92 gauss, B=+93 gauss. 


The calculated values Hyg, in dolomite agree 
with the experimental values within the limits of 
+3 gauss, and in magnesite within the limits of 
+1 gauss. It turned out impossible to determine 
D and a — F separately for the Mn?* ions re- 
placing Ca’*+ in dolomite, because the lines of 
the =f, mes Vs: m transitions coincide with 
the at Vs m Sort m lines (m is the magnetic 
quantum number of the nuclear spin moment). 


‘Dana, Dana, Palache, Berman, and Frondel, 


System of Mineraolgy, v. II, Russ. Transl. IIL 
1953, p. 252. 
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N. B. BRANDT and N. I. GINZBURG 
Moscow State University 


Submitted to JETP editor July 8, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1554-1556 (December, 1960) 


The critical temperature Tg for the superconducting modification Bi II] has been deter- 
mined, it is found to equal 7.25° K for pressures 25,000 < p < 29,000 atm. Superconductivity 
of the modification Bi II has been discovered with Tc = 3.93° K(p = 25,000 atm). The de- 
rivative 9T¢/dp for Bi III is negligibly small; for Bi Il 0Tg/dp ¥ — 3.5 x 109° °K /atm, 
The stability of the Bi II and Bi III modifications has been investigated at liquid helium 


temperatures. 


The pT phase diagram (p = pressure, T = tem- 
perature) for bismuth! is shown in Fig. 1. As is 
well known,” Bi III is a superconductor witha 
critical temperature Te ~ 7°K. Since, however, 
the method employed by Chester and Jones? did 
not permit the attainment of adequately uniform 
pressures, the critical temperature for the super- 
conducting modification Bi III was determined 
only approximately, while the Bi II modification 
was not investigated at all. It appeared, therefore, 
of interest to investigate superconductivity in the 
Bi II and Bi III modifications in greater detail, 
and also to investigate the stability of these modifi- 
cations at helium temperatures. 

A method previously described in detail? was 
employed for production of pressure. The mono- 
crystalline bismuth sample 1 (Fig. 2) and a mono- 
crystalline sample of tin 2, both covered with a 
layer of graphite lubricant, were placed within a 
sturdy yoke 3. The samples were compressed by 
a piston which transmitted pressure from the up- 
per chamber of the multiplier or press, located in 
the liquid helium bath.* The transition of the 
samples into the superconducting state was indi- 
cated by a change in the mutual inductance of the 
coils 5 and 6.4 The magnitude of the pressure p 
was determined from the displacement of the criti- 
cal temperature of the tin specimen 2. The value 
of 8T;/dp for tin was taken to be® 4.5 
x 107° deg/atm. Above 4.2°K the temperature was 
determined with the aid of a carbon resistor 7, 
which was calibrated against the superconducting 
transition temperature of a sample of lead 8, taken 
equal to 7.22°K. 


*We take this opportunity to thank N. E. Alekseevskii for 
his generous loan of the press. 


FIG. 1. Pressure- 
temperature phase 
diagram for bismuth. 
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The maximum inhomogeneity in the pressure, 
estimated from the width of the superconducting 
transition curves for the lead, did not exceed 
1 - 2%. It was found that the Bi II and Bi II 
modifications are superconductors with critical 
temperatures, respectively, of 3.93°K (at p 
= 25,000 atm) and 7.25°K (25,000 < p < 29,000 atm) 
(Fig. 3). For Bi II, d3Tg/dp was approximately 
— 3.5 x 10°° deg/atm, while for Bi III it was neg- 
ligibly small. 


FIG. 2. Diagram of 
apparatus for production 
of high pressure. 
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FIG. 3. Superconducting transition curves for the crystal- 
line modifications Bi II (curves 1, 2, 3) and Bi III (4, 5): 1- 
p = 26,800 atm; 2—p = 26,600 atm; 3—p = 25,000 atm; 4— 
p = 27,000 atm. 


In order to determine the stability of the super- 
conducting modifications of bismuth in the helium 
temperature region, experiments were carried out 
in which pressure applied at room temperature 
was removed and reapplied at liquid helium tem- 
peratures. 

Upon removal of pressure at helium tempera- 
tures the Bi II modification always transformed 
into the Bi I modification. The Bi III modifica- 
tion produced by compression of the monocrystal- 
line bismuth sample transformed, upon removal of 
the pressure (T ~ 2.2°K), into the non-supercon- 
ducting Bi I modification in the pressure region 
about 20,000 atm, which indicates the presence of 
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strong hysteresis in the transition in the helium 
temperature region. Upon repeated compression 
of one and the same sample, a polycrystalline 
structure of small dispersion appeared. In these 
cases the superconducting modification persisted 
upon removal of the pressure, and transformed 
into the non-superconducting Bi I modification at 
a temperature of 6.5 —7.5°K. 

It may be suggested that the superconductivity 
of bismuth films sputtered at liquid-helium tem- 
perature®’’ is associated with the formation of a 
crystalline modification analogous to Bi III. Nor 
is the possibility excluded that carbon sputtered on 
a diamond substrate cooled to liquid helium tem- 
perature, will crystallize in a diamond structure. 

In conclusion, we take this opportunity to ex- 
press our thanks to A. I. Shal’nikov and N. E. 
Alekseevskii for their interest in this work, and 
to S. G. Obruchnikov for the high quality of his 
machine work. 
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A comparative investigation of the 7 and ™ spectra produced by 654-Mev protons in free 
p-p collisions, and in p-p and p-n collisions in deuterons and carbon nuclei, has been carried 
out with a magnetic spectrometer. The observed difference between the shapes of pion 
spectra from deuterium and carbon is due to a) a higher degree of nucleon-pair correlation 
in carbon than in deuterons, b) differences in the nucleon momentum distribution, and c) sec- 
ondary pion-nucleon interactions in carbon. The ratios 1: 0.79: 0.40 have been obtained for 
the differential cross sections for ™ production on free protons and on protons in D and C 
at ~90° in the c.m. system of the two colliding nucleons. The ™ yields from D and C per 
neutron of the target nucleus are approximately equal. At the given angle the ratio of 7 to 
m yield from D and C is 10.3 + 1.3 and 6.0 + 0.8, respectively. The difference is attributed 
to an appreciable contribution from the secondary exchange interaction m+n— 7 +p to 


the 7 yield from carbon. 
1. INTRODUCTION 


‘ae differences between the elementary pion- 
production processes involved in the collisions of 
nucleons with free and with bound nucleons are not 
well understood. These differences, which un- 
doubtedly exist, can be attributed to such obvious 
factors as internal motion and mutual shielding of 
nucleons, the Pauli exclusion principle for recoil 
nucleons, and meson reabsorption in initial nuclei, 
and also to specific effects associated with nuclear 
deformation and the overlapping of meson shells in 
groups of tightly correlated nucleons. 

The present paper describes experiments 
undertaken for the purpose of obtaining quantitative 
information regarding the effect of nucleon binding 
in deuterons and carbon nuclei upon processes of 
charged-pion production. We approached the prob- 
lem by comparing the shapes of energy spectra 
for pions produced in proton collisions with free 
protons and with nucleons bound in deuterons and 
carbon nuclei. Our experimental procedure in- 
sured the obtaining of pion spectra under strictly 
identical conditions and the discrimination of 
effects due to p-p and p-n collisions, respectively. 

Experiments performed at 460, 660, 1” and 970 
Mev’ showed that p-d collisions without pion pro- 
duction represent mainly the quasi-elastic scatter- 
ing of protons by individual nucleons in deuterons; 
this bears a general resemblance to proton scat- 
tering by free nucleons. An incident proton seldom 


reacts simultaneously with both nucleons of a 
deuteron. These triple collisions represent p-d 
scattering, with the differential cross section 

~ 1079 cm2/sr at large angles for 460 and 660 
Mev. 

In virtue of the proton-nucleon character of 
high-energy p-d collisions, possible reactions in- 
volving single-pion production in these collisions 
are 


p+ p+ (n)—>m«' + p+n-+- (n), (1) 
p+p+(n)>n+pt+p-+(n), (2) 
prent (py x tnden 4 (p), (3) 
p-+-n-+(p)>m-+ p+n- (p), (4) 
p—n-+-(p)>n +p+p+(p). (5) 


Here (n) and (p) denote nucleons that are not 
struck directly by incident protons and that are 
therefore liberated with low energies. According 
to reference 3, ‘“‘unstruck’”’ protons in p-d colli- 
sions at 970 Mev are emitted with the probable 
energy of ~ 5 Mev, their angular distribution 
being weakly correlated with the primary-beam 
direction. Pions can also be produced in p-d 
collisions where either two or all three nucleons 
are bound in the final state, as follows: 


p+ p+ (n)+xn* +d + (n), (6) 
p+n+(p)>n+d +4 (p), (7) 
ptdon' +H, (8) 
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p--d—-n"—- He*, (9) 


The same pion-production processes will evi- 


dently occur in collisions between protons and indi- 


vidual nucleons of carbon nuclei, the sole differ- 


ence lying in the stronger effect of nuclear binding 
than in the p-d collisions. 


2. EXPERIMENTAL PROCEDURE 


The experiments were performed with the six- 
meter synchrocyclotron of the Joint Institute for 
Nuclear Research, using an internal unpolarized 
proton beam focused by quadrupole lenses and 
passed through a magnetic clearing field. In the 
measurements of charged-pion spectra from p-p 
and p-d collisions we used equipment for the pro- 


longed storage of liquid hydrogen and for deuterium 
liquefaction. The target was a thin-walled cylinder 


4 cm in diameter and 12 cm long, filled with liquid 
deuterium or liquid hydrogen. This vessel was 
placed inside a vacuum chamber cooled by liquid 
hydrogen, with an outer jacket cooled by liquid 
nitrogen. The densities of liquid deuterium and 
liquid hydrogen at the boiling point of liquid hy- 
drogen were taken to be 0.169 and 0.0708 g/cm?, 
respectively.‘ The empty cylinder produced less 
than 3% of the particle yield from hydrogen or 
deuterium. In the experiments with carbon the 
target wasa5 x5 cm? graphite plate 3 mm thick. 
In order to minimize the deceleration losses of 
pions in graphite, the angle between the target 
and proton beam was such that the secondary 
particles to be analyzed emerged perpendicularly 
to the target. 

The proton energy was 654 + 5 Mev at the 
center of each target. The average deceleration 
losses of primary protons in hydrogen and deu- 
terium were 1.4 and 1.7 Mev, respectively; the 
loss was 1.9 Mev in the carbon target. The 
losses of 150-Mev pions in hydrogen, deuterium, 
and carbon, averaged over the irradiated target 
volume, were 0.7, 0.8, and 0.5 Mey, respectively. 
At the target the proton flux in a beam of 2 x 3 
em? cross section was 2 x 10° protons/cm?-sec. 

The energy spectra of charged pions were 
measured with the magnetic spectrometer de- 
scribed in reference 5. As in the case of ref- 
erence 5, two thin scintillation counters at the 
entrance of the spectrometer defined a beam of 
particles emitted at 56° from the primary-proton 
direction. In the case of the p+ p— 7 +d re- 
action this corresponds to a 90° emission angle in 
the center-of-mass system of the two colliding 
protons. Horizontal angular divergence of the 
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analyzed beam was + 2°. After traversing the 
spectrometer, particles were registered by a 
telescope consisting of four scintillation counters. 
The relative width Ap/p of the momentum inter- 
val defined by the spectrometer scintillators in 
the solid angle 5 x 10 sr was about + 3% for all 
measured momenta. The pion-registration 
threshold was 35 Mev. The way in which the 
mean momentum of particles traversing the 
spectrometer depended on the magnet current was 
determined from calibration measurements with 
simulation of trajectories by means of flexible 
conducting wires. The small admixture of sec- 
ondary protons was separated from the pions by 
an absorber placed between the scintillators at 
the spectrometer exit. The muon and electron 
constituents of the beam passing through the spec- 
trometer were determined from measurements of 
ranges in copper. The background of accidental 
coincidences was determined by means of delay 
lines for the different sets of counters; the selec- 
tion of delay times took into account the temporal 
fine structure of the proton beam from the syn- 
chrocyclotron. 

The measurements furnished corrections 
accounting for the decay of pions in flight as well 
as their deceleration and absorption in the target, 
scintillators, and absorber for removing second- 
ary protons. Absolute values of the differential 
cross sections d’c/dwdE were calculated to 
within 7% by comparing the pion yield with the 
yield of recoil protons from p-p scattering, which 
was also observed with the spectrometer. The 
differential cross section for elastic p-p scatter- 
ing at 654 Mev at the laboratory angle 56° was 
taken to be (6.7 + 0.35) x 107! em?/sr, which 
corresponds to (3.41 + 0.13) x 107’ cm?/sr at 
the center-of-mass angle 120°. Special control 
measurements detected no difference between the 
registration efficiency for 150-Mev pions and that 
for protons with the same energy. 

Assuming that pions are produced in collisions 
of protons with individual nucleons in a nucleus, 
and neglecting the internal motion of nucleons in 
deuterons and carbon nuclei, the observed spectra 
were transformed to the c.m. system of two colli- 
ding nucleons. In this system the majority of pions 
from p-d collisions were emitted between 90° and 
97°. In the case of p-C collisions the angular 
range was 88° to 110°. 


3. RESULTS 


A. Energy spectra of charged pions from p-p 
and p-d collisions. The observed energy spectra 
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of positive and negative pions from p-p and p-d 
collisions, along with the statistical errors, are 
shown in Figs. 1 and 2. All additional errors asso- 
ciated with the determination of the absolute values 
of d’a/dwdE and with the estimation of corrections 
to be introduced were taken into account in deter- 
mining the differential cross sections do/dw of 
the investigated pion-producing reactions. Below 
70 Mev experimental data on spectrum shapes are 
not very reliable, because it is very difficult to 
determine the admixture of muons and electrons 

in this energy range. 

If pion pair production in a single nucleon- 
nucleon interaction is extremely improbable, it 
can be assumed that ™ mesons result only from 
p-n collisions, whereas ™ mesons are created 
in both p-p and p-n collisions. From charge 
symmetry the differential cross sections for the 
reactions p+ n— ™+n+nand p+n—>T 
+ p +p are related by 


We 


-J3O 
at ayers 
10| dade 10 cm?/sr-Mev h 


SS 


Vn Ge VOVCHENKCeet-al: 


ds ! | 
Aq WP T now 1 ai | 


A [p+no + p+ plisoc—s » 
(1) 


n\y= 


where «@ is the c.m. angle of pion emission. At 3 
= 90° the differential cross sections for the given 
reactions should be equal and the 7 and 7 
spectra should have similar shapes. We can 
therefore expect that when the 7 spectrum from 
the reaction (5) is subtracted from the observed 
combined 7 spectrum from reactions (1), (8), and 
(6), the remainder represents the T™ spectrum 
from only p-p collisions in deuterons. 

The 1* spectrum in Fig. 1 (dashed curve ) 
extends to higher energies than the ™ spectrum 
from free p-p collisions. The obvious cause, 
which is the motion of struck protons in deuterons, 
can account for the fact that the 7 spectrum from 
p-p collisions in deuterons does not exhibit a peak 
from the reaction p + p— 7° + d, although a peak 
is observed clearly at 196 Mev in the case of free 


FIG. 1. Energy spectra of 7* mesons 
measured at 56° from the 654-Mev proton 
beam: @— from free p-p collisions, 0 — 
from p-d collisions. The dashed curve 
represents the 7+ spectrum from [p-p]p 
collisions alone, while the dash-dot curve 
isolates the contribution of the reaction 
[p-p]p > 7+ +p-+4n in this spectrum. 
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FIG. 2. Energy spectrum of 7— mesons 
from [p-n]p collisions at 56° from the 654- 
Mev proton beam. The dashed curve repre- 
sents the 7+ spectrum from the reaction 
[p-p]p > m+ +p-+n, normalized to the 
same area as the n7— spectrum. 
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Table I. Differential cross sections for charged-pion production 
in p-p, p-d, and p-C collisions at 654 Mev, observed at 56° 
from the proton-beam direction (~ 90° in the c.m. system ) 


Differential cross sections, 107?8cm?/sr 
Process 
Chi ang OS ang Oot * do- 
a ,56°(1..s. ) a ADOT ese) are (lors 90° (c.m. s. ) 
p--p —-z-+nucleons NOE Pees (0) — Gia icis Olu | — 
p--+-d —x-+nucleons 9.1+0.9 0,88+0.12 5.9+0.6 0.5740,08 
p+C—n*-+ nucleons 30R25:4) 5,040.8 19,5+1.9 | BP LORS) 


p-p collisions. Nevertheless, if the spectra of 7 
mesons formed on protons in deuterons and on 
free protons are normalized to the same area, 
and the contribution of the reaction p + p— 1” 

+ d is then subtracted from the 7* spectrum 
associated with free p-p collisions, it is found 
that at the peak representing p + p— 7 +d, 


d‘o 
th 1 +pt+ a+ eS 
e values of dodE [ppc an nucleons ly ex 
d those of d'o [p+p—-mrt+pt Thi 
cee se acdu De p Dieting: is 


indicates that reaction (6) actually occurs in 
proton-proton collisions in deuterons. 

The spread of the 7 peak from the reaction 
p+ p— 7 +d on protons in deuterons as a 
result of intranuclear motion has been estimated 
by Prokoshkin, ! who assumed that the nucleon 
momentum distribution in deuterons can be ap- 
proximated by the Salpeter-Goldstein distribution® 
for an exponential potential.* His calculated 1 
spectrum from reaction (6) was normalized to the 


differential cross section “ [p+p— + d]yH 


for 3 = 90°, which is (1.00 + 0.19) x 108 
cm?/sterad at 660 Mev,’ and was subtracted from 
the 7 spectrum for p-p collisions in deuterons. 
Figure 1 thus distinguishes the contributions of 
reactions (1) and (6) to the observed 7 spectrum. 

A comparison of the ™ and 7 spectra from 
reactions (1) and (5), as in Fig. 2, shows that with 
increasing energy beyond the peak the 7 spectrum 
falls off more rapidly than the 7 spectrum. This 
difference, which exceeds the limits of experimen- 
tal error, can be accounted for if the reactions p 
+p—~ 7 +p+nandp+n—T7 + pt p are not 
affected to the same degree by nucleon interactions 
in the final state. Indeed, in the first of these 
reactions the dominant role is played by the iso- 

*Prohoshkin’ also showed that the Salpeter-Goldstein mo- 
mentum distribution for an exponential potential leads to an 
accurate prediction for the shape of the m* spectrum from the 
reaction [p + p> 7+ +p+nlp, using data regarding the mt 
spectrum from the same reaction on free protons. 


tAt 660 Mev the isotopic cross sections 0,5, 0,, and 0, 
2 


pre (10108 0S), 222 0117) cand (1-7 4ef21) x 10-” cm’, 
respectively.*° 


topic-spin transition T = 1— T =0 from the 
initial to the final state of the two-nucleon system, 
leaving the neutron and proton in the °8 state. 
Because of the strong interaction between nucleons 
in this state, they are emitted for the most part 
with small energies of relative motion; ™” mesons 
consequently carry away an increased fraction of 
the energy. In contrast thereto, in the second 
reaction the transition T = 1— T =1 makesa 
considerable contribution, leaving the protons in 
18) states, where their interaction produces a less 
pronounced effect. 

For ™ mesons from p-d collisions the absence 
of a peak representing reaction (8) is not unex- 
pected, since at 340 Mev"! the total cross section 
for this reaction is only ~ 107°? cm?. From the 
m™ yield near the upper boundary Eq = 310 Mey, 
where a 7 peak from reaction (8) could have 
been expected, we can conclude that if reaction (8) 
does occur at 660 Mev, its differential cross sec- 
tion for 7 emission at 56° from the proton beam 
does not exceed 5 x 10° em?’/sr. 

Table I gives the differential cross sections for 
the production of charged pions in p-p and p-d 
collisions, integrated with respect to energy. 

The cross section for ™ production in free p-p 
collisions at 654 Mev for the c.m. angle ~ 90° is 
close to the value (6.8 + 1.5) x 1078 em?/sr in 
reference 12, but is considerably smaller than the 
result (9.3 + 0.7) x 107% em2/sr reported in 
reference 13. 

It follows from the data that for the c.m. angle 
90° the 7*/m yield ratio from deuterium is 10.3 
+ 1.3. If in nucleon-nucleon collisions pions were 
produced only by resonance interaction through 
the J=T =% state, the ratio of the total cross 
sections for 7 and 7 production in p-d collisions 
would be o*/o° = 11." 

The total m* yield from p-p collisions in 
deuterium corresponds to the cross section 
=p +P 


>m* + nucleons |p =— lptdon 


+ nucleons] 
aa ( OOO sO jel O28 cm?/sr 
The ratio of the differential cross sections for ne 


ds = 
qol|P +4 + nucleons] 
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production in collisions of protons with bound and 
free protons is therefore 
5 ds 
& [p+pon + nucleons] / 5~ [Ip+pon 
+ nucleons ],; = 0.79 + 0.08. 


Since the pion spectra from p-p and p-d collisions 
were measured with strictly identical geometry, 
the accuracy of this ratio depends only on the 
statistical errors in measurements of the pion 
yields and of muon and electron impurities. 

B. Energy spectra of charged pions from p-C 
collisions. In the course of the present experi- 
ments it was found that the 7 and 7 spectra from 
p-C collisions at energies below 250 Mev were 
measured with insufficient accuracy in reference 
5. Figure 3 shows the new measurements of 1” 
and 7 spectra and the statistical errors. It must 
be emphasized that for pion energies above 250 
Mey our values for d’c/dwdE agree, within error 
limits, with those given in reference 5, thus con- 
firming the long tail extending beyond 350 Mev in 
the charged-pion spectrum from p-C collisions. 
On this basis the high-energy portions of the 
spectra in Fig. 3 were plotted from the combined 
results of the present experiments and those re- 
ported in reference 5, disregarding the small dif- 
ference in incident-proton energy (654 Mev and 
670 Mev, respectively). 

Integration over energies furnished the differ- 
ential cross sections for 7™ and 7 production on 
carbon nuclei, which are also given in Table I. In 
this case at ~ 90° (c.m.) the ratio of integrated 
m™ and 1m yields is 6.0 + 0.8. For p-C collisions 
we should also have had o*/o™ = 11, if pion produc- 
tion took place only through the J = T = */; state. 
We again followed the procedure of subtracting the 
™ spectrum from the combined 1* spectrum in 
order to isolate the effect of p-p collisions in 
carbon nuclei. The differential cross sections for 


ae ; 
AS2aE 


-30 cm?/sr-Mev 
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m* (7) production in p-C collisions, per proton 
(neutron), are, respectively, 


1(d i 
\aelP | C-+x* + nucleons] 


nucleons]} 


qa Oe 


= (2.7+0.3)-10°°8 em?/sr 
4 dso 
W do 
— (0,53 + 0.08)-10°% em?/sr . 


[pop + C—qw + nucleons } 


It will be clear from the sequel that the differ- 


nucleons ] 


— 7 1p Ga “nucleons I 


obtained in this manner can be equated approxi- 


mately to << [p+ p— 7 + nucleons Jc. 


(1/N) oe [p + C— 7 + nucleons ] cannot be asso- 


ciated with the 7 yield from a single p-n collision 
in a carbon nucleus. 


4, COMPARISON OF OBSERVED PION SPECTRA 


In Fig. 4 the smooth experimental curves, 
which were represented in preceding figures, pro- 
vide a comparison of the charged-pion spectra 
from the investigated collisions. All curves were 
normalized to the same area. Table II gives the 
mean pion energies and the energies at the 
spectral maxima. The maxima of all 7m spectra 
and the maximum of the 7 spectrum from p-d 
collisions are found in approximately the same 
energy region. As could be expected, we observed 
pion spectra different in shape from the spectrum 
corresponding to only a single statistical weight of 
the final states. The maxima of spectra trans- 


FIG. 3. Energy spectra of charged 
pions from p-C collisions at 56° from the 
654-Mev proton beam: 0 —z+ mesons, 
@— 7~ mesons. 
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FIG. 4. Comparison of the energy 
spectra of charged pions: 1—7+ mesons 
from free p-p collisions, 2~—7+ mesons 
from [p-p]p collisions, 3—7+ mesons from 
[p-plc collisions, 4—7- mesons from 
[p-nlp collisions, 5—a- mesons from 
[p-nlc collisions. All spectra were normal- 
ized to the same area. 
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E, Mev 


Table II, Data regarding energy spectra of charged 
pions from p-p, p-d, and p-C collisions* 


Energy at Energy at f . 
Reaction maximum of } maximum of pica ai mie eyes 
spectrum, spectrum, nergy, Mev gy, Mev 
ev (l.s.) | Mev (c.m.s.) (1. s,) (c.m.s.) 
mt "p n **K ; #x = 
[p-+Plu— 4 eee 143 + 106 +6 ee 
m+ p-+n + 
lptelp> {7.75 145 +8 109 +8 154 116 
[ptr]po a+ ptp| 143+5 107 +5 144 108 
[p--p]-— xt nucleons} 132 + 8 100 +5 148 114 
Cc 
P+c? ™ -+nucleons| WAOies SH) 285) 141 107 


*The errors indicated in the second and third columns took 
spectrometer resolution and the experimental spread at the 


maximum into account. 


**These values pertain only to the 7+ spectrum from the reaction 


p+prrt+ptn. 


formed to the center-of-mass system of the two 
colliding nucleons correspond closely to the maxi- 
mum of the curve representing the energy depend- 


ence of the total cross section for 7*-p scattering. 


This characteristic of pion spectra in nucleon- 
nucleon collisions is also exhibited for the given 
energy at a different angle of pion registration,!° 
as well as at 1000 and 2300 Mev, !® and indicates 
that a resonance interaction between a pion and 
nucleon inthe J =T= ye state plays an important 
part in pion production.* 

The most obvious differences between the 
spectra under discussion are as follows: 

1. The 7* spectrum from p-p collisions in 
carbon extends considerably farther on the high- 
energy side than the ™ spectrum from p-p colli- 


*The shape of the observed pion spectrum from the reac- 
tion p+ p> 7 +p+n will be compared elsewhere with that 
predicted from the resonance model for pion production in 
nucleon-nucleon collisions. 


sions in deuterium. An analogous difference is 
observed between 7 spectra; a 300-Mev 7 
yield from deuterium could not be detected, 
whereas the m7 yield from carbon extends to 

~ 350 Mev. The different yields of high-energy 
pions in the given spectra result primarily from 
the fact that carbon is more strongly affected by 
the correlation of nuclear matter and therefore 
contains more high-momentum nucleons than 
deuterium. 

2. The ™* and @ spectra from carbon are con- 
siderably broader than the corresponding spectra 
from deuterium, in accordance with the fact that 
the mean nucleon momentum in carbon nuclei is 
greater than that in deuterons. Since above 650 
Mev the excitation curves for pion production in 
p-p and p-n collisions rise slowly, while below 
650 Mev they drop rapidly, the efficiency of pion 
production on nucleons inside carbon nuclei must 
be somewhat less than in the case of free nucleons 
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or of nucleons bound in deuterons.* Table II shows 
that the internal motion of protons in deuterons and 
in carbon nuclei has no appreciable effect on the 
mean energy of pions in the spectra. 

3. The real shift (~ 20 Mev) of the 7 maximum 
from carbon toward lower energy than the 7 max- 
imum from deuterium considerably exceeds the 
difference between the shifts of these spectra re- 
sulting from Coulomb attraction between the pions 
and initial nuclei. This dissimilarity between the 
m™ spectra, which is much more pronounced than 
that between the corresponding 7 spectra, cannot 
be explained easily if it is assumed that only p-n 
collisions produce = mesons in carbon nuclei. 

A similar difficulty arises in connection with 
the differential cross sections for ™ (7) emis- 
sion in p-d and p-C collisions per proton (neutron) 
of the target nucleus, and also in connection with 
the difference between the 1*/7 yield ratios of 
deuterium and carbon. The pertinent data are 
collected in Table III. For hydrogen, deuterium, 


Table Ill. Differential cross sections for 
mt production in [p-p]y, [p-p]p, and [p-plc 
collisions. Differential cross sections for 
™ emission in p-d and p-C collisions per 
neutron. 1*/r yield ratios at ~ 90° 
(c.m. system ) 


Collisions 
p+p p+d p+C 

4{fidot ds 

Zl de — aa | 10% emt/sr 6.7 +0.7| 5.3+0,7 | 2.7+0.3 
4 do- 
~ —_ 10-28 cm?/sr —  |0.5740,08/0.53+0,08 
dst ds~ 

(%)/() — |40.344,3| 6,020.8 


and carbon the ratios of the differential cross sec- 
tions for ™ emission per proton are represented 

by 
ds 


dw 


; d di 
[pt pon a: Zip +P: Tip + Pale 
== 0, /97.0,40, 


while for deuterium and carbon the differential 
cross sections for ™ emission per neutron agree 
within experimental error. 

The causes, in addition to the internal motion of 
nucleons, of reduced efficiency of pion production 
on bound nucleons are: 1) the exclusion principle 


*Prohoshkin’ has estimated that at 660 Mev proton-nucleon 
collisions in deuterons are, because of nuclear motion, about 


4% less efficient in pion production than collisions of protons 
with free nucleons. 


V.°G. VOVCHENKO-et al” 


for recoiling nucleons, 2) the mutual shielding of 
nucleons in deuterons or the absorption of incident 
protons in nuclear matter in the case of more com- 
plex nuclei, and 3) meson reabsorption in the 
initial nuclei. The efficiency of pion production in 
collisions between protons and free or bound nu- 
cleons, respectively, can differ in general if 
nuclear binding changes essentially the character 
of interference between the amplitudes of possible 
pion-nucleon states. Calculations show’ that at 
660 Mev a) the exclusion principle has very little 
effect on pion production in p-d and p-C collisions, 
and b) mutual nucleon shielding in deuterons re- 
duces pion-production cross sections by only a few 
percent. 

The reduced efficiency of pion-production on 
nucleons inside nuclei resulting from incident- 
proton absorption and pion reabsorption is given 
py!?18 


p= \exp (— (e's + k's" av, (I) 
which is the probability, averaged over the nuclear 
volume V, that a pion will emerge from the nucleus 
in which it is created. Here s’ is the distance 
traversed by the proton within the nucleus before 
pion creation, s” is the distance traversed by the 
pion within the nucleus before its emergence, k’ 
and k” are the proton and meson absorption coeffi- 
cients in nuclear matter. From the measured 
cross sections for nucleon-nucleus interactions 
over a broad energy range!**3 we have the nuclear 
radius R = 1.26 A’? x 10° em and k = 0.5 x 108 
em7!. Values of k” were estimated in the approxi- 
mation of the quasi-deuteron model of pion capture 
in nuclei, using the expression 


kf = (Po [xt + d— 2p)5) V. 


Below 150 Mev the cross section for the reaction 
m™ + d— 2p was obtained by detailed balancing 
from the resonance curve for excitation of the in- 
verse reaction p+ p— 7+ d;? for higher ener- 
gies the data of Neganov and Parfenov™* were used. 
The normalization factor I, which is the factor by 
which the probability for the creation of correlated 
nucleon pairs in carbon nuclei exceeds that in 
deuterons, was derived by comparing the total 
cross sections for pion absorption in carbon at 62 
and 125 Mev given in references 25 and 26, with 
the total cross sections for the reaction 7 +d 
— 2p at these energies; the calculation yielded 
TN5350% 

If only proton absorption, or only pion reab- 
sorption, occurs, we know that!” 


NUCLEON BINDING ON THE SHAPES OF PION ENERGY SPECTRA 


F(x) = 3[1/2x,— 1/x8 4 e-*(1 + x) /x3], (IT) 


where x = 2Rk. For proton absorption alone F 

® 0.42 in the case of carbon nuclei. This value of 
F is undoubtedly too low, because no account was 
taken of the fact that after a first collision some 
of the colliding nucleons have energies sufficient 
for pion production. 

The combined effect of proton absorption and 
pion reabsorption can be estimated simply only 
for backward emission of pions, in which case F 
is expressed by (II) but with x = 2R(k’ + k”), and 
for forward pion emission,”’ in which case 


— 3 1— (1+ x”) exp {— x”} 
pad [eevee 
4—(1-+ x’) exp {— x} 
eT eRe |, (11) 


where x’ = 2RK’ and x” = 2Rk”, with x’ > x” even at 
the maximum energy on the excitation curve for 
the reaction ™ + d— 2p. F can also be calculated 
approximately for 56° emission with different pion 
energies; in this case F averaged over the pion 
energy spectrum has the value ~ 0.30.* This is in 


qualitative agreement with the fact that the observed 


™ -production efficiency in p-p collisions is 
smaller for carbon than for hydrogen. The 20% 
lower efficiency of 7 production in p-p collisions 
in deuterium compared with free p-p collisions 
evidently results mainly from the more consider- 
able reabsorption of pions in the final three- 
nucleon system. ft 

Proton absorption and pion reabsorption in 
carbon must lead to identical relative reductions 
in the yields of positive and negative pions, if the 
proton and neutron distributions in the nucleus are 
identical. In this case the invariance of (1/N)~x 
(do“/dw) must be accounted for by assuming 
again that ™ production in carbon results not only 
from p-n collisions, but also from additional proc- 
esses whose contribution compensates the reduced 
efficiency of p-n collisions that is brought about by 
proton absorption and pion reabsorption. Both 
pion production by pions and exchange scattering 
of pions on nucleons can serve as additional 
sources of ™ mesons. In the present experiments 
the first of these processes resulted in the disap- 
pearance of an extremely small number of pions 
with highest energies; secondary pions from this 


*The very approximate character of such estimates results 
from difficulties in taking account of the diffuse nuclear sur- 
face, elastic pion scattering on bound nucleons, Coulomb in- 
teraction, etc. 

+This conclusion is supported by the fact that in pion 
photoproduction on deuterons the probability of pion reabsorp- 
tion in the final two-nucleon system is 10-20%.***° 
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process were altogether unobservable because 

of the high registration threshold. It is easily 
seen that the exchange reactions ™ + nz 7 + p 
and m+n27 + p led to a relative increase of 
the 7 yield. 

We have attempted to evaluate exchange scatter- 
ing of pions in carbon, using the customary charge- 
independent relationships a) between cross sections 
for different pion-nucleon scattering processes 
(o[m+n— 7+ pl=ol[mt+ p> Mtn] 
= ae o[1 + p— 7+ pj), and b) between cross 
sections for 1°, 7°, and mt production by protons 
on a nucleus with isotopic spin T = 0(0* + o 
= 26). We also assumed that pion production in 
nucleon-nucleon collisions inside a nucleus takes 
place only through the resonance J = T = , state 
and that, consequently, in the case of carbon the 
cross sections for the production of positive, 
neutral, and negative pions must be in the ratios 
11:6:1. The charge-exchange coefficient of pions 
with different energies in nuclear matter was 
found from the equation 


pee 46 [npn = p] SIV, 


where y takes into account the changes of cross 
sections for pion-nucleon interactions that result 
from nuclear binding. We assumed y = 0.5.* The 
probability that a pion with given energy under- 
goes charge exchange in a nucleus before leaving 
the nucleus can be represented by 


(exp (—[k's’ + (A" +b) s")} dV 
Vaal a ee a ee 


\ exp {— [k’s’ + k"s"]} dV . 


A doubly approximate estimate indicates that 
in 56° emission the energy-averaged probability 
of charge exchange for a pion with the proper 
sign in carbon is about 0.12 to 0.16. When the 
energy-averaged probability of pion charge ex- 
change is taken to be 0.14, and we take into 
account the fact that the ™ yield from the reac- 
tion T+ n— 1 + p is six times greater than 
the loss from the inverse reaction 7 + p — r 
+ n, it is found that secondary exchange reactions 
in the initial nuclei increase the overall 7 yield 
by ~ 70% and reduce the 7 yield by ~7%. This 
must cause some shift of the ™ spectrum from 
p-C collisions toward lower energies, and should 


*According to reference 30, y ~ 0.5 in the scattering of 


300-Mev 7z* mesons on nucleons in helium. One cause of this 
large reduction in the cross sections for pion scattering by 
bound nucleons compared with free nucleons is the forbidden- 
ness of collisions in which the struck nucleon is transferred 
to a momentum state already occupied by a similar nucleon. 
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fully compensate the reduced efficiency of 7 
production in p-n collisions due to proton absorp- 
tion and pion reabsorption, as a result of which 
the ratio o*/o0 is reduced from 11 to 6. Con- 
firmation of the fact that this situation is generally 
realized comes from the present experiments and 
from other experiments where (do*/dw )/ (do /dw ) 
was measured under similar conditions for differ- 
ent emission angles.1°73! 


5. CONCLUDING REMARKS 


The present experiments have shown that as the 
nuclear binding of nucleons is strengthened when 
we pass from deuterium to carbon, there is a 
change of shape in the spectra of pions produced 
in these nuclei in p-p and p-n collisions at 654 
Mev. There can be no doubt about the nucleon- 
nucleon character of all the considered primary 
pion-production processes, with the possible ex- 
ception of the rare events when ingoing protons 
interact within a carbon nucleus with nucleons 
which at the instant of collision are bound to 
other nucleons in tightly correlated groups. 

Our results furnish evidence that even in the 
case of light nuclei the 1*/m yield ratio is sen- 
sitive to secondary exchange reactions of pions in 
nuclear matter. Therefore measurements of this 
ratio do not provide a basis for conclusions re- 
garding the properties of nucleon-nucleon systems 
in which pions were produced, such as the relative 
contributions of states in a p-n system with T = 1 
or T=0. The difference between the value of this 
ratio for the deuteron and for another nucleus con- 
taining equal numbers of protons and neutrons can 
be regarded as a measure of the extent to which, 
with increasing nuclear size and as a result of 
exchange reactions in nuclear matter, the pion 
current that is created with strong isotopic 
‘‘polarization’’ in the primary p-p and p-n colli- 
sions becomes isotopically ‘‘depolarized.’’ 
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THE THERMAL CONDUCTIVITY OF HIGH PURITY THALLIUM AND TIN 

N. V. ZAVARITSKII 
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Submitted to JETP editor July 11, 1960 
J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1571-1577 (December, 1960) 
The thermal conductivity of several thallium and tin single crystals of various purity has 
Oe8 studied in the normal (K,,) and superconducting (K,) states. A deviation from addi- 
tivity was found in the electron scattering processes in the normal state. The variation in 
K,/K, when the scattering of electrons changes from being due to lattice defects to being 


due to thermal vibrations is investigated. The results obtained are compared with the theo- 
retical predictions. 


Ac is well known, the magnitude of the thermal in collaboration with L. G. Koreneva. 


conductivity of metals is limited by the scattering The purification of the tin, essential for per- 

of electrons by lattice defects, by the boundaries forming this work, was carried out in the tech- 

of the specimen and by thermal vibrations. For nological section of the Institute under the direction 
most superconductors which have been studied the of N. N. Mikhailov. The method of preparing the 
scattering of electrons is mainly determined by specimens and of measuring the thermal conduc- 
the first process at temperatures below the tran- tivity was similar to that used previously. 

sition temperature. The characteristics of the Table I shows the main characteristics of the 


thermal conductivity change at the transition from specimens studied. 

the normal to the superconducting state have been 

studied sufficiently fully for this case, both experi- THERMAL CONDUCTIVITY IN THE NORMAL 
mentally! 4 and theoretically.*»® STATE 

The results of these investigations are in satis- 
factory agreement with one another. 

The characteristics of the heat transfer asso- 
ciated with the scattering of electrons by thermal 
vibrations have not been studied in such detail, since 
for most metals this scattering process only pre- 
dominates in the superconducting state for speci- 
mens of the greatest purity. The only results for 
this case are for lead and mercury,'?" which are 
metals with an anomalously large ratio T,/@(T¢ 
is the superconducting transition temperature and 
@ is the Debye temperature). These results! show 
that the change in thermal conductivity on passing T/Ke=p,j/L + TW; (7), (1) 
from the normal to the superconducting state is of 
a very different nature from the case of scattering 
of electrons by lattice defects. The theoretical 
treatment of this problem by Bardeen et al.® led 
to results contradictory to the experimental facts. 

It seemed of interest to examine how the thermal 


The thermal and electrical conductivities of the 
specimens in the normal state were measured in 
order to compare the contributions of the different 
processes to the electron scattering. For tem- 
peratures below T, the measurements were made 
in a magnetic field directed along the axis of the 
specimen, and Kohler’s rule was used to extrapo- 
late them to zero field. 

At sufficiently low temperatures the electronic 
thermal conductivity* in the normal state, Ky), 
can be represented by 


where the first term is determined by scattering 
of electrons by lattice defects and by the specimen 
boundaries ( pp is the residual resistivity and L 
is the Lorenz number ) and the second is deter- 
mined by scattering by lattice vibrations, and ac- 


1 . j cording to Makinson,’ TW,(T) = aT*. The results 
conductivity varies on changing from Senter ne fo) obtained for thallium ( Fig. 1) show that (1) holds 
electrons by lattice defects to scattering by thermal 


vibrations for a superconductor with a smaller ratio *The lattice conductivity, the magnitude of which can be 
T/ ®. calculated on the basis of the measurements of Sladek and of 

Thallium and tin were chosen for this study. Garfinkel and Lindenfeld® is, for all the specimens studied, 
The investigation of the latter metal was started negligibly small in the normal state. 
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Characteristics of Investigation Specimens 


Di Ks/Kn 
2 :.._|Diam- 2 
Sa nee tere te may sae an y | 10tae PO Ea Al aii iy 
7 gee 0.9 0,8 | 0.6 
Sn-4 | [004] | 2,6 | 440.5) 2.6, — | 0.25-+-0.35| 0,83 | 0,7 |0,48 
Sad) [O0t| Wedd SeeseO oN date e es Buy cre , 
Sn-3 | [001] | 1,5 [6.4 Byer a as 5 { 0.89:| 0.77 1 — 
Sn-4 | [410] | 2.4 1.2 40.5) 2.5) — 2.0 0,340.5: 00.75 | 0.6 == 
ti7 | 30°" | 476 [2.4 40.314 | 0,7 |30(£10%)|0.44+0,2 | 0.86 | 0.67 |0.35 
T1-8***| 30° | 0:9 14,5 4 | 41/8 35 0.28 | 0,84 | 0,74 |0.46 
Ti-4 | 80° { (8-4 2.2 0.6 0.9 | 0,82 |0.47 
TI-2 | 40° 1.3 16:5 anf ° 39 : 
TI-3 | 20° 4° (26 6.7| 44 48 1,6 0.9 | 0.80 |0.62 
TI-4 | 80° 4.4 |50 13.51 20 56 2'6 0.95 | 0.86 |0.64 


*Rough values. For Sn we took p,l = 1.05 x 10-"; anisotropy is neglected. 
Tl we took p,/ = 4 107! as a result of an analysis of the results of measuring 
p for specimens T1-7 and T1-8. 
** Angles made with the hexagonal axis. 
***Obtained by etching specimen T1-7. 


102 i ,om-deg?/w 

FIG. 2. The variation of 
@ with T/K, for thallium 
specimens: A—TI-l, TI-2, 
V—TI1-3, Y—T1-4, e—TI-7, 
o — T1-8, O— according to 
reference 10. 
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increasing purity of the specimens.* There is 
also a change in the quantity a’ = d{ TW,(T)]/aT®, 
which on the simplest theory’ should be a constant. 
The change in TW,(T) (or in a’ — see Fig. 2) 
lies outside all possible experimental errors and 
can, evidently, only be explained by a lack of addi- 
tivity in the scattering of electrons. The possi- 
bility of such an effect follows from a general con- 
sideration of transport phenomena. +! 

Figure 3a shows the results of measurements 
of the thermal conductivity of tin in the normal 
state. They are similar to those obtained for 
thallium. However, while the anisotropy of ap = 


FIG. 1. The thermal conductivity (full curves) and the elec- 


Amp —. does not exceed ~10% for thallium, 
trical resistivity (dashed curves) of thallium specimens in the he ti ee the [001 sas ‘ 4 ti 
normal state. The ordinate scales have been chosen so that 8 [ pesdesls etd hanes seas 


(T/Ky)T=0° = Po/L. The specimen numbers are marked on the than @ along the [110] axis (see Table 1). The 
curves. *The temperature dependent part of the electrical resistiv- 

ity of the thallium specimens depends on purity to a small ex- 
only to a first approximation. While the magnitude tent. Between 2.4 and 4.2° K the electrical resistivity of all 
of (T/Ky) p — 0°K coincides within the experi- Ea i aaa obeys the relation: A PauibTyabes Lng oni 
anSiaial aiceretoy SEU ait TW; ( T) is only nearly cm/deg® and for increasing impurity content does not increase 
the same for all specimens at the highest tempera- oy pat hens aiade 1 ¢; Pda 

appears that Hulm’ first observed a non-additivity in 

tures covered by the measurements (4 —5°K) 


the scattering of electrons, similar to that found in our experi- 
where the maximum differences between TW,(T) ments, in his study of mercury. In his experiments, however, a 


is not more than ~20%. At lower temperatures possible appearance of lattice conductivity could not be ex- 
there is a systematic reduction in TW; ( T) with cluded and the results remained unexplained. 


THE THERMAL CONDUCTIVITY OF HIGH 


10? K_vom-deg?/w 


FIG. 3. The thermal conductivity of tin 
specimens: a—in the normal and b—in the 
superconducting states: O—Sn-1, e—Sn-2, 
v—Sn-3, A—Sn-4. The arrows show the 
values of p,/L. 


PURITY THALLIUM AND TIN 
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magnitude and nature of the anisotropy of a in tin 
agrees with the data on the anisotropy of the tem- 
perature dependent part of the electrical resist- 
ance, determined by Zernov and Sharvin.'” 

By using the data of Figs. 1—3 the contribu- 
tions of different electron scattering processes 
can be determined. Table I shows the ratio at 
T =T, of the scattering by lattice imperfections 
to the scattering by thermal vibrations, which is 
determined by the value of p9/LaT*. It can be 
seen from the table that for the purest specimens 
measured, the conductivity at temperatures near 
T, is limited by scattering of electrons by ther- 
mal vibrations. 


THERMAL CONDUCTIVITY IN THE SUPERCON- 
DUCTING STATE 


The thermal conductivity of a superconductor, 
Kg, is determined not only by the thermal conduc- 
tivity of its electrons, but also by the thermal con- 
ductivity of the lattice. The transition from the 
temperature region where the electronic conduc- 
tivity is dominant to the region where the lattice 
conductivity predominates is usually accompanied 
by a change in the K,(T) dependence. The ther- 
mal conductivity of the thallium specimens is 
shown in Fig. 4. Figure 3b shows the thermal con- 
ductivity of the tin specimens. For thallium the 
change in the Kg(T) dependence occurs at 0.3 — 
0.4°K. Below this temperature the conductivity 
of all specimens has nearly the same value and 
varies, to a first approximation as TT", where 
n =3—3.5. Apparently, below 0.3 —0.4°K the 


lattice conductivity* is dominant in heat transport, 
the electronic conductivity showing up at higher 
temperatures. In what follows we shall use the re- 
sults obtained for temperatures where the elec- 
tronic thermal conductivity predominates (T = 
0.8°K) and the correction for the contribution of 
the lattice conduction is less than 10 — 15%. 

We shall first consider the change in conduc- 
tivity on going from the normal to the supercon- 
ducting state in thallium specimens of different 
purity. The values of Kg/Ky obtained are shown 
as functions of T/T, in Fig. 5, together with the 
results of various theoretical calculations. The 
dashed curve, marked G, shows the form of the 
variation of this quantity for the case of scattering 
of electrons by lattice defects, according to the 
theory of Geilikman® and of Bardeen et al.,® on the 
assumption that the energy gap A =1.7T¢. The 
values of Ks/Ky for the specimen with the greatest 
impurity concentration (Tl-4) agree with this de- 
pendence over the whole range: from Table I it can 
be seen that the scattering of electrons by lattice 
defects predominates in this specimen. For speci- 
mens with smaller impurity concentration there is 
a different form of the dependence of Ks/Kpy on 
T/T, near the transition temperature, but on low- 
ering the temperature the ratio Ks/Kyn approaches 
the value given by curve G. For specimens T1-3 
and T1-4, for example, below temperatures of re- 
spectively ~0.55°K and ~0.4°K, the difference 


*Calculating the phonon mean free path /, according to 
Casimir’s relation (see, e.g., references 2 and 3) shows that 
for the thallium specimens /, ~ 0.2 mm and for the tin speci- 
men Sn-2 (measured down to 0.2°K) 1, ~ 2 mm. 


1096 


#, w/cm-deg 


100 | 


NV. PLANAR TSK 


FIG. 4. The thermal conductivity of thal- 
lium specimens. The numbers of the corres- 
ponding specimens are shown on the curves. 
The dashed curves show the thermal conduc- 
tivity in the normal state. 
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FIG. 5. The dependence of K,/K, on T/Tg. The points 
and full curves represent experimental data; the numbers on the 
curves refer to the corresponding specimens: the points are for: 
®— for Tl-4, 0 —for Sn-1, Sn-2. Curve H is for mercury and 
lead according to reference 1. The dashed and dotted curve 
is for scattering of electrons only by lattice vibrations, de- 
rived by extrapolating the values of 1/K, for specimens T1-7, 
T1-8, Tl-1 and T1-2. The dashed curves are theoretical rela- 
tions: curve G is for the case of scattering of electrons by 
lattice defects according to Geilikman,*® curves B, K and R 
are for the case of scattering by thermal vibrations according 
to Bardeen et al.° Kresin’® and Eq. (2). 


between the experimental and theoretical values of 
K,/Ky is already no greater than the accuracy in 
determining these quantities (5 — 10%). * 

Graham® has recently suggested that the de- 
pendence of K,/Ky on T/T, is different for scat- 
tering of electrons by lattice defects and by the 
specimen boundaries. Our results do not support 
this hypothesis. For example, for T/T, = 0.4 the 
values of Kg/Ky for specimens Tl-1, T1-2, T1-3, 
Tl-4 and T1-8 agree, although for the first four 
specimens the scattering of electrons is deter- 
mined by the first process and for the last speci- 
men by the second (see d/J in Table 1). Similar 
results follow from an analysis of the thermal 
conductivity of the tin specimens. The value of 
K,/Ky for specimen Sn-2 is close to the value 
obtained by Loredo,? although the scattering is 
mainly at the specimen boundaries for Sn-2 (see 
the table), while for Laredo’s specimen it is by 
lattice defects. The values of K,/K, obtained for 
specimens Sn-2 are 5 — 10 times greater, at 
1 — 0.7°K, than the values of K,/K, which would 
follow from Graham’s hypothesis. 

The data of Fig. 5 and of Table I show that for 
a relative increase in thermal vibration scattering 


*There is only agreement between K,/K, and the theoreti- 
cal curve G for temperatures where p,/LTW;(T) reaches 5—9. 


THE THERMAL CONDUCTIVITY OF HIGH PURITY THALLIUM AND TIN 


(a reduction in Qy9/LaT3) K,/K,, decreases near 
Te. Ks/Ky is then close for specimens of thallium 
and tin* with the same ratios po /LaT’, ( specimens 
T1-8, Sn-1 and Sn-2). For thallium and tin, there- 
fore, as was found earlier! in the experiments on 
mercury and lead, the reduction in the electronic 
thermal conductivity at the transition from the nor- 
mal to the superconducting state is sharper when 
the scattering by electrons is by thermal vibrations 
than when if is by lattice defects. 

We can explain qualitatively the different form 
of the dependence of Kg/Kn on T/Tg for scatter- 
ing by imperfections and by thermal vibrations in 
the following way. The electron mean free path 
in the former case is the same in the normal and 
Superconducting states of the metal. For the lat- 
ter case it is rather the mean collision time, 17, 
between electrons and phonons which should stay 
constant, assuming an unchanged interaction be- 
tween them. As a result of the change in the elec- 
tron energy spectrum in the superconducting state, 
this leads to a reduction in the electron mean free 
path and therefore in the value of Ks/Kn. A cal- 
culation of the heat conductivity for the case 
T = const. can be made easily, using Geilikman’s 
formulation,°® and leads to the following result: f 


T On (de \2 18 A? cosh 29 
K.~+\ ae) aa~+-\ exp {AT! cosh q} + 1 dg, 
0 
oe We oc D) 
= oaN* sech®(5Vix® + (A/T) )dx, (2) 


0 


where ¢€ =Vé* + A® is the excitation energy in the 
superconductor and n = ( e/T 41 ike 

The dependence of K,/K, on T/T, calculated 
according to (2) is shown in Fig. 5 (curve R). It 
can be seen that (2) only describes the variation 
of Kg/Ky with T/Tg qualitatively.t It is possible 
that this is due to the phonon electron interaction 
being different in the normal and superconducting 
states (we are, of course, concerned with the so- 
called ‘‘normal’’ electrons of the superconductor ). 


*There appears to be some anisotropy in the K./K,— 1/1, 
relation in tin. The change of K,/K, with T/T, for specimens 
along the [110] axis follows a steeper law than for specimens 
along the [001] axis. This anisotropy is similar in form to the 
anisotropy in the ultrasonic absorption near Tass 

tWe have recently seen a preprint of the work of Kadanov 
and Marti in which a similar formula is obtained. 

tThe results of two further theoretical calculations””* deal- 
ing with this problem are shown in Fig. 5, and these also do 
not agree with the experimental K,/Kn dependence. 
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It may be that different dependences of Ks/Kn on 
T/Te for thallium, tin, mercury and lead (Fig. 5) 
are produced by the differences in A/T, for these 
metals.'” The extent to which these suggestions 
are correct can only be decided after a detailed 
theoretical analysis of the problem. 

In conclusion, I take this pleasant opportunity 
of expressing my deep indebtedness to P. L. 
Kapitza and A. I. Shal’nikov for their interest in 
the work and also to L. G. Koreneva who carried 
out the measurements of the thermal conductivity 
of the series of tin specimens. 
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The cross sections for the reactions Sn!2? 


(y> Pp) In 


119 and Sn!20(, pn) In'!® were measured 


by recording the induced radioactivity. The maximum of the (y, p) cross section, at 

Ey max = 20.8 + 0.5 Mev, is 6.54 0.6 mb. The integral cross sections are 28+ 3 and 

5.0 + 1 mb-Mev for the (y, p) and (y, pn) reactions, respectively. A new half-life T =2.1 
+ 0.2 min has been detected which corresponds to the ground state in the presented decay 


scheme of In!!9. 


Tie investigation of photonuclear reactions in- 
volving the direct emission of particles that ac- 
quire most of the y-ray energy (the so-called 
‘‘resonance direct’’ process) is of interest for 
the understanding of reactions between y rays 
and nuclei, and for the determination of nuclear 
structure. Dipole models cannot account for the 
excessive emission of protons and fast neutrons 
by certain nuclei, or for the character of their ang- 
ular and energy distributions. The fundamental 
features of photonuclear reactions appear to be 
described correctly by the direct-interaction model 
proposed by Courant! and developed by Wilkinson 
using nuclear shell structure.?- However, some 
important aspects of the process remain unclear, 
partly because of insufficient information regard- 
ing the cross section for the direct photoeffect. 
The present work is a study of the (y, p) reac- 
tion on a tin isotope having a closed proton shell. 
In the Sn'2° nucleus there is a positive difference 
between the binding energies of the proton (Epo) 
and neutron (Epo): Epo — Epo = 11.3 — 9.14 
= 2.16 Mev.’ The probability for proton emission 
by a compound nucleus is therefore very small, 
and the observed yield of the (y, p) reaction can 
therefore be attributed confidently to a direct in- 
teraction. 


EXPERIMENTAL PROCEDURE 


Our y-ray source (E,, max = 30 Mev) was the 
synchrotron of the Physics Institute of the U.S.S.R. 
Academy of Sciences. The 2000-mg tin sample, * 
which was enriched in Sn!2°, contained the follow- 
ing isotopes: 


*The authors are greatly indebted to the workers in the 
laboratory of V. S. Zolotarev who prepared the sample. 


The results are discussed on the basis of the Wilkinson model. 


Sp112-117 


<0,07 


Sn118 


0.4 


Sni20 


99.4 


Snl9 


0.6 


Sn124 


<< 0)e4! 


Sn122 


0.1 


Isotope 
Content, % 


The 40 x 30 x 0.2-mm tin sample and a copper 
sample of the same shape were irradiated with y 
rays at a distance of 20 cm from the synchrotron 
target. The reaction Cu®(y, n) Cu® served as 
the principal monitor, supplemented by an inte- 
grating ionization chamber under 2 mm of lead, 
which registered deviations of beam intensity. 

The decay of B activity induced in tin was meas- 
ured by two SI-2B end-window counters. In meas- 
urements of the reaction Sn!?°(y, p)In49(T 

= 17.5 min) a 380-mg/cm? aluminum absorber 
was used to eliminate the small amount of activity 
induced by the reaction Sn!%4(y, n) Sn! (T 

= 39.5 min, Eg = 1.3 Mev). 

The energies of y rays accompanying the B 
decay of In'!® were measured by means of two 
parallel scintillation counters, consisting of 40 
x 40-mm NalI(T1) crystals and FEU-29 photo- 
multipliers. Pulses from the counters were fed 
to a single-channel analyzer, scaler and time dis- 
criminator. A 2.5-mm aluminum absorber of 
electrons was placed between the sample and the 
crystals. 


RESULTS AND DISCUSSION 


1. Our measurements detected an activity with 
T = 2.1 + 0.2 min,* in addition to the known activi- 
ties of In'!?(T = 17.5 + 0.2 min according to our 
data) and In'!8(T = 4.5 min) from the reaction 
Sn!20(, np), beginning at Ey max = 24 Mev. The 
maximum energy of B-decay electrons was deter- 


*The results given in Sec. 1 were reported at the Tenth 
All-Union Conference on Nuclear Spectroscopy, held during 
January, 1960. 
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mined from absorption in aluminum. Because of 
the poor geometry for induced-activity registra- 
tion, the energy of electrons was determined from 
a comparison with the absorption in aluminum of 
8 rays with known energies from C!! (E 

= 0.99 Mev) and Cu® (Eg = 2.87 Mev). It follows 
from these experiments that for the activity with 
T = 2.1 min we have Eg = 1.8 Mev, and for T 

= 17.5 min, Eg = 2.6 Mev. A control experiment 
employing a 90-mg/cm? lead absorber yielded 
agreement within experimental error with the re- 
sults for the aluminum absorber in the case of the 
2.1-min emission; this indicates that electrons, 
rather than soft y rays, were registered. The 
induced B-ray yield from a Sn!?°-enriched sample 
was measured without absorbers for different 
values of E, max: Figure 1 shows that the value 
of a, denoting the ratio of 2.1-min activity to 
17.5-min activity from Sn!?(y, p) In!!9, is almost 
constant over a broad range of Ey max from 20 


to 28 Mev, but increases rapidly for Ey max 
< 20 Mev. 


FIG. 1. Yield ratio of ac- 
tivities with T = 2.1 min and 
17.5 min as a function of 


Ey max: 


15 20 25 HO 
Mev 


Emax’ 

If the discovered half-life corresponds to a 
(y, n) reaction on a tin isotope, a should diminish 
appreciably as E. max increases, because the 
yields of (y, n) and (y, p) reactions depend dif- 
ferently on E,, max; this evidently applies also to 
the (y, y’) reaction. The (y, 2n) threshold for 
most tin isotopes lies above the energy Ey max 
at which the 2.1-min activity is observed. Finally, 
the sample contained very small amounts of all 
isotopes except Sn!”°, and if the former were re- 
sponsible for the 2.1-min activity, this activity 
would be observed with much greater probability 
in a natural tin-isotope mixture.* We believe that 
the 2.1-min activity can be attributed with the 
highest probability to In'!? produced in the reac- 
tion Sn!2°(y, p) In'!9.* 

The increase of a as E., max diminishes in- 
dicates that the 2.1-min half-life belongs to the 
ground state of In'!®, The previously known 
17.5-min half-life evidently belongs to an isomeric 
state of In!!®. A change in the ratio of activities 

*The isotope tables in reference 5 contain a reference to 
a private communication regarding the existence of a ~2-min 
activity of In’’’. 
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corresponding to the formation of the ground and 
isomeric states near the photonuclear threshold 
was previously observed in the case of (y, n) 
reactions.® The fact that in the present case a 
begins to increase at about 8 Mev from the thresh- 
old is attributable to the emission of protons hav- 
ing considerable energy. 

A preliminary measurement of the y rays 
associated with the In!!® activities of present in- 
terest detected a 0.70 + 0.02-Mev line with 
T = 2.1 min. The data suggest the In'!® decay 
scheme given in Fig. 2. 


FIG. 2. Decay scheme of 


In!?9 


2. Figure 3 shows the curve for the relative 
yields of Saas p) In!!% and Cu” (7, n).Cure, 
The root-mean-square errors of several measure- 
ments for the same Ey max are indicated. The 
curve for the relative yields of Sn!?°(y, pn) Int!8* 
and Cu®(y, n) Cu® is also shown. 

The energy dependence of the cross sections 
was determined as follows. The yield a of the 
investigated reaction, relative to that of the reac- 
tion Cu®(y, n) Cu®, together with the well-known 
energy dependence of the cross section for the 
latter, was used to calculate o (Ey ). Let us con- 
sider the case in which the threshold of our reac- 
tion lies above that of the reference reaction. We 
divide our curves for cE) and a(Ey max) 
into intervals, and denote values beginning at the 


threshold for Cu®(y, n) Cu® as ee, Gov ee 


ke oo, ...o€4 (mean values) and aj, 
ao, +++ Ap. The subscript 1 denotes the first in- 


terval in the relative yield curve of our reaction. 
We then have 


1 
Z 2 oS Np (Ey), 


ae eee 
1° Nx (E)) h 


2 
oa WEN [2 OR" Nn (Es) ee Mt (E:) | ae Pay 
n—l 


= so S48 ) Cu = 
am pti] 3 MEF anv) 


*Data for the (y, pn)-reaction yield are much less accurate, 
since it is difficult to discriminate 2.1-min and 4.5-min activi- 
ties. 
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FIG. 3. Yields of the reactions Sn’?° (y, p)In"*°" 
(curve 1) and Sn‘*°(y, pn) In*** (curve 2) relative to the 
yield of Cu®* (y,n) Cu’ as a function of Eymax- 
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where N},(Ey) is the number of photons in the 
k-th interval for maximum bremsstrahlung energy 
E,. This procedure obviates measurement of the 
monitor-reaction yield with an absolute ionization 
chamber. The cross section for Cu®(y, n) was 
taken from reference 7. The curves of the cross 
sections for Sn!2°(y, p) and Sn!°(y, pn) are 
shown in Fig. 4. The maximum for (jy, p), at Ey 
= 20.8 Mev, is 6.5 + 0.6 mb, and the integrated 
cross section is 28.0 + 2 mb-Mev. The integrated 
cross section for Sn'*°(y, pn) is 5.0 + 1 mb-Mev. 
The described procedure was used to calculate 
(y, p) cross sections on cadmium isotopes from 
earlier data, ® and from our measurements on a 
sample 90% enriched in Cd'!®. These results dif- 
fer from those given in reference 8 because of 
improved data on registration efficiency. 

The data on (y, p) reactions unassociated with 


G mb 


FIG. 4. Cross sec- 
tion for the reactions 
Sn’?°(y, p)In"!° (curve 
1) and Sn’?°(y, pn)In!*® 
(curve 2), 


fy Mev 


compound-nucleus formation are collected in 
Table I, which gives the values of Emax and the 
corresponding maximum cross sections Omax> 

the integrated cross sections, and the half-widths 
T of the resonance curves for a number of nuclei. 
(Data for Mo!" were taken from reference 9. ) 

It follows from the experimental results that 1) the 
resonance widths for the direct (y, p) reaction 
are only slightly (1.0 —1.5 Mev) less than those 
for the (y, n) reaction; 2) for the tin nucleus 
with filled proton shell (Z=50) I is smaller 
than for neighboring nuclei; 3) the resonance peak 
for direct-interaction protons is shifted by 

5 —6 Mev from the giant resonance (for Z 

= 40 —50). 

For the purpose of interpreting the data we 
shall attempt a rough estimate of the contributions 
from different proton transitions, based on Wilkin- 
son’s single-particle model. Sn!2°, for which there 
is a minimum number of possible proton transi- 
tions, will be used as an example. 

a) Neutron and proton transitions make approx- 
imately equal contributions to the total y-ray ab- 
sorption cross section. The fact that the width of 
the absorption cross section curve for tin is only 
5.0 Mev!® permits us to assume that the energies 
of the principal proton transitions and neutron 
transitions are concentrated in the giant-resonance 


TABLE I. (y, p)-reaction cross sections for 
direct interaction 


Nuclide Emax Mev Omax, mb | T, Mev | \ ode, mb-Mev 
oR ee EA ee Benen Sie 


120 


Snye 20.8+0.5| 6,5+0.6 3.5+0,5 28+3 
Cae. 214.040.5 | 12.0414 5.2+0,5 677 
Gd 20,5: 0,5 8.3+0.8 4,0+0,5 3644 
Cau 2020 30. BWAL 6.65 + 0.7 4,440.5 B13 
Cd’ 2452 =0.5 373 .0.3 4.4+0,5 16+2 
Mow [°] 22.0 15,0 5,0 100 + 20 
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TABLE II. Proton dipole transitions in the tin nucleus 
eee Sere Sa oa ee ee 
Transition energy, _ | Transi- |p f Probabil- 
Transition rel. units eg tion Satice eran ity ar 
: energy, proton, proton 
EA ter | el onstty, Mev* Mev JOS emission 
1 2 3 4 5 6 7 8 9 
1g0),—> hy), 1,0 1.0 10) 1.45 15.3 4.0 0,1-10-4) 0,15-10-* 
{fs), —> 1g), (Os |] abs eal 0.84 16,0 Ona 0 0 
1 fs), > 2dy, 1.6 LON feel Oe OG 24.2 8.9 0.85 0,051 
2p ede te Tt 4.8 1-049 |. 20:8 9.0 | 0.85 | 0.16 
2 psy, —> 2ds), OSS ELON Me | On8e 13.0 — - 0 
2Pay, —> 381, 1.6 lay | 4a) |) Oss 24,6 LO Lao) 0,08 
*Assuming that the transitions 1g, > Ih, and 1fs, + 1gz, form the giant reso- 
nance at 15:5 Mev when using the scheme of reference 12. 
region with a peak at 15.5 Mev.!! Table I gives We shall note one additional circumstance. It 


results for the principal proton dipole transitions; 
the respective energies compared with that of the 
1g9/2 — lhy;/. transition have been taken from the 
literature!?“4 (the latter for the case of no nuclear 
deformation). The estimated transition intensities 
show, according to Wilkinson,” that 1gg/. — 1hy4/, 
and 1f5/;2 — 1g7/. play the principal roles in ab- 
sorption. Taking additional energy-level data 
from reference 12, we equate the giant resonance 
energy 15.5 Mev to the ‘‘center of gravity”’ of the 
two indicated transitions, and thus derive the en- 
ergies of the remaining transitions. 

b) It is also necessary to determine which of 
the proton transitions are responsible for the ap- 
pearance of “‘direct’’ photoprotons. We determine 
the binding energies of protons on different levels, 
equating the binding energy of the gy/. level to the 
known value Epo = 11.3 Mev, and obtain the energy 
of emitted protons. In determining the potential- 
barrier penetration factor we used Evans’ data for 
Snit8 15 By comparing the emission probabilities 
of separate proton groups it is easily found that 
the proton transitions 1gg/. —~ 1hy4/2. and 1f5/, 

— 1g7/., which play the principal parts in y-ray 
absorption, make a negligibly small contribution 

to the yield of direct-transition protons. The prin- 
cipal contribution comes from p-shell protons, 
with transition energies above 20 Mev. The emis- 
sion of ‘‘direct’’ photoprotons from other nuclides 
in the range Z = 40 —50 is apparently analogous. 

The foregoing discussion supplies a reasonable 
explanation of the experimental fact that resonance 
for ‘‘direct’’ photoprotons is shifted by 5 —6 Mev 
from giant resonance. The appreciable anisotropy 
observed for high-energy photoprotons from 
cd!t4 16 and silver!?-!8 corresponds qualitatively 
to a p— d transition.* 


*Anisotropy close to ~ sin’ @ is obtained, according to 
reference 19, from the interference of p+d and p~s tran- 


sitions. 


has been indicated above that the reaction 

Sn'2°(y, p) In!!® involves two half-lives: T; 

= 2.1 min and T,=17.5 min. The ratio of the cor- 
responding activities is a = 0.16. We assume that 
T = 17.5 min is associated with an isomeric state 
of In'!®, We shall make use of the reasonable hy- 
pothesis that cascade transitions take place pre- 
dominantly between levels with close spin values. 
Then a dominant transition to the isomeric level 
In!!**, which apprently has spin '/, will occur only 
if the protons emitted by Sn!?°(1= 0) have small 
angular momentum. This is confirmed by the 
evaluation of proton transitions. 

Finally, we shall discuss the observed differ- 
ence in the (y, p) cross sections for cadmium 
isotopes. At resonance Ey = 21 Mev, the ratio of 
these cross sections is ~4 for Cd'!? and Ca!!8, 
From qualitative considerations this effect would 
be expected from increased proton binding energy 
as the number of neutrons increases, with corre- 
spondingly reduced penetrability. Unfortunately, 
a quantitative evaluation is difficult, because the 
p-proton binding energy is not known with suffi- 
cient accuracy. In earlier work® we assumed that 
the given effect is specifically associated with the 
photoeffect. However, Levkovskii has shown,”” 
that cross sections for the emission of charged 
particles depend on the number of neutrons in the 
nucleus even in the case of neutron-induced reac- 
tions. 

In conclusion the authors wish to thank O. V. 
Bogdankevich, L. E. Lazareva and B. A. Tulupov 
for valuable discussions of the results. 
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We have measured the ratio of the yields of the charged mesons emitted at 90° toa photon 
beam irradiating a beryllium target. The spectrum of the photons was a bremsstrahlung 
one with maximum energy 250 Mev. The energy spectra of the mesons were obtained in the 
energy range 12 to 40 Mev. The ratio of the cross sections for photo production of 7 and 
m* mesons is o /o*t = 1.8 + 0.15. These results are discussed. 


Ir is well known that the yield of charged photo- 
mesons from various nuclei is proportional to A2/3, 
where A is the mass number. However, the ratio 
N /N* of the yields of s and 7r* mesons in some 
nuclei is considerably greater than would be ex- 
pected from such a rule. 

The largest discrepancy is for beryllium. For 
mesons having energy 56 Mev and made by photons 
having maximum energy Emax = 256 Mev, the 
ratio N-/N* = 3.3 + 0.3.! According to the ‘‘A2/3 
law’’ this ratio should be 1.51. For slow mesons 
made in beryllium (E7z < 3 Mev, Emax = 250 Mev), 
the ratio N/N* = 1.9 + 0.38,2 which does not con- 
tradict the value 2.1 calculated assuming the same 
law but including correction for the Coulomb inter- 
action between the emitted mesons and the residual 
nucleus. 

The work reported here was undertaken in or- 
der to understand this difference and to measure 
the value of the ratio of cross sections for photo- 
production of 7 and m* mesons with intermediate 
energies. The experiments were carried out on 
beryllium. 

The photons were obtained from the synchrotron 
of the Physics Institute of the Academy of Sciences 
and had maximum energy 250 Mev. They were in- 
cident on a beryllium plate 3 mm thick. The 
mesons emitted at 90° to the photon beam were 
detected in a stack of 400yu type NIKFI —- R emul- 
sions. The detection efficiency was the same for 
mn and 7* mesons, and no more than 2% were not 
counted. Of all tracks ending in the emulsion, we 
selected those a and 7* mesons which had ener- 
gies in the range 12 to 40 Mev. This interval was 
chosen because for such mesons the corrections 
for Coulomb interactions between the mesons and 
the residual nucleus are small and may be neg- 
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lected. Furthermore, the ratio 0 /o* for free 
nucleons is known in this energy range. We 
counted 981 7 and 370 7* mesons. 

Figure 1 shows the energy distribution of these 
mesons. The ratio of the yields of negative and 
positive mesons is N/N* = 2.65 + 0.22. As is 
evident from the figure, the yields are practically 
independent of the energy of the mesons. The gen- 
eral nature of these spectra can be explained by 
assuming that photoproduction takes place on the 
nucleus as a whole, and not on free nucleons. 
Mesons emitted in a definite direction and with a 
definite energy can be made by photons having en- 
ergies in the range from Eq to Emax, where Ep 
and Ef are thresholds for production of mesons 
with the given energy E, and the given direction 
of emigsion 9. 

The yields of 7 and m* mesons on beryllium 
can then be written as follows: 


Emax 


Wale \ Co (Ex, 9) f (Ey) dEy, 


En 


Emax 
N* (Ez, 9) = \ Cot (Ex, 0) f (Ey) dEx, (1) 
ai 
where C is the number of nuclei per cm” in the 
target, o*(E,, 9) is the cross section for the 
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production of mesons of the appropriate sign with 
energy E, and at anangle 6, while f(Ey) is the 
photon spectrum. Upon averaging over the energy 
spread of the photons, we obtain the following ex- 
pression for the ratio of the mean cross sections 
for photoproduction of charged 7 mesons on the 
nucleus: 


Emax Emax fa 4 
oe Geode \ Cede ae 
ee £, (2) 


Here A=E,, — Ej, is the difference between the 
thresholds for production of 7 and m* mesons 
with energy E, and at an angle 9. Because of this 
difference, the quantity k can be different from 

1.2 Indeed, from Eq. (2) it follows that for A suf- 
ficiently large and for fixed meson energy E,, a 
decrease in Emax implies an increase in the ratio 
N’/N*. This is experimentally verified by the 

data shown in the table. 


Emax: En, ama) i 

Mev Mev | oe 

500 40 A Go=0 145 (3) 
310 54 12652-0806) [5] 
270 54 Zn Ovce OR ee 
250 54 2 =O) [5] 
BPN 54 Boe) 280s) [3] 
250 <= 1,88+0,35 [7] 


The quantity A is determined by the final 
products of the reaction and depends on the mech- 
anism for photo-production of mesons in the nu- 
cleus. It is reasonable to accept the single nucleon 
model for photo-production of mesons. This model 
is supported by the results of Gorzhevskaya and 
Panova.® The model is further supported by Fig. 2, 
which shows the correlation between observed 
values of N-/N* and values for A, the latter being 
calculated using the single nucleon model for fixed 
Emax and E,. The values for N/N* were taken 
from the work of Littauer and Walker.! 

According to the single nucleon model, A for 
beryllium is determined by the energy relations in 
the reactions 

7+ Bey >a + p+ Bei, 
Lis (3) 


In general, the residual nuclei could be either in 
their ground states or in excited states, but the 
thresholds for the reactions are determined by 
formation of the residual nuclei in their ground 
states. The difference between the thresholds of 
these reactions is 18.7 Mev. This large value of 
A implies that the number of photons which have 
energy enough to make positive mesons is small 
compared to the number of photons which can 
make negative mesons. As a consequence, the 
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FIG. 2. a—Difference between thresholds for photo- 
production of 7— and 7+ mesons on the nucleus, plotted 
as a function of Z; b—ratio of yields of positive and 
negative photomesons on the nucleus, plotted as a func- x 
tion of Z; the dotted line shows the predictions of the A~ law. 


26 2 


ratio N-/N* is quite different from o /o* and de- 
pends on Emax. This explains the results in the 
table. 

From the bremsstrahlung spectrum with Emax 
= 250 Mev, and taking E, = 26 Mev, 6 = 90°, we 
obtain k = 0.68. 

Substituting this value of k into formula (2), 
together with N’/N* = 2.65 + 0.22, we find that the 
ratio of cross sections for photoproduction of neg- 
ative and positive mesons on beryllium is o /o* 
= 1.8 + 0.15. This is a ratio of cross sections 
that are averaged over photons in the energy range 
En to Emax and over mesons in the energy range 
12 to 40 Mev. The correction for the dependence 
of cross sections on photon energy has only a 
negligible effect on the ratio o /o*. The value 
1.8 + 0.15 agrees well with the yield ratios 1.9 
+ 0.38 obtained’ for E, < 3 Mev, Emax = 250 Mev 
and 1.6 + 0.14 obtained‘ for E, = 40 Mev, Emax 
= 500 Mev. In comparing our result with that ob- 
tained by Waters,‘ his value N7/N* = 1.6 + 0.14 
must be increased by about 10% to correct for pair 
production by photons with Emax = 500 Mev. This 
comparison can be justified by noting that in the 
experiments quoted the threshold energy of y rays 
is much less than Ey ay and the ratio of the num- 
bers of photons making a and r* mesons is 
practically one. 


PRODUCTION OF NEGATIVE AND POSITIVE PHOTOMESONS 


Thus it appears that the anomalous values ob- 
tained for the yield ratios N-/N* on beryllium are 
due to a difference in the thresholds for m and 
m™* meson production. 

The ratio of cross sections for photoproduction 
of charged m mesons on beryllium is go /o* = 1.8 
+ 0.15, which is somewhat larger than the number 
1.3 (N/Z)?/3 = 1.51 to be expected when o~ +o* 

“eA A(t isthe ratiolg7/a* for free nucleons ). 
Let us compare the data for beryllium with the 
data for helium and carbon, all at approximately 
the same meson energy. It should be recalled that 
for helium and carbon the ratio of yields of r 

and m* mesons is close to 1.3 for both slow? and 
fast’® mesons. Perhaps the peculiarities observed 
in photoproduction of mesons on neighboring nuclei 
are due to peculiarities in the structure of these 
nuclei; both He} and C}’ have filled shells, while 
in Be{ one of the shells is not filled. 

It is reasonable to suppose that meson produc- 
tion on nucleons in closed shells is inhibited, while 
production on nucleons in unfilled shells is en- 
hanced. As a rough measure of how much produc- 
tion on nucleons in closed shells is inhibited we 
can take the following data for Hed: 


e = N*(En)/ZNi (En) = 0.51 £0.05 [7], (4) 


In Eq. (4), N*(E,,) is the meson yield from helium, 
and N*(E,) is the meson yield from free protons. 
For nucleons in open shells we take «€=1. Then 
the ratio of cross sections for formation of a and 
m* mesons on beryllium should be 1.73 + 0.1, 
which agrees better with the experimental data. At 
the same time, for carbon the ratio 0 /o* should 
be 1.3. We have thus used the experimental data 
for He to obtain a value of o /o* for beryllium 
which takes into account shell structure in the nu- 
cleus. 
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There have been a number of attempts® !" to ex- 
plain the anomalous photo-production of mesons on 
beryllium in terms of a ‘‘weakly bound’’ neutron. 
From the point of view of the shell model, sucha 
singling out of one nucleon can be justified in terms 
of pair interactions between nucleons in unfilled 
shells. If all nucleons in Be}? were equally inhib- 
ited in making mesons, except for the single odd 
one, then o /o* would turn out to be 1.95 + 0.1, 
which does not contradict our experimental results. 
This model could be checked by measuring o /a* 
for Ne, since the unfilled shell in this nucleus 
has two neutrons. 

In conclusion, we should like to thank Prof. P. 
A. Cerenkov, Prof. V. I. Gol’danskii, E. G. 
Gorzhevskaya and S. P. Kharlamov for discussion 
of our results. 
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Acceleration of positive ions to energies of 10? — 104 ev has been detected in the rapid expan- 
sion of the plasma in a vacuum spark. A brief description is given of a mechanism capable of 
explaining the experimental facts; this mechanism involves the acceleration of ions by 


electrons. 


fees of ionic spectra of ‘‘hot’’ vacuum - 
sparks have been obtained by means of a Thomson 
mass spectrometer (parabola method ) in the de- 
velopment of a spark ion source.! Analysis of 
these spectra has made it possible to study the 
ionic composition of the plasma and ion formation; 
in this analysis, positive ions with energies of 

10° — 104 ev, which originate in the spark-plasma 
in a number of cases, have been observed. 
experiments it was found that the ions are not ac- 
celerated in the spark region; rather, acceleration 
occurs as the plasma expands into the vacuum re- 
gion. For this reason it has been proposed that 


the ions are accelerated by electrons. Subsequently 


a theory was developed for a simple mechanism by 
which the ions are accelerated by electrons; this 
theory allows us to explain the general features 
of the experimental results. 

The ionic spectra of the sparks were obtained 
with an extraction-acceleration voltage Vp = 0 
— 70 kv which is applied in a narrow region (ap- 
proximately 4 cm) between the source and extrac- 
tion electrode;! the beam then enters the mass 
spectrometer. No special provision is made for 
focusing. An ionic spectrum with a clearly defined 
fast component is shown in the figure. This spec- 
trum has been obtained under the following condi- 
tions: V) = 9 kv; spark voltage Vg = 7 kv, spark- 
circuit inductance L=6uyuh, spark capacity 
C=0.005uf. The line Vp — Vo corresponds to the 


normal energy ZeV, (Ze is the charge of the ion). 


In the ionic spectrum the fast component is found 
in parabolic segments below the line Vy — Vp and 
is characterized by a so-called ‘‘plus-spread’’ in 
energy. A ‘‘minus-spread’’ (ions with energies 
less than ZeV,)) is also observed, but is due to 
other physical causes. 

As is apparent from the figure, the maximum 
energies are as follows: for H* and D* 18 ky; 


In later 


Ionic spectrum of a vacuum 
spark with a clearly defined 
fast positive-ion component. 


for Li* 24 kv; for C* 35 kv. These values are 
to be compared with the mean energy, which is 
2.5 kv. It should be noted that in the majority of 
cases the fast component is not as well defined, 
the maximum energies reach several kev for a 
mean energy of 200 — 500 ev, and the ion energy 
is independent of mass. In a number of cases the 
fast component is not observed. 

An important characteristic of the fast compo- 
nent is the fact that the maximum energy and the 
mean energy depend on the extraction voltage Vp. 
In the majority of cases the fast component van- 
ishes when Vy = 30 — 50 kv; if it does not disap- 
pear the maximum and mean ion energies are re- 
duced by large factors. When Vo is reduced to 
5 — 10 kv the ‘‘plus-spread’’ increases, reaching 
a maximum value at V)=0. Since a change in Vy 
does not affect the spark, the fact that the *“plus- 
spread’’ depends on Vy would seem to indicate 
that the ions are accelerated outside the spark, in 
the region of expanding plasma. The region occu- 
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pied by the plasma and the degree of expansion are 
both rapidly reduced as Vp is increased, causing 
a reduction of the ‘‘plus-spread.’’ If the plasma 
expands strongly before entering the draw-out re- 
gion and the ions are accelerated, the ‘‘plus 
spread’’ becomes independent of Vy. At appreci- 
able fast-component energies the ionic spectra can 
be photographed without the application of the ex- 
traction-acceleration voltage (V)=0). In this 
case the spark ion source becomes a “‘plasma 
gun’’ with energies of 10? —10* ev for some ions. 
Direct time-of-flight measurements of the velocity 
of the forward edge of a plasma propagating over 
a known distance (through the use of a sensitive 
method) have verified that some ions have veloci- 
ties up to 108 cm/sec (mean velocity of 

2x10' cm/sec), in good agreement with the mass- 
spectrometer results. It should be noted that the 
energy of the fast component does not vary to any 
great extent when the current is varied by a large 
factor; the time derivative and the spark-circuit 
frequency are proportional to Ze. 

The results given above and certain other ex- 
perimental findings indicate that a possible mech- 
anism for this effect is the acceleration of ions by 
electrons in the expanding, highly ionized plasma. 
The acceleration mechanism can be analyzed con- 
veniently in terms of a spherical drop model. The 
light fast electron component of the plasma tends 
to escape from the drop but is constrained by the 
Coulomb forces, which are produced by the separ- 
ation of charges; thus the electrons remain within 
the volume of the drop. The drop expands from 
inside because of the electron gas, and the ions 
are accelerated radially toward the surface. This 
collective process of energy transfer from elec- 
trons to ions is reminiscent of the acceleration of 
a heavy piston (ions) by a gas (electrons). In 
carrying out the appropriate calculations we shall 
use thermodynamic expressions. In particular, 
assuming an isothermal expansion (electron gas 
heated externally ) we obtain the following expres- 
sion for the mean ion energy Wj 


(1) 


where We is the mean electron energy (inev), Z 
is the mean charge multiplicity of the ions, rg and 
r, are the initial and final radii of the drop. For 
a plasma in a vacuum spark We = 25 ev and Z__ 
= 1—2; assuming that log (r/ry) = 2, we have Wj 
= 230 — 460 ev, in good agreement with most of 
the experimental data. The plasma which escapes 
from the extraction aperture of the spark source 
will be approximately spherical at high degrees of 
expansion and the inflow of new particles is unim- 


W; = 4.6Z W, log (r/r,), 
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portant, so that Eq. (1) applies. In direct prox- 
imity to the spark, in spite of the strong expansion 
of the plasma the ions are not accelerated because 
of the magnetic field which is transverse to the 
motion of the plasma. The energy generated in 
the spark provides isothermal expansion if the 
thermal conductivity of the plasma is high. Equa- 
tion (1) also applies for small condensations which 
expand in a rarified plasma. In order to explain 
the value Wj = 2.5 kev, we must assume that under 
certain conditions, for example, in induction heat- 
ing, W, can be 100 —150 ev. 

In order to explain the acceleration of some 
ions to energies of (1—3) x 104 ev, we must study 
the expansion in detail. We may divide the drop 
into two regions, in which expansion proceeds dif- 
ferently, viz., a narrow double layer at the surface 
and the remaining volume. The acceleration of 
ions in the volume may be described on the basis of 
ambipolar acceleration of ions by electrons with 
ambipolar diffusion in the highly ionized plasma. 
The electric field in the drop is such as to provide 
expansion of the plasma as a whole, and the ex- 
pression for ion energy is approximately the same 
as Eq. (1). 

If we assume that the double layer stretches the 
surface of the drop elastically, acceleration of the 
ions in the double layer must be realized in such a 
way that the ions are in a region of high field 
104 — 10° v/em at all times; then the ions acquire 
an energy of 104— 10° ev ina distance of approx- 
imately 1 cm. A calculation indicates the following 
ion energy 


s 


W; = 3.8- hOxe Zee ee fe ( ro t= a), (2) 


where Nye is the initial electron concentration in 
the plasma. For a vacuum spark with We = 25 ev, 
Noe = 10'4 cm™, r) = 0.1—1 cm and r > ro, we 
have W,/Z = 2 x 10?—2 x 10’ ev for a relative 
fast component content of 10 —1%, which is of the 
same order of magnitude as that indicated by the 
experimental data. 

The mechanism considered here for accelera- 
tion of ions by electrons does not explain the spor- 
adic appearance of the ‘‘plus-spread.’’ This fea- 
ture may require that some conditions must be 
satisfied in the plasma in order for acceleration 
to take place. There are also experiments which 
indicate that the direction of ionic acceleration in 
the plasma does not always coincide with the axial 
direction of the device; in these cases the ions are 
not recorded in the ionic spectrum. 

This mechanism for ion acceleration by elec- 
trons can be applied in the analysis of physical 
processes in an inhomogeneous plasma. If there 


1108 AviAs. PREY UlehO 


is a high degree of inhomogeneity in a plasma at 

a high electron temperature (10° degrees and 
higher) the collective processes for the transfer 
of energy from electrons to ions may predominate 
over the elementary processes. In thermal plas- 
mas at temperatures of 10'’—10° degrees, these 
processes can predominate even for a very slight 
inhomogeneity. In this connection, we may note 
that the electrical conductivity of an inhomogen- 
eous plasma may be much lower than that of a 
plasma of uniform density. In particular, the ano- 
malously low electrical conductivity in the Zeta 
system may be due to the inhomogeneity in plasma 
density, which, because of instabilities, lasts for 
the entire pulse. 

On the other hand, in an inhomogeneous plasma, 
the expansion of a condensation can result in the 
production of fast ions (0.1—1%) with energies of 
104— 10° ev directed along the electric field. This 
fast component may be responsible for neutron 
radiation in highly ionized inhomogeneous plasmas, 
for example, in linear pinches and induction pinches 
In inhomogeneous plasmas in a magnetic field, ions 
can be accelerated along the lines of force by elec- 
trons if the Larmor radius is smaller than the 
electron mean free path. 

It is interesting to note that high-velocity gas 
flows with particle energies of 10? —10° ev have 
been observed in stationary vacuum arcs.” This 


effect, which is not understood at the present time, 
may be due to the acceleration of ions by electrons 
in plasmas which expand from cathode sparks. 
Using Eq. (1), and taking We = 10 ev, Z=1—2, 

rp = 10-2 — 107° cm (the dimensions of a cathode 
spot) and r= 10cm, we have Wj = 140 — 380 ev, 
which is in approximate agreement with the exper- 
imental data. In moving from the cathode spots 
the ions undergo charge exchange and form a flux 
of neutral gas. A detailed analysis of the results 
of these investigations is contained in papers which 
are being prepared for publication. 

In conclusion the author wishes to express his 
gratitude to I. F. Kvartskhava and K. N. Kervalidze, 
who helped with this work, and Academician K. D. 
Sinel’nikov, Professor E. S. Borovik, and B. S. 
Akshavov for valuable discussions concerning the 
acceleration of ions by electrons. 


! Plyutto, Kervalidze, and Kvartskhava, 
AtoMHas 9Heprua (Atomic Energy) 3, 153 (1957). 

?R. Tanberg, Phys. Rev. 35, 1080 (1930); R. M. 
Robertson, Phys. Rev. 53, 578 (1938). 
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The hard y radiation from Na?! was investigated. The previously known y lines corre- 
sponding to the transitions hy = 2.75 and 3.85 Mev have been observed, and a more precise 
determination yielded for the intensity of the latter transition a value (9 +2) x 10+ quantum 
per decay. Gamma rays from the transition hv = 4.24 Mev (4230 4+ 50 kev), the intensity of 
which is (1.5 +0.5) x 10° quantum per decay, have been detected. The upper limit of the 
intensity of the 5.22-Mev y transition, which is possible according to the Na’* decay scheme, 
is estimated at I; 5». <2 x 10’ quantum per decay. The reduced half-lives for 8 transitions 
with Ep = 0.29 and 1.27 Mev are estimated at log ft = 6.6 and log ft = 10.7, respectively. 


ly references 1 and 2, devoted to the investigation 
of the hard y radiation of Na®‘, values were found 
for the intensity of the transition with hy = 3.85 
Mev and for the estimated upper limits of the in- 
tensities of the y transitions of energy higher than 
4 Mev, which are possible according to the decay 
scheme of Na”*. The present paper reports on 
further investigation of the hard radiation of Na‘. 
Using the y hodoscope of the Physics Research 
Institute of the Leningrad State University,?* we 
investigated the y spectrum of Na‘ in the region 
above 2.5 Mev. The y-ray source was an Na,CO3 
compound in which the Na”* isotope was produced 
by the (n, y) reaction. The activity of the com- 
pound was 3.4 C at the start of the reaction. Five 
series of measurements were at different magnetic 
field intensities. The table lists the values of the 
magnetic field intensity of each series of measure- 
ments and the values of H/Hy, which characterize 
the conditions under which the spectral y lines 
were registered at a given H (Hy is the value of 
the magnetic field at which optimum conditions 
are produced for the registration of y rays of 
given energy ). 


H/Ho 
No. of 
3 H, oe 
series 2.75 Mev | 3.85 Mev | 4.12 Mev | 4.24 Mev | 5,22 Mev 
I | 4675 | (4,83) Aa 4,26 4,22 4.00 
II NevLT (1.51) 4.10 dy OB) 4.00 0.82 
Ill 4252 Aor 4.00 0,94 0.94 0.75 
IV | 1226 4.34 0.98 0.92 0.89 0.73 
Vv 913 4.00 Onwie (0.68) (0.67) (0.55) 


The values of H/H) in the parenthesis indicate 
that the corresponding line is not registered by 
the instrument at the given H. 


The figure shows the form of the y spectrum 
of Na?4, with the background eliminated, for H 
= 1675 oe. Resolution of the spectrum (dotted 
lines) with allowance for the dependence of the 
instrument line shape on h and on H, makes it 
possible to separate the y line of energy 4230 
+ 0.050 Mev. The continuous curve on the left of 
the figure corresponds to the ‘‘hard fall-off’’ of 
the known 3850-Mev line. 

The intensity ratio of the 3.85- and 4.24-Mev y 
transitions, determined from the ratio of the areas 
under the corresponding lines in the measurement 
series I, II, and III, is 1: 0.018 (averaged over the 
three series). The error in the determination of 
the intensity ratio reaches 35 or 45%. 

We have determined the relative intensities of 
the y transitions with hp = 2.75, 3.85, and 4.24 
Mev by comparing the areas under the 3.85-Mev 
line in measurement series II, III, and IV, and 
under the 4.24-Mev line in series I with the area 
under the 2.75-Mev line in series V. The com- 
parison was made with allowance for the proba- 
bility of registration of the line at the given field 
H, the decay of the Na?4 compound, and the effi- 
ciency of the apparatus in each measurement 
series. The average value (over three series ) 
of 13 g5/Ip.75 is (9 2) x 10%, while Ty 94/Iz.15 
=(1.5+0.5) x 10°. If it is assumed that the in- 
tensity of the 2.75-Mev transition is one quantum 
per decay, then the intensities of the 3.85- and 
4.24-Mev transitions are 9 x 10“ and 1.5 x 10° 
quantum per decay, respectively. This method of 
determining the relative transition intensities can 
be regarded as the more accurate, since the com- 
pared lines are obtained under the most favorable 
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registration conditions. The errors in the deter- 
mination of the intensities are due to the inaccu- 
racy in the resolution of the spectrum, to statis- 
tical measurement errors, and to errors in the 
values of the registration probability. 

In the energy region ~ 5.3 Mev (see the figure), 
the experimental points are observed to exceed the 
background slightly. This enables us to estimate 
the upper limit of the intensity of the y transition 
with hy © 5.22 Mev, which is possible in accord- 
ance with the decay scheme of Na**. We find that 
Is 99 = 2 x 107’ quantum per decay. 

Within the limits of the spectral resolution (see 
the figure), we observed no 4.12-Mey transition. 

The observed y rays with hy = 4.24 Mev and 
intensity 1.5 x 107° quantum per decay allow us to 
assume that the Na*4 decay is accompanied by a B 
transition with E};,, = 1.27 Mev (see reference 5) 
with intensity not lower than 1.5 x 10°% decays 
and log ft = 10.7. The intensity of the 8 transition 
with Ejjm = 0.29 Mev (reference 5) is apparently 

of the same order as the intensity of the 3.85-Mev 
y transition, i.e., 9 x 10°% decays, so that no 
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other y transitions are observed from the 5.22- 
Mev level. For this transition we have log ft 
= 6.6. 

The authors are grateful to B. A. Emel’yanov 
for aid in preparing the source and in the meas- 


urement, and to N. D. Novosil’tseva for providing 
the project with a good source. 
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Measurements of the resonance absorption curves at 9370 Mc/sec were made on monocrys- 
talline disks of silicon iron, with surface orientations (001) and (011), at different magni- 
tudes and directions of the constant magnetic field in the plane of the specimen. The domain 
structure was observed by the powder-pattern method. It was established that besides the 

resonance peak observed in fields sufficient to saturate the crystal, an additional resonance 


peak may appear in very weak fields in the presence of a multidomain structure, if the 
orientation of the alternating magnetic field is parallel to the domain walls. This makes 
possible the use of the phenomenon of ferromagnetic resonance for exhibiting the domain 
structure and for determining its form qualitatively. 


1. INTRODUCTION 


Arnouen ferromagnetic resonance was dis- 
covered comparatively recently, this phenomenon 
has already been studied in detail on many mate- 
rials. Ferromagnetic resonance is usually ob- 
served in large enough constant magnetic fields to 
saturate the ferromagnet. The existing theories 
of ferromagnetic resonance! satisfactorily explain 
the resonance that occurs with parallel orientation 
of the spins and of the constant external magnetic 
field. In some cases, however, two resonance 
peaks are detected in measurement of the absorp- 
tion curves; one of the peaks is observed in com- 
paratively weak magnetic fields, insufficient to 
saturate the specimen.?~ 

It has been shown theoretically*” that in the 
presence of a certain form of domain structure, a 
high-frequency field oriented parallel to the do- 
main walls can produce a resonance phenomenon 
in weak fields. Thus there has been predicted 
theoretically a direct relation between the form of 
the domain structure of a ferromagnetic crystal 
and the additional peaks on the absorption curve. 
If there actually is such a relation, then new 
possibilities are thereby opened up for experimen- 
tal study of domain structure. The fact is that in 
many cases there is no possibility of observing 
this structure by the existing methods of direct 
observation (the powder-pattern method and the 
magneto-optical methods). Perhaps in such cases 
it may be possible, through measurement of the 


absorption curves of a ferromagnetic crystal, to 
show the presence of a domain structure and even 
to establish some of its details. 

The present research was undertaken with the 
aim of establishing experimentally, in crystals of 
silicon iron, the relation between the course of 
the absorption curve and the form of the domain 
structure. 


2. SPECIMENS AND METHOD OF OBSERVATION 


As the ferromagnetic material to be investigated, 
silicon iron (3.5% Si) was chosen because its 
magnetic structure has been studied in consider- 
able detail. In addition, production of resonance 
absorption does not require very high frequencies, 
since the anisotropy constant of this ferromagnetic 
material is comparatively small. 

The investigations were carried out on 15 mono- 
crystalline specimens in the form of disks with 
various diameters (from 4 to 15 mm) and various 
thicknesses (0.07 to 0.2 mm). The surfaces of 
these crystals were close to the crystallographic 
planes (001) and (011). The specimens were 
etched from sheets containing large crystals, then 
were subjected to annealing in a vacuum at 1100°C. 
Then the specimens underwent an electrolytic 
polishing. To insure the possibility of comparing 
the results obtained by observation of the magnetic 
structure and by measurement of the resonance 
absorption, both investigations were made on the 
same specimens. 
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The investigation of the ferromagnetic resonance 
phenomenon was made at frequency 9370 Mc/sec. 
The generator of high-frequency oscillations was 
composed of a wave-guide track with a resonant 
cavity in the form of a cylinder, in which oscilla- 
tions of the H;;. mode were excited. In the 
cylinder there were two coupling apertures, which 
were used to measure the high-frequency power 
transmitted through the cavity. For measurement 
of the transmitted power, the cavity was connected 
to a detector cell. The specimen was fastened to 
the head of the cylinder, which could be rotated. 
The cylinder was placed between the poles of an 
electromagnet in such a way that the orientations 
of the constant magnetic field (H) and of the al- 
ternating field (h.) were mutually perpendicular 
and lay in the plane of the disk. By rotating the 
cavity head, it was possible to measure the ab- 
sorption curve for various orientations of the 
specimen with respect to the constant magnetic 
field. 

The magnetic structure of the specimens was 
studied by the powder-pattern method.® For ob- 
servation of these patterns, the head, together with 
the specimen attached to it, was removed from the 
cavity and placed between the poles of the electro- 
magnet, in the same position as in the observation 
of the resonance absorption. Then the surface of 
the specimen was covered with a magnetic suspen- 
sion, and observation of the powder patterns was 
carried out with gradual increase of the magnetic 
field, which was parallel to the surface of the 
specimen. Just as in the measurement of reso- 
nance absorption, it was possible to rotate the 
specimen about an axis perpendicular to its sur- 
face; that is, it was possible to observe the mag- 
netic structure for various orientations of the 
constant magnetic field in the plane of the speci- 
men. In silicon-iron crystals, at the frequency of 
alternating field used in this work, the depth of 
penetration is about 10"? cm. Therefore the ab- 
sorption curves will be determined by the proper- 
ties of a thin surface layer and by its domain 
structure. The powder-pattern method reveals 
the domain structure only of a surface layer. Thus 
in our case there is a possibility of comparing the 
absorption curves with the form of the domain 
structure. 


3. COMPARISON OF THE COURSE OF THE 
ABSORPTION CURVE WITH THE FORM OF 
DOMAIN STRUCTURE 


The investigations of ferromagnetic resonance 
and of domain structure were carried out on two 
groups of specimens, whose surfaces coincided 
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with a (001) plane [(001) specimens ] or with a 
(011) plane [(011) specimens]. Qualitatively 
similar results were obtained on all specimens 
with the same orientation of the surface. There- 
fore we shall restrict ourselves to the detailed 
consideration of data obtained on two crystals 
whose surfaces were nearly parallel to (001) and 
to (011) planes. The dimensions of these mono- 
crystals were respectively as follows: diameter, 
7.0 and 9.0 mm; thickness, 0.22 and 0.10 mm. 
(011) Specimen. The plane of this specimen 
contains all three principal crystallographic direc- 
tions of a cubic crystal: [100], [110], and [111]. 


FIG. 1. Absorption 
curves. Crystal surface 
close to plane (011). Con- 
stant field H parallel to 
axis [110], [111], or [100]. 


a 1000 


H, oe 


Figure 1 shows resonance absorption curves ob- 
tained with the constant field oriented along these 
crystallographic axes (P is the energy absorbed). 
For magnetization in direction [100] we have a 
resonance curve with a single maximum, ata 

field of order 220 oe. A curve with a single maxi- 
mum is also observed for direction [110]. On the 
resonance absorption curve in direction [111] 
there are two clear maxima: the first at field 

160 oe, the second at field 900 oe. 

(001) Specimen. The plane of this specimen 
contains two directions of easy magnetization, 
[100] and [010]; the difficult direction of mag- 
netization is the axis [110]. Figure 2 shows ab- 
sorption curves for two directions of magnetization: 


700 
p « [100] 
o [7/0] 
FIG. 2. Absorption 
curves. Crystal surface 50 
close to plane (001). Con- 
stant field parallel to axis 
[100] or [110]. 
0 1000 H, oe 


the easy, [100], and the difficult, [110]. The reso- 
nance absorption curve for axis [100] has a single 


(011) specimen. 
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FIG. 3. Powder-pattern photographs on surface of 


maximum at a field of about 200 oe. On the ab- 
sorption curve for direction [110] there are two 
maxima, of which the first is obtained at a value 
of the external field of about 370 oe and the second 
in a field of about 1150 oe. Similar results for a 
(001) specimen were obtained earlier by Kip and 
Arnold.” 

From the curves of Figs. 1 and 2 it is clear 
that for magnetization in a difficult direction — 
[110] fora (001) specimen and [111] fora 
(011) specimen — two clearly separated reso- 
nance peaks are observed on the resonance ab- 
sorption curve. As has already been indicated, 
according to existing theoretical ideas,*’® the peak 
in weak fields is connected with the presence of a 
domain structure. This peak is retained also when 
the orientation of the field deviates by a small 
angle from the [111] axis in the plane of the (011) 


specimen and from the [110] axis in that of the 
(001) specimen. It is observed at the same value 
of the constant field as when the field is oriented 
parallel to the difficult direction in the plane of 
the specimen. However, the height of the peak 
decreases with increase of the angle of deviation, 
and for angles of 10 to 15 degrees the additional 
peak disappears. 

We pass on to the results of the direct observa- 
tions of domain structure. Figures 3 and 4 show 
photographs of the powder patterns for the (011) 
specimen. In the initial state (Fig. 3 A and B, 
and Fig. 4 A, case a), this specimen has a simple 
magnetic structure, the so-called type-A struc- 
ture:® it breaks up into basic domains with 180° 
walls. The orientation of the magnetization in 
these domains coincides with the axis of easy 
magnetization closest to the specimen surface 
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(the [100] axis). In consequence of the fact that 
the [100] axis makes a small angle with the sur- 
face, there appear on this surface closure domains 
of droplet shape, whose magnetization is antiparal- 
lel to the magnetization in the basic domains.° 
Figure 3 A shows photographs of the powder 
patterns for the case of magnetization in direction 
[100].* The arrows on the photographs show the 
orientation of the magnetization in the domains. 


*More precisely, along the projection of the [100] direction 
on the plane of the specimen. However, in view of the small- 
ness of the angle of deviation of the axis from the surface, we 
will assume that the field is parallel to the axis. The same 
holds with respect to axes [110] and [111]. 


FIG. 4. Powder-pattern photographs: 
A, surface of specimen (011); B, sur- 


face of specimen (001). 


On application of the magnetic field and gradual 
increase of it, there occurs a displacement of 180° 
walls between adjacent domains (Fig. 3 A, cases 
b and @). In a field of 90 oe, the displacement 
process is completed, but the closure domains 
remain (Fig. 3 A, cased). In fields of order 

200 oe the specimen reaches magnetic saturation 
(Fig. 3 A, case e). 

Figure 3 B shows photographs of powder pat- 
terns for magnetization of the specimen in direc- 
tion [110]. On increase of the magnetic field the 
walls between the basic domains disappear, and 
after them the closure domains in the ‘‘droplet’’ 
form (Fig. 3 B, case c). At the same time a new 
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series of strips are formed; they mark the appear- 
ance of a new type of domain structure, the so- 
called type-B structure.” The peculiarity of this 
structure is that the basic domains are located 
within the crystal, with their magnetization 
oriented along the axes of easy magnetization 
[010] and [001]. Visible on the surface are 
closure domains, having the form of prisms, 
whose bases come out of the surface of the speci- 
men. The orientation of the magnetization in 
these closure domains is not favorable in relation 
to the external magnetic field; therefore with in- 
crease of the field, a breaking up of them occurs 
(Fig. 3 B, cases d and e), leading to a diminution 
of volume of these domains.’ 

Figure 4 A shows the transformation of mag- 
netic structure under the influence of a magnetic 
field in the direction [111] — a difficult direction 
of magnetization. As is evident from Fig. 4 A 
(case a), in the initial state there is the usual 
type-A structure; on application of the magnetic 
field (Fig. 4 A, case b), there begins a process of 
displacement of 180° walls. On gradual increase 
of the field, there occurs a transformation of the 
type-A structure. The beginning of the trans- 
formation is evident in Fig. 4 A, case c. Ina 
field of order 70 oe (Fig. 4 A, cased), a new 
type of magnetic structure is seen, the so-called 
B structure.’ Located on the surface are 
prismatic closure domains; the magnetization 
vectors in adjacent domains are directed in oppo- 
site senses, parallel to the [100] axis. The 
basic domains are located inside the specimen, 
and their magnetization is oriented along the two 
other.axes of easy magnetization, [010] and 
[001]. With further increase of the magnetizing 
field, the type-A structure completely disappears; 
and on the surface the closure domains, with an 
unfavorable orientation of the magnetization with 
respect to the external field, contract (Fig. 4 A, 
case d). On subsequent increase of the field, 
there remain on the surface of the specimen only 
closure domains with a single direction of mag- 
netization (case e); but the walls between these 
domains remain, thanks to the antiparallel orienta- 
tion of the basic domains. Further increase of the 
field causes disappearance of the walls, which 
indicates approach to a state of saturation (case f). 

We shall compare the powder-pattern photo- 
graphs of the (011) specimen with the resonance 
absorption curve (Fig. 1). In the measurement 
of the absorption curves in the direction of the 
[100] axis, the resonance maximum is observed 
in a field of order 220 oe. From the form of the 
powder patterns (Fig. 3 A) it can be noted that 
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at this field the specimen is magnetized to satura- 
tion. A similar picture is obtained also for mag- 
netization along the [110] axis (Fig. 3 B).° Fur- 
thermore, in this case the walls between domains 
are, throughout the process of magnetization, 
always oriented approximately perpendicular to 
the direction of the alternating magnetic field. It 
is otherwise for magnetization of the specimen 
along the difficult direction [111] (Fig. 4 A). 

In this case two resonances are observed on the 
absorption curve — the first in a field or order 
150 oe, at which there is visible on the surface a 
clear magnetic domain structure with parallel 
walls (Fig. 4 A, case e). It should be noted that 
the high-frequency magnetic field h,, in this case 
has a component parallel to the walls. The second 
resonance peak was observed in a field of order 
900 oe, at which the specimen is already mag- 
netized to saturation. 

Figure 4 B gives powder-pattern pictures of 
the (001) specimen for magnetization along 
direction [110]. In the initial state (Fig. 4 B, 
case a), one sees on the surface of the crystal 
a type-A magnetic structure, with closure domains 
of ‘‘tree’’ and ‘‘trunk’’ type.° On application of 
the magnetic field, the branches of the ‘‘trees’’ 
and ‘‘trunks’’ with one direction begin to grow, and 
on gradual increase of the field they are trans- 
formed to ‘‘wedges.’’ Some of these ‘‘wedges’’ 
are converted to basic domains (Fig. 4 B, cases 
bandc). Further increase of the field leads to 
disappearance of the closure domains, and the 
whole crystal consists of basic domains, whose 
magnetization is oriented along the two axes of 
easy magnetization. In fields of 700 to 800 oe 
the process of magnetization is completed, and the 
crystal becomes magnetized to saturation. 

We shall compare these results with the reso- 
nance absorption curve for direction [110]. It is 
clear from Fig. 2 that the first maximum is ob- 
served at a field of order 370 oe. The magnetic 
structure in this field consists of domains whose ~ 
walls (Fig. 4 B, case d) are parallel to the direc- 
tion of the alternating field. 

Upon magnetization of the (001) specimen 
along the [100] axis, only displacement of 180° 
walls is observed; the high-frequency field is 
perpendicular to the domain walls, as in the case 
shown in Fig. 3 A. 

When the orientation of the constant field in 
the plane of the crystal is inclined to the [111] 
axis in the (110) specimen, or to the [110] 
axis in the (100) specimen, by an angle less 
than 10 to 15 degrees, the observed transforma- 
tion of the magnetic structure is of the same 
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nature as that illustrated in Fig. 4 A and B. At 
large angles of inclination, domain structures of 
another form are produced: in them, the walls 
between domains are perpendicular to the direc- 
tion of the alternating field. As was mentioned 
above, at these angles the additional peaks in the 
absorption curves likewise disappear. 

Thus comparison of the powder-pattern photo- 
graphs and of the resonance absorption curves for 
a (011) specimen magnetized ina [111] direc- 
tion has shown that the additional resonance peak 
in weak fields occurs in the presence of a multi- 
domain structure. Under these conditions the 
high-frequency field has a component parallel to 
the walls between domains. For specimen magnet- 
ization in directions [100] and [110] either 
saturation occurs in comparatively small fields, 
or there is a multidomain structure of such nature 
that the alternating magnetic field has no component 
parallel to the walls between domains. 

Comparison of the powder-pattern pictures and 
of the resonance absorption curves for a (001) 
specimen magnetized ina [110] direction has 
shown that to the resonance peak in weak fields 
there corresponds a multidomain structure such 
that the high-frequency field is parallel to the 
walls between domains. 


CONCLUSION 


Measurements of the resonance absorption 
curves at frequency 9370 Mc/sec and observations 
of the domain structure on the same crystals of 
silicon iron have shown that the additional reso- 
nances exhibited in weak fields for certain orienta- 
tions of the specimen surface are observed only in 
case the crystal has a multidomain structure and 
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the high-frequency magnetic field is parallel, or 
has a component parallel, to the domain walls. 
These results provide experimental confirmation 
of the correctness of theoretical ideas,*’? which 
relate the appearance of additional resonance peaks 
to a definite form of domain structure in the crys- 
tals. Thanks to the existence of such a relation, it 
is possible to use the phenomenon of ferromagnetic 
resonance for detection of the domain structure of 
ferromagnets and for establishment of some de- 
tails of the structure. Such a method of studying 
the domain structure is of great interest, espe- 
cially in those cases in which it is not possible to 
use the known methods of direct observation of 

this structure. 
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The containment of a hydrogen plasma (density 10° cm~*) ina cylindrical magnetic-mirror 
system has been studied. The mean ion energy in the plasma is 1 —2 kev, the mean electron 
energy is approximately 10 ev, and the minimum neutral-gas pressure under operating con- 
ditions is 3—4 x 107’ mm Hg. Plasma confinement is investigated by measuring the fast-ion 
lifetime. It has been found that ions escape from the confinement system much more rapidly 
than would be expected on the basis of charge exchange and scattering. Anomalous ion losses 
are observed only with plasma in the trap. These losses are not observed when the density 
of charged particles is reduced to values such that the Debye distance becomes comparable 


to the dimensions of the confinement system. 
FORMULATION OF THE PROBLEM 


i hee a plasma cannot be contained 
for long periods of time in a magnetic-mirror 
system; the containment time is not limited by 
Coulomb scattering of charged particles or escape 
through the mirrors,! but by the instabilities that 
arise in the plasma. Field instabilities may arise 
in a magnetic-mirror because the field falls off 
radially (interchange instability )?*? and because 
of the anisotropy in the longitudinal and transverse 
temperatures of the charged particles.* At small 
values of 6 [8 = 8m(Tg +Tj)/H’] the greatest 
danger lies apparently in the interchange instabil- 
ity; this effect is frequently called the flute insta- 
bility. 

However, magnetic compression experiments 
are not in accord with theoretical predictions.” 
In these experiments (n ~ 10'4cm™’, Te 
= 10—20 kev, Tj = 1 kev, H = 40,000 oe) plasma 
containment was observed for several milliseconds; 
this time is considerably in excess of the time 
required for the development of instabilities under 
these conditions. The authors have explained this 
discrepancy as due to a number of experimental 
conditions which are not taken into account by the 
theory. In particular, they point out the stabilizing 
effect of the cold plasma in the regions beyond 
the mirrors which is in contact with conducting 
walls.® 

Because of the complexity of the problem, a 
final evaluation of the possibility of stable plasma 
confinement cannot be made on the basis of the 
experiments which have been reported. For this 
reason it is of interest to carry out investigations 
under other conditions. 


In the work reported here we have investigated 
a magnetic-mirror system with dimensions of the 
order of tens of centimeters, filled with a hydrogen 
plasma with a mean density of approximately 
10° cm™ at a minimum neutral-gas pressure of 
approximately 3 x 105° mm Hg. The mean ion 
energy is 1—2 kev. The mean electron energy is 
small, of the order of 10 ev. The magnetic field 
is (5 —8) x 10° oe. Under these conditions both 
the adiabaticity requirement (the ion Larmor 
radius must be small compared with the dimensions 
of the mirror system) and the neutrality require- 
ment (the Debye radius must be small compared 
with the dimensions of the region occupied by 
plasma) are well satisfied. 

Plasma containment was investigated by ob- 
serving the rate of reduction of the density of fast 
ions after the plasma production process was 
terminated. Because of the appreciable ion energy 
and the low plasma density, processes such as the 
scattering of fast ions on the plasma components 
(which result in entry into the escape cone and 
loss from the confinement system) and slowing 
down of ions on electrons are relatively weak. 

The scattering time is of the order of tens of 
seconds while the slowing-down time is of the or- 
der of a tenth of a second (cf. for example refer- 
ence 7). 

The fast-ion loss caused by charge exchange on 
the neutral gas is a much greater effect. Thus, at 
a hydrogen pressure of 3—5 x 10°’ mm Hg the 
mean charge-exchange time for ions with energies 
of 1 — 2 kev is several milliseconds at most. 
Other processes involving the interaction of ions 
with the neutral gas, such as excitation, ionization, 
and scattering are much weaker than charge ex- 
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change for the ion energies indicated here. 

Thus, if a plasma with the parameters indicated 
above is produced in the mirror system, its sub- 
sequent decay (i.e., the reduction in the density 
of fast ions) should take place primarily as a re- 
sult of charge exchange. If, however, there is 
some additional mechanism which removes fast 
ions from the confinement system, the lifetime is 
reduced still further. 


EXPERIMENTAL APPARATUS AND METHOD 
OF MEASUREMENT 


The apparatus used in these experiments is 
shown schematically in Fig. 1. A fixed magnetic 
field is produced by means of four coils 1. The 
maximum field intensity Hy = 8000 oe at the cen- 
ter and Hmax = 12,400 oe at the mirrors; the cor- 
responding mirror ratio is @ = Hpax /Ho = 1.55. 


FIG. 1. Diagram of the apparatus; 1) coils for magnetic 
field, 2) vacuum chamber, 3) titanium evaporators, 4) apertured 
walls, 5) plasma source, 6) detection electrode, 7) caps. 


The vacuum chamber 2 is made of stainless 
steel; the chamber is 2 m in length, the diameter 
of the central portion is 50 cm and the diameter 
at the mirrors 37 cm. The chamber is evacuated 
by two N-5T oil-diffusion pumps to a pressure of 
10-§ mm Hg; the pumps are provided with nitrogen 
traps. Lower pressures are achieved by absorp- 
tion of titanium which is evaporated directly at 
the inner surface of the chamber. The system is 
provided with four titanium evaporators 3 each of 
which provides a hydrogen pumping rate up to 
20,000 liters/sec at 4x 107’ mm Hg. The mini- 
mum residual gas pressure after the titanium is 
flashed on the chamber walls is 5 x 107° mm Hg. 

The cold plasma is produced in a source which 
uses a hot-cathode hydrogen arc discharge in a 
longitudinal magnetic field. The source 5 is lo- 
cated near one of the mirrors. The plasma, with 
electron and ion temperatures characteristic of 
this kind of discharge, is emitted through an aper- 
ture in the discharge chamber and moves along 
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the axis of the magnetic field in a beam approxi- 
mately 10 mm in diameter. Near the opposite 
mirror the beam is collected by a detection elec- 
trode 6 which is at the anode potential of the source. 
With a hydrogen consumption of 300 ecm® per hour 

in the source, the plasma density in the beam is 
approximately 10!? cm™?. 

To produce fast ions in the plasma, we set up a 
radial electric field between the beam and the 
chamber walls by applying a positive potential to 
the source (up to 45 kv with respect to the walls ). 
The ions in the beam and the low-density plasma 
which surround it are accelerated by this field and 
execute cycloidal motion in the crossed electric 
and magnetic fields. The accelerating voltage Up 
is applied in single rectangular pulses 25 — 30 usec 
long; the length of the leading edge is 2usec while 
the length of the trailing edge is 0.2 usec. 

After the accelerating voltage pulse is termin- 
ated the ions in the plasma retain. part of the kine- 
tic energy acquired in the electric field. In order 
to prevent the entry of cold plasma from the source 
into the system after the electric field is switched 
off, the discharge in the source is turned off at the 
trailing edge of the accelerating voltage pulse. 

To minimize the neutral-gas pressure in the 
system, weuse a differential pumping System; the 
vacuum chamber is divided into three sections by 
two metal walls 4. These walls are located in the 
region of maximum magnetic field and have center 
apertures 5 cm in diameter to permit passage of 
the plasma beam. For this reason there is a 
rather high impedance to the flow of neutral gas 
into the central part of the mirror system from 
both the source and the detection electrode on 
which ions of the plasma beam are neutralized. 

To ensure that the beam is not affected by the 
strong electric fields close to the edges of the ap- 
erture in the walls while the accelerating voltage 
pulse is on, specialcaps 7 are used to block off the 
source and the detection electrode. With the source 
in operation the pressures are as follows: in the 
central section (3 —4) x 107’ mm Hg, in the 
source chamber 4 x 107 mm Hg, in the detection 
chamber 1.5 x 107° mm Hg. 

Under the conditions described here, at the end 
of the accelerating voltage pulse the system is 
filled by plasma with a mean density of approxi- 
mately 10° cm~* and a mean ion energy of 
1—2 kev. The determination of plasma density 
and particle energy will be discussed below in 
connection with the experimental results. 

Plasma containment in the mirror system is 
studied by observing the fast-ion lifetime. If the 
only loss mechanism is charge exchange, the mean 
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fast-ion lifetime in the system +t should equal the 
charge-exchange time Tee, which is Tce 

= 1/ngceVi, where ny is the neutral-gas concen- 
tration, oce is the charge-exchange cross section 
and vj is the ion velocity. Hence, for the charge - 
exchange case the dependence of reciprocal life- 
time 1/7 on pressure p should be given by a line 
which starts from the origin and has a slope 
TceVi- 

The lifetime t is determined experimentally 
by observing the rate of decay of the fast-ion den- 
sity at the end of acceleration by the radial elec- 
tric field (i.e., after the end of the accelerating 
voltage pulse). For this purpose we record the 
flux of fast neutral particles reaching the side 
walls of the chamber as a function of time. Since 
these particles are formed by charge exchange of 
fast ions on the neutral gas, for a given neutral- 
gas pressure and ion energy the flux at the walls 
should be proportional to the mean density of fast 
ions in the volume of the system. 

The neutral particles are detected by the device 
which is shown schematically in Fig. 2. The de- 
tector consists of two insulated metal plates, A 
and B, which are enclosed in a grounded guard 
chamber C; there is a rectangular slit 0.5 x 2 cm? 
in the front wall of the box. A fixed potential dif- 
ference of 20 —40 v is applied between the plates. 
Neutral particles which enter through the slit and 
strike plate A cause the emission of secondary 
electrons from this plate. The electrons are col- 
lected by the collector B and flow through the 
resistance R. The signal across the resistance 
is applied to a cathode follower and then, after 
suitable amplification, to the plates of an OK-17M 
oscilloscope. The detector is located in a special 
housing in the central portion of the system and 
can be moved radially.* 

A typical oscillogram obtained in the detection 
of neutral particles is shown in Fig. 3 (the neutral 
particle flux is shown above and the accelerating 
voltage pulse is shown below). The quantity 7 is 
found by plotting the oscillogram on a semilogar- 
ithmic scale. The error in the determination of 
7 is not greater than 20%. 


*In general, the current in the collector circuit need not be 
caused exclusively by the secondary emission produced by 
fast neutral particles, but can also be caused by photoemission 
due to ultraviolet radiation excited by the plasma electrons. It 
is easy to show, however, that for the electron and ion energies 
considered here (and the fact that their densities are equal, in 
accordance with the neutrality condition) the photocurrent can- 
not amount to more than several percent of the secondary elec- 
tron current. 


eS 


Chamber 


‘Signal | 


————— 
Amplifier 


FIG. 2. Diagram of the neutral-particle detector. 


FIG. 3. Oscillogram 
of the neutral particle 
flux. H, = 8000 oe; 

(Of, S80) es es Ih ise 
p =6 x 107” mm Hg. 
The sweep length is 
2.5 millisec. 


RESULTS 


The pressure dependence of Tt has been meas- 
ured at various accelerating voltages, magnetic 
fields, and mirror ratios in the hydrogen pressure 
range 3 x 107’ —2 x 1075 mm Hg. The results of 
these measurements for several values of Up) and 
Hy are shown in Figs. 4 and 5. It is apparent from 
these figures that the experimental points lie on 
straight lines, as is to be expected for charge ex- 
change. 

The slope of the lines must equal the product 
OceVvji So that this slope can be used to determine 
the ion energy E. The experimental values of 
OceVvj and data on the proton charge exchange 


cross sections”! yield the following ion energies: * 
U,, kev 11 20 45 
10° ocevi, cm3/sec 1.3 oil 4,9 
E, kev 0,7 dies Ale 


It should be noted that these quantities represent 
some mean energy since there is no reason to 
believe that the ions in the system are monoener- 
getic. 

Knowing ogevj we can estimate the mean den- 
sity of the fast ions n, from the neutral-particle 
flux at the walls of the system. The relation be- 
tween n, and the neutral-particle flux jg is given 
by 27Rjg = Ny TceVin, TR? (R is the radius of the 
system). If the current measured in the neutral 


~~ *The relative percentages of protons and molecular ions in 
the system have not been measured. On the basis of investiga- 
tions of the mass spectrum of hydrogen ions in a source similar 
to that used in the present work, it can be assumed that for the 
modes of operation of the discharge in which the life times 
were measured the proton content is at least 75%. 
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FIG. 4. The reciprocal lifetime for fast ions as a function 
of pressure for various values of the accelerating voltage. 
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FIG. 5. The reciprocal 
lifetime for fast ions as a 
function of pressure for 


various magnetic fields. 
y= siggy, Gl = 1.5, 
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particle detector circuit (the secondary electron 
current) is ig, then jy = ig/kS, where k is the 
secondary-emission coefficient for neutral par- 
ticles and S is the area of the detector slit. In 
making the density estimates the coefficient k is 
set equal to unity.'! 

The secondary electron current from the neu- 
tral-particle detector ig varies from fractions of 
a microampere to hundreds of microamperes, 
depending on the chamber pressure. The magnetic 
field strength, the mirror ratio, and the accelera- 
tion voltage also have an effect on ie, although 
this effect has not been studied in detail in the 
present work. The values of n, found from the 
values of ig, Ogg, Vj, No» R and S lie within the 
limits 0.5 x 10?—5 x 10° cm™, depending on the 
mode of operation of the source and the quantities 
Hy and Up. The values indicated correspond to 
the end of the accelerating voltage pulse. 

The most important feature found in an analysis 
of the pressure dependence of 7 is the fact that 
the 1/7 =f(p) lines do not pass through the origin 
when extrapolated to zero pressure. These lines 
intersect the ordinate axis at values greater than 
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zero and the intersection point 1/Tp differs for 
different values of U) and Hy. This displacement 
of the lines would seem to indicate that in addition 
to charge exchange, there is another mechanism 
which causes additional loss of fast ions from the 
system; this mechanism is pressure independent. 
Before reaching this conclusion, however, we 
must investigate the effects of possible errors in 
the method of measurement on the validity of the 
results which have been obtained. 

The fact that the 1/7 = f£(p) lines intersect the 
ordinate axis above the origin could result from 
errors in the measurement of the neutral-gas 
pressure. If there is a residual pressure in the 
working volume which is not recorded by the 
vacuum gauges, charge exchange on this ‘‘resid- 
ual’’ gas might show up as additional loss. In 
order to explain the observed values of 7, on 
this basis, however, we would have to increase 
the hydrogen pressure to (3 —5) x 10-* mm Hg 
over the entire pressure range for which measure- 
ments have been carried out. Analysis of possible 
causes for this increase (for example, occlusion 
of gas from the walls because of bombardment by 
fast particles during the accelerating voltage pulse 
and in the subsequent plasma decay period) shows 
that an error of this kind cannot exist. This re- 
sult also follows directly from an analysis of the 
pressure dependence of the fast neutral-particle 
flux. In Fig. 6 this dependence is shown for the 
pressure range 2 x 107'—3 x 10°§ mm Hg; the 
measured pressure is plotted along the abscissa 
axis while the secondary electron current I caused 
by neutral particles at the detector plate (at the 
instant of termination of the accelerating-voltage 
pulse ) is plotted along the ordinate axis. It is 


FIG. 6. The fast 
neutral particle flux 
as a function of pres- 
sure. H, = 5000 oe, 
U, = 45 kv. 
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apparent from the figure, that as the pressure read 
by the vacuum gauge is reduced, the neutral-par- 
ticle flux approaches zero, not some finite value, 
which would correspond to a ‘‘residual’’ pressure. 
Other possible causes for these measured re- 
sults are charge exchange of fast protons on 
molecular ions, according to the scheme 


lH 4 Hy > Hon 


The possibility that this process may occur has 
been pointed out by G. I. Budker. Data on the 
cross sections of this charge exchange process 
are not available. However, if this process were 
important in the present experiments, the flux of 
charge-exchange particles would remain finite 
upon reduction of the pressure instead of becoming 
vanishingly small. 

Finally, the anomalously rapid decay in the 
neutral particle flux might result from a change 
in the direction of the fast ion velocities. We as- 
sume that initially the velocities of all ions are 
perpendicular to the magnetic field and that the 
neutral-particle flux lies ina plane. If for some 
reason the directions of these velocities should 
change (i.e., if a longitudinal component should 
arise ), there would be an additional decay in the 
neutral-particle flux over and above the decay due 
to the reduction in the density of fast ions in the 
system. If such a mechanism actually operates, 
it should be possible to observe this redistribution 
in velocities by varying the position of the detector 
inthe chamber, that is to say, the decay time T 
should change. However, no such effect has been 
observed; the time constant for the decay of the 
neutral-particle flux is the same in any position. 

Thus, none of the mechanisms cited above can 
explain the displacement of the 1/t = f(p) lines. 
This leads us to the conclusion that for the experi- 
mental conditions reported here there are addi- 
tional ion losses which are caused by a mechanism 
which is not related to charge exchange. These 
losses may be considerably greater than the losses 
due to charge exchange; at minimum system pres- 
sures they may exceed the charge exchange losses 
by a factor of eight or ten. 

The additional loss rate is characterized by a 
decay time 1, so that the mean lifetime of ions in 
the system can be written in the form 
T = TeeTp/(Tce + Tp). When the accelerating vol- 
tage is increased or the magnetic field is decreased 
the points at which the 1/7 = f(p) lines intersect 
the ordinate move upwards, that is to say, the de- 
cay time for the additional loss Tp is reduced. 
The values of Tp for a number of values for Up 
and Hy are given in Table I for a = 1.55. 
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TABLE I 
Tp, Hsec 
Up, kv 
A,.=8000 oe} H,=6000 oe| H,=5000 oe 

45 700 170 130 
35 900 

30 1500 400 200 
20, 400 
14 1000 


It is apparent from the table that these additional 
losses are very sensitive to the magnetic field. 
When Hy is changed from 8000 to 5000 oe, the 
losses increase by a factor of six or eight. The 
mirror ratio has an effect on the additional loss 
rate only when a < 1.6; the losses increase 
sharply when a is reduced. For values of a 
greater than 1.6 no appreciable variation in loss 
rate is observed. 

In Table II we show values of Tp corresponding 
to different mirror ratios for Up = 30 kv and Hy 
= 5000 and 8000 oe. 


TIME DEPENDENCE OF ADDITIONAL FAST-ION 
LOSSES 


On the basis of the experimental data which have 
been presented we cannot draw any conclusion as 
to the nature of the additional loss mechanism, nor 
can we determine whether this mechanism is to be 
associated with the collective interaction of charged 
plasma* or whether it is also effective for single 
particles which move independently. In the latter 
case the energy losses might be attributed to the 
fact that the adiabaticity condition is not strictly 
observed in the magnetic field of the system de- 
scribed here. 

In order to investigate this problem, we meas- 
ured the time dependence of the rate of additional 
loss. If the escape of particles from the system 
is due to a collective plasma interaction, this in- 
teraction should be weakened as the plasma den- 
sity is reduced in the course of time, and the par- 
ticle motion should become more and more inde- 
pendent. For this reason the additional loss mech- 
anism should weaken after some time. On the 
other hand, if the additional loss is due to a 
single-particle interaction between a single fast 
ion and the magnetic field in the present config- 
uration, the ion losses should be independent of 
density and should not fall off with time. 


*“‘Collective interactions’’ in a plasma generally refer to 
those slowing-down and scattering processes which take place 
by virtue of remote Coulomb interactions. However, as we have 
shown in the introduction, these processes can be neglected 
under the present conditions. Here we may be dealing with 
more complicated collective interaction, say the development 
of plasma instabilities. 
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TABLE II 
Tp» Msec Tp» bMsec 
° H,=8000 oe | 745000 oe H,8000 oe | H,=5000 oe 
Ve PA5) 200 100 A255 1500 200 
1133 740 2.0 230 
1.45 830 160 Doo 230 


To find the effect of the fast ion density on the 
additional loss, we must plot the pressure depend- 
ence of 1/7 for different concentrations. However, 
in finding this dependence we must plot the line 
1/r =f(p) at later values of the time, which is 
measured from the trailing edge of the accelerat- 
ing voltage pulse. A change in lifetime need not 
be due solely to the change in additional loss, but 
may be caused by the change in the probability 
for charge exchange. The point is that the fastest 
ions experience charge exchange first, causing a 
change in the shape of the ion energy spectrum. 
The maximum in the ion energy distribution is 
shifted toward lower energies and the mean charge 
exchange probability is reduced while the mean 
charge exchange time is increased. 

In order to take this change into account at 
different pressures, we must consider times at 
which the ionic spectra are identical. If this con- 
dition is satisfied and we plot 1/t =f(p), the 
curve should be a line corresponding to charge 
exchange, with a slope gcevj, to which the quantity 
Tp is added at each point. If all the ions in the 
spectrum for a given ion energy distribution have 
the same probability of escape from the system 
via the additional loss mechanism, the change in 
the spectrum is due to charge exchange only. The 
rate of change of the spectrum will be proportional 
to the pressure p. Hence, at different pressures 


the spectra will vary identically in a time t, which * 


is inversely proportional to p, that is to say, the 
condition that the spectrum remains unchanged is 
pt = const. 

The decay time for the charge-exchange flux at 
different times is measured by means of the detec- 
tor described earlier; now, however, an appropri- 
ate delay (with respect to the trailing edge of the 
accelerating voltage pulse) is inserted in the am- 
plifier. In Fig. 7 we show the experimental de- 
pendence of 7 on delay time for p = 2 x 10°° mm Hg 
with Hp = 5000 oe and Uy = 30 kv. Similar curves 
are obtained at other pressures. 

In Fig. 8 we show a family of curves for the de- 
pendence of 7t on pt; the parameter is the pres- 
sure p. In Fig. 9 we have plotted 1/t = f(p) for 
several given values of pt. Increasing values of 
the parameter pt (for fixed pressure ) correspond 
to later and later times. It is apparent from the 
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FIG. 7. Change in the fast ion lifetime 7 with time t. 
H, = 5000 oe, U, = 30 kv, p = 2 x 10°° mm Hg. 
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FIG. 8. The dependence of lifetime on the quantity pt for 
various pressures. H, = 5000 oe, U, = 30 kv. 
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FIG. 9. The de- 
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cal lifetime on pres» 
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last figure that as pt is increased the 1/t =f (p) 
lines are displaced downward (the quantity 1/r 

is reduced) and, that at some value of pt, the 
lines can be extrapolated through the origin. Thus, 
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in the course of time these losses, which are in- 
dependent of charge exchange, grow smaller and 
finally vanish completely; at this point only the 
charge-exchange mechanism remains. 

The decrease of the additional losses with time 
shows that these losses are not due to individual 
interaction between the ions and the magnetic field 
in the system, but are typical plasma processes, 
which appear only at sufficiently high densities, 
when the motion of the charged particles is no 
longer independent. The fact that the particle 
motion is not independent means that there are 
intrinsic potential differences in the plasma, 
which are comparable with the ion energy. This 
condition can be expressed quantitatively by saying 
that the Debye radius for the fast ions [rp 
= vkTj/4mne2] must be small compared with the 
characteristic dimensions of the region occupied 
by the plasma. Hence, the transition from collec- 
tive motion to single-particle motion occurs at 
that density for which the Debye radius for the 
fast ions becomes comparable to the system 
dimensions. Under the present conditions this 
density is of the order of 10’ cm™?. 

The experimental results indicate that the addi- 
tional loss mechanism is suppressed in atime equal to 
several lifetimes. At this point the density esti- 
mated from the fast neutral particle flux is re- 
duced to several percent of its initial value, i.e., 
it is of the order of 10’ cm °, in accordance with 
the considerations given above. 

The characteristic downward bend at the be- 
ginning of the 7(t) curve in Fig. 7 is due to the 
additional losses in this region. This can be shown 
if, using the family shown in Fig. 9, we determine 
the dependence of the additional loss constant 1/ Tp 
on time t (for p= 2x10 * mm Hg); then, from 
the relation 1/T = 1/Tp + 1/Tce we find the de- 
pendence of the charge exchange time Tgg on t. 
The approximate behavior of this curve is shown 
in Fig. 7 by the dashed line. The convergence of 
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the T(t) and Teg(t) curves then shows the ap- 
proximate suppression time for the additional 
loss mechanism. 5 
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The spectra and angular distributions of the charged products of the reactions between 
20.2-Mev deuterons and He! were measured using photographic emulsions. The angular 
distributions of elastically-scattered deuterons and of the protons from the He‘ (d, p) He? 
and He! (d, pn) He! reactions are presented. The proton group from the He‘ (d, p) He® 
(ground state) reaction is intense at small angles. A broad continuous proton spectrum is 
observed at large angles. The angular distribution of the continuous proton spectrum is 
similar to that of the elastically-scattered deuterons. The elastic scattering and the (d, pn) 


cross sections are approximately equal. 


In the study of neutron spectra produced by bom- 
barding light nuclei with 15 — 20 Mev deuterons, it 
was found that there is a large probability of deu- 
teron stripping (d, pn) accompanied by the produc- 
tion of neutrons with a continuous spectrum.' It is 
evident that, as a result of the stripping, protons 
having a continuous spectrum should also be ob- 
served. The study of the nucleons produced in 
stripping is of interest in attempting to explain the 
mechanism of the reaction and the states of the 
produced nuclei. The He* nucleus is very conven- 
ient as a target for the study of the stripping mech- 
anism. The reactions (d, 2n) and (d, 2p) have 
high thresholds and, for 20-Mev deuterons, strip- 
ping (d, pn) is the only reaction yielding nucleons 
with a continuous spectrum. 

In the present experiment, the spectra and the 
angular distribution of charged products of the He‘ 
+d (20 Mev) reaction were studied by means of 
emulsions. The deuteron energy of 20.2 Mev was 
determined from the range in emulsion after scat- 
tering. The plates were placed at angles ranging 
from 15 to 165° in steps of 15°, and at a distance 
of 12.5 cm from the gaseous target. The target 
was at an angle of 8° to the reaction-product beams, 
which were selected by collimating slits in differ- 
ent directions. In the scanning of the plates, these 
tracks were selected that began on the surface of 
the emulsion and had a given direction. The back- 
ground measured with the target without He’ was 
not greater than 10% in the region of the continu- 
ous spectrum. 

The range spectrum of the particles in the plate 
placed at an angle of 30° is shown in Fig. 1. We 
can easily distinguish in the spectrum the mono- 
energetic group of elastically-scattered deuterons 
and the recoil a particles. The continuous spec- 
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FIG. 1. Range spectrum of charged products of the reac- 
tion He* + d (20 Mev) at an angle of 30°. The number N of 
tracks in the range 20.6 is shown as a function of the track 
length l. 


trum is composed of the stripping protons and of 
the recoil a particles from the He*(d, pn) reac- 
tion, which can be seen only at small angles in the 
short-range portion of the spectrum. The group 
of protons from the He‘(d, p) He® (ground state ) 
reaction is visible less clearly, but still well 
enough, against the background of the continuous 
Spectrum, near its upper limit. 

After separating the monoenergetic groups of 
deuterons and a particles, the continuous spectra 
of the protons were constructed. One of these 
spectra, corresponding to a laboratory angle of 
90°, is shown in Fig. 2. 


FIG. 2. Spectrum 5) C 
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tion He* + d (20 Mev) 
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FIG. 3: Spectrum of protons of the reaction He* + d (20 Mev) 
at various angles in the c.m.s. 


The spectra of protons at different angles in 
the center-of-mass system are shown in Fig. 3. 
The vertical lengths marked in the different parts 
of the spectrum indicate the errors in the solid 
curves, which are mainly due to the statistical 
spread of the points. In the region of small ranges, 
small (< 30%) corrections were applied for the 
scattering of the particles in the gas of the target. 
Those portions of the spectrum which needed cor- 
rections > 30% were considered unreliable and 
were not used. 

In all spectra, and especially at small angles, a 
group of protons from the He*(d, p) He® reaction 
can be observed. Its intensity decreases strongly 
with the angle, and, for angles > 50°, amounts to 
less than 15% of the continuous-spectrum intensity. 
In studying the neutron spectrum,’ the analogous 
large group of neutrons of the mirror reaction 
He‘ (d, n) Li> was observed at an angle of 0°. 

The continuous spectrum of protons having its 
maximum shifted from the medium towards the 
low energies is not related to the production of 
the He® and Li® nuclei. The upper limit of the 
proton spectrum produced in the reaction cascade 
He‘ (d, n) Li? + He’ +p lies at an energy of 
3.3 Mev. This range of the proton spectrum has 
practically not been investigated. The shape of the 
continuous spectrum does not change greatly with 
the angle. 

Figure 4 shows the angular distributions of the 
elastically scattered deuterons, of protons of the 
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FIG. 4. Angular distributions of deuterons and protons in 
the processes indicated in the figure. 


He‘ (d, p) He? (ground state) reaction, and of pro- 
tons of the continuous spectrum in the 2 —9.3 Mev 
energy range in the c.m.s. The elastic dHe‘ scat- 
tering at Eg = 19 Mev has already been observed 
by Freemantle et al.? Taking into account the gen- 
eral tendency of the cross section to decrease 
with energy, both results can be regarded as being 
in good agreement. The cross section for the 
production of a proton of the continuous spectrum 
at angles > 45° varies little with the angle, and is 
approximately equal to the elastic-scattering cross 
section. The cross sections integrated over the 
angles from 45 to 135° are: 


6(d,d) = 18925 mb, 6(d, pn) = 152 +: 25° mb. 


This means that a 20 Mev deuteron undergoes 
stripping in about half of the collisions with an @ 
particle. 

The continuous spectra of protons obtained in 
deuteron stripping at 10.3 Mev on He‘ have al- 
ready been observed by Allred et al.* In experi- 
ments on the elastic scattering of deuterons on 
medium and heavy nuclei (see, e.g., reference 5), 
a strong deviation of the cross section from the 
Rutherford value is observed, which increases 
with the angle of scattering. The direct observa- 
tion of the large deuteron-stripping probability is 
in full agreement with this experiment, and can 
serve as an explanation of the strong deviations. 

It should be mentioned that, in our case, the strip- 
ping is almost solely due to the nuclear interaction, 
since the Coulomb interaction is very small. 


1126 K. P. ARTEMOV and N. A. VLASOV 


' Bogdanov, Vlasov, Kalinin, Rybakov, and 4 Allred, Froman, Hudson, and Rosen, Phys. 
Sidorov, JETP 30, 185 and 981 (1956), Soviet Phys. Rev. 82, 786 (1951). 
JETP 38, 113 and 793 (1956). 5 J, L. Yntema, Phys. Rev. 118, 261 (1959). 
*Vlasov, Rybakov, and Sidorov, Nucl. Phys. 
(in print). 
3 Freemantle, Grotdal, Gibson, McKeague, Translated by H. Kasha 
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The spectra of tritons of the reaction (d, t) on Zr®!»?)4 have been investigated at Eg 

= 20 Mev. Two groups of tritons of different energy and angular distribution are produced 
on zirconium isotopes. One corresponds to the ejection of a neutron from the N = 50 filled 
shell, and the other to the ejection of an external neutron. The intensity of the latter group 
is approximation proportional to the number of super-magic neutrons. The intensity of the 
first group slowly decreases from Zr®™ to Zr™. 


lis a study of the (d, t) reaction on medium and 
heavy elements, it was observed that a level band 
1.5 — 2.0 Mev wide was excited near the ground 
state, and there were practically no excitations of 
higher states.! The reason was either the absence 
of sufficiently pure single-particle neutron states 
with high binding energy in the closed subshells, or 
that screening prevented their ejection. We report 
here the results of an investigation of the (d, t) 
reaction on the isotopes Zr*!»%»94, which are of 
interest in that they have one, two, and four neu- 
trons on top of the closed shell N = 50. 

The triton spectra were obtained, as before, 
from the tritium activity. The tritons emitted from 
a thin target, 3—5 mg/cm’, were caught in stacks 
of aluminum foils placed at different angles 15 cm 
from the target. The deuterons were accelerated 
in a cyclotron to 20 Mev. The targets used were 
the oxide of zirconium enriched with Zr” (79.5%), 
Zr*? (88.6%), and Zr g,(90.0%). 

The triton spectra, measured at 13° are shown 
in Fig. 1. For all the three zirconium isotopes, 
excitation of two groups of states is observed. 

The first narrow group of tritons corresponds to 
excitation of the ground state. Its angular distri- 
bution, shown in Fig. 2, agrees with the value of 
orbital momentum /1 = 2 corresponding to the state 
ds/2, as expected from the order of filling of the 
nuclear nucleon shells. An orbital momentum 

1 = 2 was obtained also in the radiation of the re- 
action (d, p) on isotopes Zr®® and Zr® (refer- 
ence 4). The intensity of this group of tritons or, 
in other words, the probability of ejection of a neu- 
tron from the d;/, shell, is proportional to the 
number of neutrons in this shell, as can be seen 
from Fig. 3a. 

The second broad group of tritons is a series of 
unresolved lines. Figure 2 shows the angular dis- 
tributions of the group as a whole. The presence 
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FIG. 1. Spectra of tritons in the reaction (d, t) on zirconium 
isotopes at an angle of 13°. Upper abscissas —excitation en- 
ergy of the residual nucleus, lower abscissas — binding energy 
of the neutron of the target nucleus (I — intensity). 
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FIG. 2. Angular distributions of tritons in the reaction (d, t) 
on zirconium isotopes. The solid curves were calculated on the 
basis of the Butler theory. Upper figures — for the ground states, 
lower figures — for the group of excited states. 
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FIG. 3. Dependence of the probability of ejection of a neu- 
tron in the (d, t) reaction on zirconium isotopes on the mass 
number: a—ejection of neutrons from external shell ds;, b— 
ejection of neutrons from the closed shell (N = 50). 


of two components with different momenta is evi- 
dent by the deformation of the group with a varia- 
tion of the angle. Corresponding to the smaller 
value of 7 is a higher binding energy of the ejected 
neutron. In accordance with the shell model, we 
can assign to it orbital momentum values / = 1 

and 4. 

Thus, this group (approximately 2 Mev wide) 
corresponds to the ejection of neutrons from the 
closed shell with a neutron binding energy approx- 
imately equal to 11 —13 Mev for all isotopes of 
zirconium. In the (d, t), reaction on the isotope 
Zr (reference 1), this group alone was observed. 
The intensity and form of this group differ little 
for the different isotopes from Zr® to Zr®4. This 
is evidence that the screening of the internal shell 
by the external nucleons is weak (Fig. 3b). 
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Owing to pairing effects, the state of the two 
external neutrons in Zr® should be mixed. The 
greatest impurity to the state 2d5/. should be in- 
troduced by the state 1g;/,, since they are located 
close to each other in the Nilsson scheme. In this 
case we should observe, upon ejection of an exter- 
nal neutron in the (d, t) reaction, tritons emitted 
with two values of J, 2 or 4. However, only the 
excitation of the ground state was observed upon 
ejection of the d-neutron. The impurity of the 
g-state would have been noted were it higher than 
20%. 


'n. A. Vlasov, S. P. Kalinin, A. A. Ogloblin, 
and V. I. Chuev, JETP 38, 280 (1960), Soviet Phys. 
JETP 11, 203 (1960). 

2x. A. Vlasov, A. A. Ogloblin, JETP 37, 54 
(1959), Soviet Phys. JETP 10, 39 (1960). 

3N. A. Vlasov, S. P. Kalinin, A. A. Ogloblin, 
and V. I. Chuev, JETP 37, 1187 (1959), Soviet Phys. 
JETP 10, 844 (1960). 

4 Preston, Martin, and Sampson, Bull. Am. Phys. 
SOc. Ser: Il, 57 2678(L960). 
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‘The BY (ae) B*” reaction has been studied for 20-Mev deuterons. In accordance with the 
level scheme of the B** nucleus, excitation of the lower levels of B"° occurs as a result of 
ejection of a neutron with 7=1. The probability of the ground state is several times higher 
than that of the excited states. The reduced widths from the reactions B!!(d, t)B! and 


Be? (d, n) B’° are compared. 


In the present investigation we studied the reac- 
tion B!!(d, t) B® at a deuteron energy of 20 Mev. 

The measurement of the triton spectra was 
based, as before,'~‘ on the activity of tritium ac- 
cumulated in stacks of foils placed around the tar- 
get. The target of thickness 3 mg/cm’ was made 
of natural boron (81% B'!), deposited in the form 
of the suspension on a magnesium substrate 
0.4 mg/cm? thick. 

Figure 1 shows one of the measured spectra 
(at an angle 11°). The groups of tritons corre- 
sponding to the formation of B!° in the ground and 
known excited states with energies 0.72, 1.74, 2.15, 
3.58, 5.1 and 6.2 Mev, are clearly pronounced. We 
see that the two last groups of tritons correspond 
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FIG. 1. Spectrum of tritons in the reaction B'(d, t)*® at an 
angle of 11°. 


to more than one level each. The low-intensity 
continuous spectrum of tritons with energy less 
than 10 Mev is apparently connected with the exci- 
tation of unresolved high-lying states of B!°, The 
weak group of tritons (E; = 16.0 Mev) pertains 
apparently to the reaction B!9(d, t) with formation 
of B® in the first excited state. 

The results of the measurements are listed in 
the table. The ground state and the first three ex- 
cited states of B’° are formed upon ejection of a 
neutron with orbital momentum 7=1. This value 
of the momentum is in agreement with the known 
values of the spin and parity of these states. The 
group of tritons corresponding to the 3.58-Mev 
level contains components of approximately equal 
intensity with 7 = 1 and an isotropic component. 
The group of tritons corresponding to the excita- 
tion energy 5.1 Mev does not fit any definite value 
of the momentum 7. It corresponds to two unre- 
solved levels 5.11 and 5.16 Mev, and possibly con- 
tains an admixture of the 4.77-Mev level (< 20%). 
The states 5.11 and 5.16 Mev have apparently op- 
posite parity, and consequently the angular distri- 
bution of the unresolved group can contain compo- 
nents with 1= 0,1, and 2. From the form of the 
angular distribution it follows that the main con- 
tribution to the angular distribution is made by 
tritons from the level 5.16 Mev(l=1). The group 
connected with the 6.2-Mev level (or levels) has 
an almost isotropic angular distribution. 

The table lists also data on the reaction 
Be®(d, n) B® (reference 6). The distribution of 
the reduced widths ©” over the different levels in 
the (d, t) and (d, n) reactions, is shown in Fig. 2. 
We see that the probability of excitation of the 
same states is quite different. Thus, the levels 
0.72 and 1.74 Mev in the (d, n) reaction are 
formed with a greater probability than the ground 
state, while in the (d, t) reaction they are formed 
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ee ee eee 
Bit (d, t) Be Be® (d, n) BY 
Level of B®, : 
Dates l | ro @ Omex a eee Be 6, % l 6 
Ground state 4 6.0 6.4 (15°) 2.47 1 hed 
0.72 4 6.0 4.75(15°) 0.74 4 3.5 
1.74 4 7.0 0.98(15°) 0.39 4 255 
as 4 6.0 4,55(15°) 0,72 
3.58 (1) 0.45(15°) ~0.4 4 0.7 
4.77 <Oe2 (15% <O0.4(/=1)} (4) 0,3 
346 \ (4) 0.9 (10—15°) | ~0.3 (0) 1.3 
5.93 (1) (0,5) 
6,2 isotropic 0.6 (1) 0,5 
in the (d, n) reaction, appears with noticeable 
probability in the (d, t) reaction. 
: 1N, A. Vlasov and A. A. Ogloblin, JETP 87, 54 
(1959), Soviet Phys. JETP 10, 39 (1960). 
2Vlasov, Kalinin, Ogloblin, and Chuev, JETP 
37, 1187 (1959), Soviet Phys. JETP 10, 844 (1960). 
! 3 Vlasov, Kalinin, Ogloblin, and Chuev, JETP 
38, 280 (1960), Soviet Phys. JETP 11, 203 (1960). 
| 4Vlasov, Kalinin, Ogloblin, and Chuev, Izv. 
i h | Akad. Nauk SSSR, Ser. Fiz., in press. 
°F, Ajzenberg-Selove, and T. Lauritsen, Nucl. 
aed | | a" Phys. 10, 1 (1959). 
3 y 3 = 6W. E. Meyerhof and L. F. Chase, Phys. Rev. 


FIG. 2. Reduced widths in reactions B'*(d, t)B™” (solid 
lines) and Be*(d, n)B’° (dashed). 


with a probability which is several times smaller. 
At the same time, the 2.15 Mev level, not observed 


111, 1348 (1958). 
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More accurate data on the short-lived y-radiation emitted from thallium irradiated by 
19.2-Mev protons and 14.7-Mey neutrons are presented. It is demonstrated that the observed 
radiation is from the Pb?°°"™ isomer. The cross sections for the production of Pb??*™ nuclei 
in proton and neutron reactions are measured. Calculations show that about half of the Pb?2® 
nuclei produced in the Pb? (n, 2n) reaction are produced in the metastable state. 


Ubon bombardment of thallium with 20-Mev 
protons! y radiation was observed having an 
energy Ey ~ 0.9 Mev and a half-life Ty2 = (6.5 

+ 0.05) milliseconds. Irradiation of lead by 
14-Mev neutrons? resulted in a short-lived radia- 
tion with similar characteristics: Tip = (5.0 

+ 0.5) milliseconds, Ey, = (0.94 + 0.02) Mev, and 
Ey, = (0.48 + 0.01) Mev. In comparing these data, 
it was assumed in reference 2 that the radiation 
observed in the proton and neutron reactions be- 
longs to the same lead isomer, Pb”. This 
identification was seemingly confirmed by Pryce,’ 
who used the shell model and certain data on the 
levels of Pb? to predict the existence of a level 
with a lifetime in the millisecond region. The 
transition from this level to the ground state of 
Pb?°? should be accompanied by the emission of a 
y quantum of energy 0.4 + 0.2 Mev via an inter- 
mediate 0.7033-Mev level. Vegors and Health,‘ 
in an investigation of the decay of Bi2’, observed 
delayed y radiation with a half-life T; i a (4.7 

+ 1.5) milliseconds and an energy Ey = 0.987 Mev, 
which was attributed to the Pb2”™ isomer. 

The aim of the present investigation was to ob- 
tain more accurate characteristics of the radiation 
in the reactions between protons and thallium and 
between neutrons and lead. The results confirm 
that this radiation is due to the lead isomer P 

The procedure for the investigation of the 
proton-induced short-lived radiation (Ep = 19.2 
Mev) was described in detail earlier.” Many 
measurements have shown that the energy of the 
short-lived radiation is 0.97 + 0.01 Mev. It was 
also found that the spectrum of the short-lived 
radiation has lines with energies 0.73 + 0.01 and 
0.27 + 0.02 Mev. Both lines appear against a 
considerable background of other y radiation, 
and are therefore difficult to investigate. The 


p22em 


intensity of the 0.73-Mev radiation is roughly 
estimated at ~ 0.1 of the intensity of the 0.97-Mev 
radiation. The half-life of the 0.97-Mev activity 
is Ty /. = 5.2 + 0.3 milliseconds. Experiments 
with natural thallium (70.5% T12% and 29.5% 
T1?°) and enriched thallium (96.2% T12° and 
3.8% T1°°3) have shown that the observed short- 
lived isomer radiation (T1/2 = 5.2 milliseconds ) 
is the result of a reaction between protons and 
T1?°> nuclei (the single-channel analyzer was 
set in the experiments at the 0.97-Mev line ). 

The minimum energy Ep of the protons parti- 
cipating in the reaction that gave rise to the 
0.97-Mev short-lived radiation was found to be 
about 7.7 + 0.4 Mev. A calculation of the 
thermal effect of the most probable reactions be- 
tween the protons and the T12"° nuclei, with 
allowance for the excitation energy of the final 
nucleus (Ey = 0.97 Mev) leads to the following 
values: — Q(p, n) = 1.8 Mev, — Q(p, 2n) = 8.6 
Mev, and — Q(p, pn) = 8.6 Mev. The value of Ep 
which we obtained can be explained under the as- 
sumption that the isomer is produced in the reac- 
tion T12°°(p, n) Ppa Using a thin thallium 
target (32.3 mg/cm’) we found the cross section 
of this reaction at 19.2 Mev to be oy = 20 + 4 mb. 

We used a procedure described elsewhere’: to 
investigate the short-lived radiation produced in 
neutron reactions (En = 14.7 Mev) with lead. Cer- 
tain improvements in this procedure made it pos- 
sible to obtain more reliable data on the spectrum 
of the short-lived radiation and to measure the 
cross section of the isomer-producing reaction. 
The use of additional instruments made it possible 
to calculate the background more reliably. To 
measure the registration efficiency we used radio- 
active sources of y radiation of energy close to 
0.94 Mev. This made it possible to determine 


1131 


1132 


more reliably the efficiency of the scintillations 
spectrometer. The neutrons were obtained from a 
separate beam of deterium ions. We could there- 
fore determine the spectrum of the neutrons and 
the average cross section of the reaction Cu® 
(n, 2n) Cu, with which the measured cross sec- 
tion was compared. The monitor circuitry was 
modified to effect more accurate control of the 
monitor operation, thus increasing the accuracy 
of measurement of the neutron yields. 

The revised value obtained in the present ex- 
periments for the isomer half-life is Ty, = 5.0 
+ 0.2 milliseconds. The radiation spectrum was 
measured as before,” with a single-channel ampli- 
tude analyzer. An investigation of the spectrum 
has shown that the greatest intensity of short- 
lived radiation corresponds to an energy 0.94 
+ 0.02 Mev; this result coincides with the value 
obtained earlier.” To identify the 0.48-Mev line it 
is necessary to take into account the Compton 
effect for 0.94-Mev photons. For this purpose we 
measured the radiation spectrum of Nb” com- 
pounds (Ey = 0.94 Mev) placed between lead 
plates; this spectrum simulated the source of the 
isomer radiation. After normalizing the spectrum 
obtained in this manner and subtracting it from 
the spectrum of the short-lived radiation of the 
neutron-bombarded lead, we established that the 
0.48-Mev line was due to the background and 
could not be ascribed to the lead Pb?°*™ isomer, 
as was assumed earlier.” A certain increase in 
the amplitude distribution of the momenta is ob- 
served in the vicinity of 0.7 Mev. If it is assumed 
that this increase is due to the 0.7-Mev y radiation, 
then the yield of this radiation is less than 0.1 of 
the yield of the 0.94-Mev radiation. The cross 
section of the reaction, measured for 0.94 Mev 
radiation energy, is 0.28 b (calculated for lead of 
natural isotopic composition). As follows from 
the work of Ashby et al.,° the cross section can 
assume this value at the neutron energy used only 
through a reaction of the type (n, 2n). Since the 
radiation produced in the reaction of lead with 
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neutrons is quite similar to the radiation accom- 
panying the bombardment of thallium by protons, 
it follows that the radiation belongs to the same 
isomer. The only possible (n, 2n) reaction that 
leads to the formation of such an isomer is the 
reaction Pb?"*(n, 2n) Pb?"*™. The cross section 
of this reaction is oy = 1.1 + 0.2 b. 

The results of the present experiments are 
listed in the table, which includes also all the 
previously published data on the lead isomer 
Pp20sm. 

It is thus established that the short-lived y 
radiations from thallium bombarded by 19.2-Mev 
protons and from lead bombarded by 14.7-Mev 
neutrons belong to the lead isomer Pp2*™ ob- 
tained from the reactions De Gps n) and Phe 
(n, 2n), respectively. 

From a comparison of all the known data on the 
radiation of Pb?°"™ (see table) it is seen that the 
half-lives determined in different investigations 
agree with each other within the limits of experi- 
mental error. Further experiments are neces- 
sary, since the 0.73-Mev radiation observed in 
experiments with protons has a low intensity and 
is also quite weak in experiments with neutrons, 
while the 0.27-Mev radiation was not investigated 
in the neutron experiments. We note here that no 
information on the short-lived 0.7- and 0.27-Mev 
lines is contained in the paper by Vegors and 
Health. The data obtained in the experiments on 
the radiation energies of the Pb?°*™ isomer did 
not confirm the computations by Pryce.° 

The high probability of production of the lead 
isomer Pb??°*™ in experiments with neatrons is 
very difficult to explain on the basis of the existing 
level scheme of Pb?"°, Actually, the calculated 
cross section of the inelastic processes is approx- 
imately 2.5 b. Thus, from this result and from 
our measurements it follows that approximately 
half the nuclei produced in the (n, 2n) reaction is 
de-excited through the metastable level with a 
half life of 5 milliseconds. 

Calculations show that the most probable value 


Radiation 


Half-life of Method of obtain- | Reacti 

Se , isomer, msec ing the isomer Soctiineee ea Reference 
~ 0.9 6,540.5 Tl+ p — [2] 

ae Oat] 5020.5 | Pb?98(n, 2nyPb25™ +3 P] 

eee z several units calculation _ [3] 

0.987 4.7415 Bie Dba — [4] 

0.97+0.01 Dace Ona T1205(p, n)Pb205™ (20+4)-10-8 
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0.27+0.02 _ ion a 
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REACTIONS LEADING TO THE FORMATION OF THE Pb29°™ ISOMER 


of the spin of the residual nucleus produced in the 
Pb? (n, 2n) Pb””° reaction is ve From the data 
on the levels of Pb?’® (reference 7 ) it follows that 
there are many levels with spins % and ae It is 
clear that the residual nucleus with spin a, should 
decay principally to these levels. Yet, as follows 
from the accepted scheme,’ the high-spin levels 
include no states with lifetimes ~ 107 sec. Taking 
this result into consideration, as well as the fact 
that the calculation® based on the characteristics 
of known levels of Pb*® has not been verified, 

it would be desirable to review the level scheme of 

Ppb29?. 

In conclusion, we consider it our pleasant duty 
to express sincere gratitude to A. P. Klyucharev 
for continuous interest in the present investigation, 
to the accelerator crew of the Physico-Technical 
Institute of the Academy of Sciences of the 
Ukrainian §.S.R. and the Institute of Chemical 
Physics of the Academy of Sciences U.S.S.R., and 
also to V. M. Nikishova who participated in the 
experiments with the neutrons. 
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The production of mesons in p-C collisions at an energy of 660 Mev is calculated by the 
Monte Carlo method. It is shown that the scattering of mesons changes appreciably the 
™ -meson angular distributions and the ratio of the positive and negative 7-meson yields. 
The angular dependence obtained for this ratio agrees with the experimental data. 


1, INTRODUCTION 


Ike study of the processes of m-meson produc- 
tion in collisions of high-energy nucleons with 
nuclei permits one, in principle, to obtain infor- 
mation on both the nucleon-nucleon and meson- 
nucleon interactions. Within the framework of 

the existing theory of the nucleus, this problem, 
however, cannot be accurately solved, and there- 
fore attempts are being made, for the present, to 
find at least an approximate solution. Interest in 
solutions of this type springs from the fact that 
they permit one to obtain some knowledge of the 
characteristics of nucleon-nucleon processes not 
by carrying out complicated experiments, but on 
the basis of the results of comparatively simpler 
investigations of interactions between nucleons and 
nuclei (see, for example, references 1 — 3). All 
similar studies make use of the circumstance that 
the fast particles interact with nuclear matter 
primarily via two-particle collisions. This makes 
it possible to apply the simple optical model of the 
nucleus, where the parameters of this model are 
directly related to the nucleon-nucleon and meson- 
nucleon reaction cross sections. The calculation 
then reduces to the determination of the correc- 
tions for the scattering of the nucleons of the 
nucleus and for the change in the 7-meson yield 
due to the secondary processes, namely absorption 
and scattering inside the nucleus. 

In the case of light nuclei, where secondary 
effects are small, these corrections prove to be 
small for intense reactions (suchas p+ p— 7* 
and p+ n— 7°), so that it is possible to describe 
the experimental data with sufficient accuracy by 
means of a model that takes the emission of 
nucleons and 7 mesons from the meson production 
process into account.! However, in the analysis of 


low-intensity reactions (for example, p+ n—T ), 
such a simplified model, in which 7 -meson scat- 
tering is neglected, cannot be used, for even in 
light nuclei the relative yield of negative 7 mesons 
should increase significantly, owing to scattering 
(with charge exchange) of 7° mesons,* the loss of 
which is compensated, in turn, by the charge ex- 
change of ™ mesons. For this reason, the ratio 
Y’*/Y of the integrated yields of the 7* and 1 
mesons in collisions of protons with a complex 
nucleus should be smaller than in the case of free 
nucleons, firstly, owing to the increase in the 7 
-meson yield, and, secondly, owing to the com- 
paratively small decrease in the ™* -meson yield. 
It also follows from the above that Yt/Y should 
be a decreasing function of the weight of the bom- 
barded nucleus. This mechanism for the variation 
of the ratio Y*/Y is apparently a basic one and 
accounts for the difference*’ in the values of 
Yy'/Y for deuterium and carbon.+ The purpose of 
the present article is a quantitative verification of 
this hypothesis by comparison of the results of the 
calculations with the existing experimental data. 


2. METHOD OF CALCULATION 


The 7-meson production process was simulated 
by the Monte Carlo method (see, for example, 
reference 8). The light nucleus C}? was chosen 

*If this process is overlooked, then one may arrive at an 
an incorrect conclusion as regards the value of the cross sec- 
tion for the p + n+ m~ reaction and overestimate the 7-meson 
production probability in the state with a total isotopic spin 
T =0, as was the case in the paper of Azhgirei et al.* 

TAs shown by B. Pontecorvo (private communication), the 
relative yield of negative 7 mesons can also be increased as 
a result of their production by recoil neutrons due to the scat- 
tering of primary protons inside the nucleus. We have estimated 
that the ratio Y*/Y~ then decreases by approximately 10%. In 
the region of higher energies, the above-mentioned process 
should be important. 
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as the target to be bombarded by 660 Mev protons. 
This proved to be convenient, since, on the one 
hand, the probability of secondary interactions in 
such a nucleus is already sufficiently large, and, 
on the other hand, the role of multiple collisions 
is not yet important, which considerably facilitates 
the calculations. 

Since the aim of the calculation was to explain 
the role of secondary processes and scattering in 
particular, and not to obtain a complete picture of 
the production of 7 mesons ina nucleus, we used 
a simplified model of the nucleus in which, with no 
detrimental effect on the accuracy, the motion 
inside the nucleus was not taken into account (its 
role is small at the energy considered*) and the 
density of the nuclear matter was taken to be con- 
stant over the volume of the nucleus. The problem 
was solved in two steps: the process for the pro- 
duction of 7 mesons was ‘‘drawn’’ with and without 
allowance for scattering. The results were then 
compared. Thus the calculations were made by a 
relative method. We studied, for example, not the 
m -meson angular distribution, but its change due 
to scattering within the framework of the same 
model, owing to which the aforementioned simpli- 
fications could not appreciably distort the final 
results. 


Point at which 
proton enters 
nucleus 


7-meson 
production 


9:Pa.lo 


Allowance 
for Pauli 
principle 


Scattering of 
7 meson 


91>P, 


Interaction be- 
tween 77 meson 
and nucleus 
ry 


mergence 
from nucleus 
gP } 


FIG. 1. Scheme of calculations. The processes and the 
quantities determined are shown in the rectangles of the block 
diagram. 

The calculations were carried out according to 
the scheme shown in Fig. 1. We determined the 
following quantities: the ™-meson charge q, its 
momentum p, and the point r at which the event 
took place. The arrow a on the diagram refers to 
the first stage of the calculations, in which the 7 
-meson scattering was not taken into account. At 
the same time, the role of the Pauli principle was 
also estimated (calculated along arrow b and 
along the basic scheme). In the latter case, events 


Absorption 
of 7 meson 
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in which the recoil nucleon, after the scattering, 
has an energy lying below the limiting Fermi 
energy are excluded. The calculations were per- 
formed on the Ural electronic computer. To de- 
termine the probability of the various processes, 
we used the existing experimental data on the 
sizes of the cross sections (see the literature 
cited in references 3 and 8). A total of 500 cases 
of production of a meson inside the nucleus were 
simulated. Of these, 314 mesons left the nucleus 
without experiencing secondary interactions, and 
15 mesons interacted twice with nucleons of the 
nucleus. 


3. RESULTS OF THE CALCULATIONS AND 
DISCUSSION 


A. Variation of the total cross sections. In col- 
lisions of 660-Mev protons with free protons and 
neutrons, 7 mesons of different charge are pro- 
duced in the following proportions:* Y*/Y° = 1.70 
#0.12° and Y/Y =91040.8.°" The-simulation 
showed that as a result of charge-exchange scat- 
tering the value of the first ratio, as should have 
been expected, changes slightly: for carbon yews 
= 1.6. At the same time, the ratio of the yields of 
positive and negative mesons is 1/(1.5 + 0.1) 
of the value for free nucleons. 


Y/Y" =6.1+£0,6. 


This value is in good agreement with the experi- 
mentally found value Y*/Y = 6.2 + 0.5°" (see 
last footnote ). 

The effect of the Pauli principle for 7 -meson 
energies as large as in our case turns out to be 
slight. Only 15% of all acts of scattering are for- 
bidden because of this principle. 

B. Change in the angular distributions. The 
scattering of the produced 7 mesons on the nu- 
cleons of the nucleus leads to a decrease in the 
asymmetry of the 7-meson angular distribution 
with respect to 90°, in the laboratory system. Cor- 
respondingly, there is a decrease in the asymmetry 
of the 7-meson angular distribution in the center- 
of-mass system (c.m.s.) of the colliding nucleons 
f (0), which, even without allowance for the scat- 
tering of the 7 mesons, should be essentially 
asymmetric, owing to the scattering of protons and 
the absorption of the 7 mesons.!° If we describe 
the asymmetry of the angular distribution by means 
of the quantity n = [£(180°) — £(0°)]/£(90°), then, 
as is seen from Fig. 2, the increase in the asym- 


*We also used the data shown in Fig. 3 privately commu- 
nicated by V. G. Vovchenko, G. Gel’fer, A. S. Kuznetsov, 
M. G. Meshcheryakov, and V. Svyatkovskii. 
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FIG. 2. Relative 
change of the 7’-meson 
angular distribution 
f°(0) as a result of 
scattering. The points 
were obtained by the 
Monte Carlo method. 
The curve, fitted by 
the method of least 
squares, represents 
a polynomial of the 
third degree in cos 0. 
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metry due to the scattering of the 7 mesons 
reaches approximately 30% for the case of the 
production of neutral 7 mesons, and constitutes 
an appreciable part of the experimentally observed 
value for carbon: n = 80 — 100%.!° It follows 
therefore that even in the case of intensive reac- 
tions taking place in light nuclei, the scattering 
process should not be neglected in the calculation 
of the 7-meson angular distributions.* If we con- 
sider the angular distributions of the reactions of 
low intensity (p+ n— 7 in our case), then the 
scattering processes already play a decisive role 
here. In particular, they lead to a sharp drop in 
the value of the differential 7*- and ™ -meson 
yield ratios y*/y at large angles, as is seen in 
Fig. 3. From this figure it also follows that the 


yy” 


how 
150 O°. mm, 8. 


0 30 60 90 120 


FIG. 3. Ratio of 7*- and m--meson yields y+/y- at various 
angles for carbon. The solid curve is the result of the Monte 
Carlo calculation, the dotted curve indicates the error zone, 
the points are the experimental data: e—from ref. 7, O—from 
ref. 6, A—from ref. 5, O —data of Vovchenko at al. (see foot- 
note, page 1135). 


calculated and measured values of the ratios y‘/y~ 
at various angles are in good agreement with one 
another. It would be desirable to detect experi- 
mentally the fast decrease in the value of y*/y~ 


*Comparison of Fig. 2 of the present article with Fig. 5 of 
reference 1 indicates that the change in the 7-meson angular 
distribution caused by scattering and absorption bears approxi- 
mately the same character. This makes it possible to take into 
account the effect of meson scattering on their angular distri- 
bution in the model used in reference 1 by means of a small 


increase in the absorption coefficient for mesons in the nucleus. 


We INE IMIINIG POPS ehinG! Yl. 


D. PROKOSHKIN 


in the region of angles 120 — 180°, as predicted by 
the calculations. It is also of interest to compare 
the experimental asymmetries of the angular dis- 
tributions of ™ and m (or 7’) mesons. The 
simulation showed that, owing to the scattering, 
the asymmetry of the angular distributions of 1 
mesons produced on carbon is 20 — 30% greater 
than in the case of 7 mesons. 


4, CONCLUSION 


The above comparison of the results of the 
Monte Carlo calculations with the experimental 
data showed that the simple model of the nucleus 
in which the scattering of the mesons produced in 
the nucleus is taken into account can be used with 
success to explain the observed picture of 7 
-meson production on light nuclei. In the case of 
heavy nuclei, it should be noted that the scattering 
processes should play a still greater role here. 
As a result, with increasing weight of the nucleus, 
one should observe a decrease in the value of the 
ratio Y‘/Y, the occurrence of a still sharper 
dependence of the value of y*/y” on the angle, and 
also a fast increase in the asymmetry 7 of the 7 
-meson angular distribution. The last conclusion 
is in qualitative agreement with the experimental 
data of reference 10. It should be noted that in the 
work of Metropolis et al.® the contrary result was 
obtained: their value of n calculated for aluminum 
(at an energy of 460 Mev) proved to be even 
greater than that for lead. It is possible that this 
is due to the small statistical accuracy of the cal- 
culations. 

In conclusion, it is our duty to thank B. Ponte- 
corvo for helpful discussions. 
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A macroscopic quantum electrodynamics of transition phenomena is constructed. The prob- 
abilities for the following first order processes are computed: transition and Cerenkov rad- 
iation, electron-positron pair conversion of photon incident on boundary of the medium. 


‘The theory of transition radiation,! based on the 
classical Maxwell equations, has been considered 
in a number of papers (see reference 2). It ap- 
pears interesting to give a quantum theory of this 
phenomenon, with account of the recoil of the 
charge. As is well known, the correction from the 
quantum theory of Cerenkov radiation (see the 
review of Bolotovskii® and the article of Ryazanov‘) 
to the usual classical formula is not large; this is 
connected with the fact that Cerenkov frequencies 
are optical, and therefore the recoil of the charge 
caused by radiation of such quanta is entirely 
negligible. But a condition of the Cerenkov type 
[B2€(w) > 1] does not apply to the quantum fre- 
quencies of the transition radiation, which may 
contain quanta with frequencies greater than opti- 
cal. Therefore the quantum theory of transition 
radiation is expected to change the results of clas- 
sical theory at higher frequencies. Besides, the 
apparatus of quantum theory also makes it possible 
to calculate other effects which take place during 
transition of charges or photons from one medium 
to another and which have no classical analog. By 
way of an example, we calculate below the proba- 
bility of conversion of a photon into an electron- 
positron pair when the photon is incident on the 
boundary of a medium, or emerges from it. 


1. GENERAL SCHEME OF THE THEORY 


To construct the quantum theory of electromag- 
netic phenomena one must first discuss the free 
electromagnetic and electron-positron fields.* 
Since the formalism of second quantization of the 
electron-positron field does not depend on the 
properties of the medium, we shall use all the 
results of such a quantization (see, for example, 
reference 5). A fresh analysis must be given, how- 
ever, for the electromagnetic field. 


*It is clear that the results obtained will be correct for 
spin-’4, particles of arbitrary mass. 


We shall use a gauge for the potentials in which 
the scalar potential gy = 0. Let the medium have 
a dielectric constant €, in the region z <0 and 
€, in the region z > 0. Then the components of 
the vector potential, Aj (x) (j= 1,.2,.3), Savietly 
the equation (h=c=1) 


{V2 — [8(— z) & (@) +9 (z) &2 (w)] 02/027} Aj(x)=0, (1) 


where @(z) is a function which equals zero for 
negative values and unity for positive values of 
the argument, and the operator €(w) = €(i9/dt). 
The general solution of the wave equation in a 
homogeneous medium is a superposition of plane 
waves with arbitrary amplitudes. If two media are 
present it is natural to subdivide all waves into 
waves moving away from the interface of the media 
and waves moving toward the interface. Here the 
motion may be directed either along or opposite 
to the positive z direction. In order that these 
waves be solutions of Eq. (1), two additional waves 
must be added to each of them. Thus we obtain 
several types of solution of Eq. (1), as shown in 
Figs. 1 and 2. The heavy arrow indicates the fun- 
damental wave, and the two other arrows corre- 
spond to the waves accompanying it. As independ- 
ent solutions, in terms of which the general solu- 
tion of (1) can be expanded, it is enough to take 
either waves of type (1) (Fig. 1), or waves of type 


E; te S | ie. 
~ Ll a 
i or 
b 
FIG. 2 
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2 (Fig. 2). It is not difficult to verify that either 
type can be expressed as a linear combination of 
the other. 

The expansion of the general solution of Eq. (1) 
in terms of waves of type (1) can be put in the 
form 


Aj (x) = AV” (x) + AEP (x), (2) 
where 
(2) 
Atk VD, 2) ase eg th 
i LV ioat | (an) = (a_ + a_ ) 


m 
” 


l) 
Vz gi? (a_ etke—x ae ae iks—x I (3) 


*(L) 
ei 


ei) : 
= at) (a, eth2— x — a. on) 
V : + + 


Eg 


7 0(z) 
eA?) Sd + 

we 4 (— z) f2* Bo (a, efhit x as as ea that ae 
Vax 

Ave=+ V oe5 i 


49%, (4) 


XRyo4 = *P +1, 2z— al, 


4H 6) 2 


(2) 2 es ge g” =a nae 


go=1+ta 


In order to simplify the notation, we denote the 
wave amplitudes a, 7,+ simply by ay. The re- 
maining notation is as follows: V is the normali- 
zation volume, located either in the first or the 
second medium; « and p are the wave vector of 
the radiation field and the radius vector of a field 
point in the xy plane; e (with various indices ) 
are unit polarization vectors of the corresponding 
waves. Summation over polarization directions is 
carried out over the values 1=1, 2; the polariza- 
tion direction is perpendicular to the propagation 
direction of the wave (the potentials satisfy the 
Lorentz condition div A= 0). It is clear that the 
propagation directions of each of the three waves 
shown in the figure are coplanar. We shall choose 
polarization vectors with J = 1 to lie in the plane 
of the three waves, and those with 1 = 2 to be per- 
pendicular to this plane. The coefficients 

al), ..., BM must be determined by equating 
the radiation fields at the interface between the 
media. We obtain the following expressions for 
them by the standard method used to derive the 
Fresnel formulas (see reference 6): 


oh) = (Aj£2 ay A281) / (A122 ate Ast), 
ot!) == (Ay — Ae) / (Aa + Aa); oe = 282 / (Ayes + Asks), 
ge — 204 Ves /€1/ (Aa + A2)- (5) 


{8 (z) Va (a4 etter ® 4 ge e—the+ *) 
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The coefficients with a tilde are obtained from 
formula (5) by exchanging the indices 1 and 2. 

As already mentioned, the general solution of 
Eq. (1) can also be expanded in terms of solutions 
of type 2: 

(2a) 


Aj (x) = A; 


(2b) 


(x) + Aj (x), (6) 
( 
where the solutions ay (x) and ae (x) can 


be obtained respectively from Ay?) (x) and 
Al? (x) by the simple substitution 


Rio+ kes, ante a, Oy, EON 


To quantize the radiation field we demand that 
(a+, ay] = [Ax @,l,+9 ay Cy (A +] — O07 Oy Oona, (7) 


and that all remaining commutators be equal to 
zero. From Eq. (7) it follows that the amplitudes 
with a cross correspond to the creation of any one 
of the three waves shown in Figs. 1 and 2, and 
those without a cross to their annihilation. For the 
energy of the field we then obtain an expression 
appropriate to the corpuscle picture. 

Using formulas (2) — (4) and (7) one can calcu- 
late the commutators of the field operators, but 
we Shall not do this, since these expressions are 
not needed for the purposes of the present work. 

After introducing the scattering matrix in the 
form of a series in powers of the charge, we can 
calculate the probability of any process that takes 
place when a charge or a photon crosses from one 
medium into another. For example, the Feynman 
diagram for transition radiation is shown in Fig. 3 
(the vertical line through the vertex of the diagram 
indicates that an interaction of a special type takes 
place there ). The form of a matrix element cor- 


Ee 


ESS 


FIG. 3 


responding to Fig. 3 differs basically from the 
usual case in that in the general case a conserva- 
tion kaw will not apply to the z components of the 
momenta of the particles that participate in the 
process. This is so because a fraction of the mo- 
mentum is transferred to the medium whose den- 
sity changes discontinuously along the z axis. 

Since the theory we are developing is macro- 
scopic, it can only be applied if the volume in 
which the process takes place contains a large 
number of atoms. This criterion must apply to 
each of the processes separately, and thus deter- 
mines the limits of applicability of the formulas 
obtained. 
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Let a charge moving along the z axis hit the 
interface between the two media normally. We 
shall calculate the probability of radiating a quan- 
tum of frequency w in the second medium. Let 
the momentum of the particle be p, before the 
emission of the quantum and p, afterwards. The 
process under investigation is an effect of first 
order (Fig. 3). Since the radiation emitted in the 
second medium corresponds to creation of a photon 
of type 1b, the matrix element for this process, 


My, = —e \d*xN (1 (x) A(x) (2), 


is equal to 
Aen em eee 8 18 (E, — E2 — 8 
ieee te a ee 
where 
pa (2) 
— “sp 9 4 : = 
hie = (ps) [(x8 (P, Po, ha) aS Poz z) Ve 
OBO 
/ i ey B 
+ (100, =P =) =P ea) ye 
; e OGM 


| u (pj). 
(9) 

The letter P means that the integral of the expres- 
sion following it is to be taken in the sense of a 
principal value. 

We shall limit our investigation to the medium 
—vacuum case («= €, €;=1) and shall study 
the radiation in the vacuum, i.e., we put kx = w sin #, 
where v is the angle between the propagation 


== (x6 (P, — 2,2 ie ho) r P Dima eo ais i) V & 


direction of the quantum and the z axis. Then 
= eS (L) ie OBO 
ino == 0) (Ya) JE 2: 2 - 
ihe (v2) eerie (Py— Paz — 41) VE 
eae) 
veo TH Av (1) 
—e ORB" 8(p,—p,.— : 
Py — Poz + ho ) a Ve 2 Pp (P, Paz :)| - fe 


The first three terms in the last formula cor- 
respond to non-conservation of the z component 
of momentum of the participating particles (i.e., 
to the presence of the boundary ). It is natural to 
associate these terms with transition radiation. 
Concerning the term with the 6 function, we shall 
see below that it describes Cerenkov radiation 
which is generated in the medium and passes into 
the vacuum. 

We first calculate the probability of generating 
transition radiation (Heaviside units ): 


eae ST 


ae eran ey 
da V 2 | Fie? 8 (p,, + *) 6 (E, — Ey — @) @mp dpzdk»., 


(11) 
where fj, is defined by the first three terms of 
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(10), dk, = w*dwd@, S is the cross section of the 
volume in which the process takes place, T is the 
time it takes for the process, i.e., V=SST. By 
integrating over the electron momentum we find 
e wda@dQ E, 


7 2 
a 4x An?B py, lie | ? (12) 
where we recall that 
D,, =V p2— 2E,o + * cos? 8, E, = £y— 3. 


Next we must average | fj. |? over the polariza- 
tions of the initial electron state, and sum over 
the electron and photon polarizations in the final 
state. Let us look at two limiting cases. In the 
first case we shall not limit the electron speed, 
but shall suppose that the energy of the emitted 
quantum is much lower than the electron energy. 
In the second case we shall suppose that the elec- 
tron is highly relativistic, and w >o, where 
o = 4rne/m. For the first case, after appropriate 
approximations and calculations, we obtain a for- 
mula which agrees with the classical formula for 
transition radiation emitted in the foreward direc- 
tion’ (by an entirely analogous method one could 
obtain also the classical formula for transition 
radiation emitted backwards ). () 


In the second case we may suppose @°’ = 0, 
a) = i, 
As a result we have 
2 wdo dQ : 
dw = nae (E,E, — p,p,, cos  — m?) 


f 4 y 
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We confine our attention to frequencies satisfying 
the condition 


| —o/2ipS>V1 pak 


i.e., not very close to E; — m, and integrate over 
the angles in (13). We obtain 


w(o) = ror {C 5 : r - i cu ) In (1 i nets 


—1—++ - ’ 
aid 77 cena 
= wo? | Py o/p 
OAS = Cay sath eee cee (4) 


For frequencies w < E,, when we can put a ~ 0 
and b ~ 1, we obtain the usual classical formula 
for highly relativistic particles.2 Quantum correc- 
tions become substantial for w < E,. In this case, 
however, the frequencies satisfy the relation 

w > [o/(1 - Bt ) 2, for normal electron densities. 
Therefore the intensity of transition radiation be- 
comes insignificant,” and the quantum corrections 
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do not appear particularly interesting. Quantum 
corrections will become interesting if the electron 
is incident from the vacuum on very dense matter, 
for example, on the atomic nucleus. In this case 
Vo ~ 5 Mev and w< [o/(1 - g?)]'” always. Itis 
clear from (14) that the quantum calculation makes 
the probability of emitting frequencies w = Pi 
vanish. 

We finally consider the question of the limits of 
applicability of the formulas obtained. For fre- 
quencies w < p, the linear extent of the zone of 
formation of transition radiation is (in standard 
units ) 


~byhe(I-) 


If we recall that the radiation is emitted into an 
angle ~y1—- Bt, we find as the condition of ap- 
plicability of the theory 


Ey [ mc? Ss (h/ mcey? n (1 — o/ Bi p,y 3, 


where n is the number of dispersing particles per 
unit volume. 

From the term with the 6 function in the brack- 
ets of Eq. (10) we can calculate the Cerenkov rad- 
iation which is emitted in the medium and passes 
into the vacuum. In the classical case we put p, 
= Pp) = p and obtain a relationship which agrees 
with formula (29) of reference 7. 


3. PAIR PRODUCTION 


As another effect of first order we consider 
electron-positron pair production by a y quantum 
(which moves along the z axis) crossing from 
one medium into the other (the boundary surface 
is the z=0 plane). This process corresponds to 
annihilation of a photon of type 2b, and its graph 
is shown in Fig. 4. It is clear that this boundary 


FIG. 4. 


effect can occur because the conservation law of 
the z component of momentum of particles par- 
ticipating in the process is not fulfilled.* On the 
other hand, the law of conservation of energy de- 
mands that the quantum be hard, and therefore we 
shall put a (2) = 0, BY = 1. Using expansion (6) 
for the vector potential we find for the matrix 


*Saakyan® has discussed the production of pairs of charged 
particles by a y quantum in a homogeneous medium, with all 
conservation laws satisfied; this corresponds in our method 
to terms with 6 functions in formulas of type (9). 
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element the expression 


i (2Q50)8 
My, = es = f120 (Pi, a Py) 0 (@ — E;——£.), (19) 


2VVo 


where 


fio = (u (pie 0 (py ~ ——_.). 
EACLE SNE corre rae bee a 


(16) 
In these formulas p, and p, are the momenta of 
the electron and the positron. 
The probability of the process equals 


Ey 
P,,O 


dw = ian | fie |? do, 


E,=o0—E,, fn Vo t pi, — 2ZE20. (17) 
Next we carry out the averaging and summation 
over the polarizations of the photon, electron, and 
positron, and obtain 

e2 (EyEs — py, Poz + m’) p; dp2sin § dd 


80? Esp, 


1 4 2 
Ace ema ya er Co 
where ¥ is the angle between the direction of mo- 
tion of the positron and the z axis. If we limit 
the momentum of the positrons by the condition 
m < pp < w — m, then after some transformations 
and integration over all directions of positron 
emission we find the following expression: 


3 
e= Ps /35,—62\"2 dpe 
dw = 16 02 ( m= ) Ea” 


(19) 


The length of the zone of pair production is, to 
the same approximation, R ~ (h/mc) (p,/mc?) 
(ordinary units). Hence the condition of‘applica- 
bility of the theory has the form 


pa| me? Ss (fe [my * n. 


Let us compare the probability of pair produc- 
tion due to the boundary effect with the probability 
of the usual mechanism for pair production in the 
field of atomic nuclei in the range Rmin 
~ (fi/mc)~n7!. Estimates show that in the case 
when a photon enters from the vacuum into a med- 
ium of typical electron density, the probability of 
the boundary effect is insignificant compared with 
the probability of pair production in the field of 
atomic nuclei. Therefore it is interesting to con- 
sider the incidence of a y quantum on dense mat- 
ter, for example on an atomic nucleus, and com- 
pare the probability of pair production from the 
boundary effect with the usual probability of pair 
production inside the nucleus on the separate pro- 
tons,® regarded as infinitely heavy. Here, as in 
the previous section, we shall approximate the 
nucleus by an infinite half-space, supposing that 
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such an approximation gives good estimates if the 
size of the nucleus is larger than the region in 
which the process takes place. 

Estimates show that the probability of electron- 
positron pair production from the boundary effect 
is by one order larger than the probability of the 
usual mechanism of pair production; however, the 
process of interest to us will not occur in nuclei, 
because the length of the zone of pair production 
is at least two orders larger than the nuclear 
size. In this connection we note that the region of 
fiu-meson pair production is less than the dimen- 
sions of heavy nuclei; however, the probability of 
the process itself is roughly two orders less than 
the usual probability of production of a muon pair. 
Here we have taken the particles that constitute 
the dispersing medium to be protons. On the other 
hand, it is well known!® that anomalous nuclear 
magnetic moments can be qualitatively explained 
by the assumption that for some fraction (approx- 
imately one third) of the eigentime the nuclei are 
in a dissociated state, having decayed into another 
nucleon and a charged 7 meson. If we consider 
the a mesons as the particles that make up the 
dispersive medium, then estimates show that the 
boundary effect will constitute roughly one third 
of the usual effect of u-meson pair production in 
the field of the separate protons in the nucleus. 

In conclusion the author expresses his thanks 
to I. I. Gol’dman, A. Ts. Amatuni, and G. S. Saakyan 


G. M. GARIBYAN 


for helpful discussions while this work was in 
progress. 
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A hypothesis concerning the synthesis of the elements with Z > 30 by means of neutron cap- 
ture is discussed. It is shown that the time required for the synthesis of stable nuclei is of 
the order of 100 days. Arguments are presented which indicate that neutron numbers 98, 


108, and 116 may be favored. 


Tite peculiarities of the isotopic composition of 
elements with an atomic number Z > 30, and the 
connection between the isotope abundance and the 
neutron-capture cross section, definitely indicate 
that the greater part of matter with Z > 30 has 
been produced by means of neutron capture. 

Burbidge et al.! assume that the main processes 
of the production of medium and heavy elements 
are slow and rapid neutron capture. In the slow- 
capture process, the neutron flux remains constant 
for ~ 10° years, while, for the rapid-capture proc- 
ess, it remains constant for only 10 —100 sec. 

In the present paper it is shown that it is not 
necessary to assume the existence of two proc- 
esses to explain the observed regularities in the 
abundance of the nuclei. It is sufficient instead to 
assume one process by which the neutron flux 
attains its maximum value within 0.1 to 1 hour, 
and then, for the following 10 to 100 days, remains 
at 0.01 —0.1% of the maximum value. 

All stable nuclei, from the point of view of neu- 
tron-capture production, can be divided into three 
groups: 

1. Unshielded nuclei, i.e., nuclei obtained as a 
result of the B” decay of nuclei with a neutron 
excess. 

2. Shielded nuclei, i.e., nuclei which could not 
have been produced by the consecutive decay of 
nuclei with a neutron excess, but were obtained 
by the capture of a neutron by stable nuclei. 

3. ‘‘By-passed’’ nuclei, i.e., nuclei whose 
production requires processes other than neutron 
capture. 

For the production of many unshielded nuclei, 
the process of neutron capture need not be very 
slow, since the decay periods of the B -active 
isotopes involved in the consecutive neutron-cap- 
ture processes are = 1 hour. Shielded isotopes, 
on the other hand, cannot be produced in consid- 


erable quantities if the time-scale of the processes 
are much less than the time of production (by B7 
decay) of the corresponding stable nucleus to 
which a neutron must be added to obtain the re- 
quired isotope or its B--active isobar. The frac- 
tion of the various isotopes for each group of 
nuclei is listed in the table. For unshielded nuclei, 
the fraction of all unshielded nuclei of each ele- 
ment is given, while for shielded and ‘‘by-passed”’ 
nuclei the percentage of each isotope is shown 
separately. Only data for even-Z nuclei in the 
table are presented since nuclei with odd Z can- 
not be shielded and ‘‘by-passed’’ at the same time. 
From the data presented, it can be seen that all 
shielded isotopes present in quantities greater than 
2% do not need more than several days for their 
production. An exception is the isotope Mo” 
which constitutes 9% of the element, and for whose 
production ~ 10° years are necessary, but it can 
be produced within a short time from 4,Mo*’, which 
is a magic ‘‘by-passed’’ nucleus whose content is 
15%. Among the shielded isotopes, we also have 
three isotopes with a content = 2%, and for whose 
production times longer than for the remaining 
nuclei are needed. These are 3¢Kr“*, ,,Cd®, and 
g4Gd®®, and their times of production are 6 x i, 
7 x 108, and 93 years respectively. However, their 
fractions, equal to 2, 1, and 0.2% respectively, are 
not greater than those of by-passed nuclei, which 
indicates the absence of a slow (104 = 108 years ) 
neutron-capture process in the element synthesis. 
Thus, for nuclei produced by neutron capture, 
there is not a single isotope for whose production 
a time greater than 10 —100 days is necessary. 
The proposed lifetime of the neutron flux should 
not only satisfy the observed abundance of the sep- 
arate isotopes, but should also be in agreement 
with the abundance maxima of the elements. The 
abundance H of the elements as a function of the 
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Isotope fraction, % 


Isotope fraction, % 


Z Un- Shielded nuclei Ib Un- Shielded nuclei 
shielded | (with correspond-[By-passed shielded |(with correspond- By-passed 
nuclei jing decay periods)} nuclei nuclei jing decay periods)| nuclei 
| 
32 80 20(1 hour) 48 100 0.2 
34 90 10 (8 min) 4 60 73 27(33 days) 
11 (30 min); - 7 (2 hours); 
22 ey 2(6"10*years)} 0.3 | 62 79 tit days 3 
38 82 9(4h : 2(47 hours); 
40 100 a oe 64 98 0.2(93 years) 
16 (65 days); 2(18 h 
42 60 GC10* years) 15 66 98 ( ours) 
44 81 12 (60 hours) 2s) 68 98 Ih 
46 89 10 (39 days) il 70 97 39 days) 
12 (13 hours); 5 ) 
= ol 1 (7.10° years) : i oe 
50 85 14 (53 hours) 1 74 100 
4.6 (39 min); 9 ‘ 0.02 
52 92 2.4(27 hours) Ord 76 98 1,5(75 days) 
4 (72 min); y 
54 94 (0),, 1) 78 99 0.8(16 days) 0,01 
2 mours) 80 90 10(18 hours) | 0.45 
7.8 (9 hours); 9 6 
56 90 Sa(S days) ail 82 99 1.4 (46 days) 


atomic weight is shown in Fig. 1, taken from Suess 
and Urey.” To explain the maxima in the range of 
magic nuclei, it is necessary to assume that the 
corresponding isotopes (whether shielded or un- 
shielded) were produced within a time shorter 
than the lifetime of the neutron flux. In that case, 
the small value of the neutron-capture cross sec- 
tion for magic isotopes would lead to their great 
abundance. The time of production corresponds, 
in such a case, to the time of production of the 
magic isotope itself, and not to that of the B - 
active isobar as in the case of shielded nuclei. 

In addition to the maxima corresponding to 
magic numbers, maxima are also observed for 
A = 128 and 194. Burbidge et al.! relate these 
maxima with N = 82 and N= 126, assuming that 
the synthesis of the element was accompanied by 
avery short (~10—100 sec) neutron pulse that 
produced nuclei with a neutron excess up to 18 — 24. 
If we do not accept the hypothesis of such a rapid 
neutron-capture process, then the maximum for 
A = 128 can be attributed to the small cross sec- 
tion for neutron capture and to the long half-lives 
of the B~ decays of the isotopes Sn!24~!32 which 
produce this maximum. The maximum for A = 194 
can be partially ascribed to the neutron number 
116. 

The connection between the maximum for 
A= 194, and also the less marked maxima at 
A = 180 and 164, and the neutron numbers 98, 108, 
and 116 is clear from the comparison of Figs. 1 
and 2. 

In Fig. 2, stable isotopes with an odd Z are 
shown. The kinks correspond to the neutron num- 
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bers for which the corresponding nuclei have an 
increased stability. At these points, the stable 
nucleus is not the next one, formed by addition of 
two protons and four neutrons, but the nucleus 
with two protons and only two neutrons more than 
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the preceding one, owing to the decreased binding 
energy of the neutrons beyond the especially-stable 


numbers. The mass-spectroscopic data of Demirk- 


hanov et al.? also point to the special character of 
the number 116. The time necessary for the 
production of maxima can be estimated sufficiently 
accurately for the maxima corresponding to N = 50 
and N = 82, and also for A = 128. 

The period of isotope production for N = 50 is 
less than 50 days, and that for N = 82 is less than 
33 days. For the maximum for A = 128, the life- 
time of the neutron flux should be of the order of 
the period of the Sn'*! g~ decay, so that this time 
should be sufficient to produce the isotope Sn!*?. 
Since the B -decay period of Sn!*! equals 3.4 min, 
the period of existence of the neutron flux neces- 
sary for the production of this maximum is of the 
order of 5 min. 

Thus, for the production of shielded nuclei and 
maxima in the region of magic nuclei, nucleon 
capture with a duration on the order of 100 days 
is necessary. This time should be less than 1 
hour to explain the production of unshielded nuclei, 
and about 5 min for the production of the A = 128 
maximum. For a qualitative explanation of the 
observed regularities in the isotope abundance at 
Z > 30, one can assume that the neutron flux was 
in the form of a pulse with a duration of 
0.1—1 hours, followed by a tail having a charac- 
teristic time of ~100 days. Since the abundance 
of shielded and unshielded isotopes is of the same 
order of magnitude, the ratio of the neutron fluxes 
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at the maximum and in the tail should be inversely 
proportional to the ratio of their duration, i.e., the 
flux in the tail amounts to 0.01 —0.1% of thé pulse 
height. 

Evidently, if the shape of the neutron-pulse is 
such that first the unshielded isotopes and then the 
shielded ones are synthesized, the synthesis proc- 
ess of shielded isotopes has only little influence on 
the fraction of the unshielded ones by increasing 
the abundance of isotopes with a smaller neutron 
excess, since these can also be produced in a 
slow-capture process. However, in processes 
proposed by Burbidge et al.,! where the shielded 
nuclei are produced first, followed by the short 
neutron pulse necessary for the production of un- 
shielded nuclei, the shielded nuclei can be almost 
completely destroyed by the neutron flux during 
the pulse. 

In conclusion, the author expresses his grati- 
tude to Prof. D. A. Frank-Kamenetskii for his 
useful comments. 


‘Burbidge, Burbidge, Fowler, and Hoyle, Revs. 
Modern Phys. 29, 548 (1957). 

2H. E. Suess and H. C. Urey, Revs. Modern 
Phys. 28, 53 (1956). 

3Demirkhanov, Gutkin, and Dorokhov, JETP 387, 
1217 (1959), Soviet Phys. JETP 10, 866 (1960). 
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The restrictions imposed on the two-particle scattering amplitude by the unitarity condition 
are investigated. It is shown that 1) the imaginary part of the scattering amplitude is a 
bounded function of the energy and possesses no discontinuities of the first kind in the physi- 
cal region of the variables; 2) as the energy tends to infinity the amplitude cannot grow with- 
out bound, except possibly for some particular values of the scattering angle; 3) under certain 
reasonable assumptions the total scattering cross section cannot grow indefinitely with in- 


creasing energy. 


le As a result of the unsatisfactory state of the 
theory of strong interactions based on a specific 
Hamiltonian, attempts have been made to clarify 
the general properties of quantum field theory 
without invoking specific interactions, but making 
use only of principles that would be normally re- 
quired of any theory: relativistic invariance, 
causality, the existence of a complete set of posi- 
tive energy states, and unitarity. Use of the first 
three conditions has led to the establishing of im- 
portant analyticity properties for transition ampli- 
tudes for the simplest processes. The application 
of the unitarity condition has turned out to be so 
restrictive as to even permit the formulation of 
approximate equations for the two-particle scat- 
tering amplitude (although only after assuming 

the validity of the double representation of Mandel- 


stam and postulating a definite behavior at infinity). 


In this paper certain general conclusions are ob- 
tained regarding the two-particle scattering ampli- 
tude, starting from only the unitarity condition and 
the established analyticity properties. It turns out 
that only some very general estimates can be 
made, but these estimates are independent of any 
approximations. 

The fact that the unitarity condition severely 
restricts the growth of the amplitude is well 
known in the case of partial wave amplitudes; in 
this case the unitarity condition takes the form 
[accurate to within irrelevant factors — see 
Eq. (7) below ] 


Im A; = | A; |? +-|inelastic-scattering terms 


It therefore follows immediately that | A7| 
=1. However when this result is generalized to 


the entire scattering amplitude treated as a func- 
tion of two variables certain definite mathematical 
complications arise, which it is the aim of the 
present paper to overcome. 

For simplicity we limit ourselves to the scat- 
tering of two spinless neutral particles of mass uw. 
The amplitude for the process will be denoted by 
A(s, t) =A(s, x), where s and t are the invari- 
ants introduced by Mandelstam, x being the cosine 
of the scattering angle in the barycentric frame. 

If q? denotes the square of the particle momentum 
in that frame then, as is well known, 
s=4(¢+ p), t = — 2q?(1 — x). 

2. Let us show that Im A(s, t) is bounded as a 
function of s for s > 4u” and possesses no discon- 
tinuities of the first kind. We write the unitarity 
condition for forward scattering as 


2 


Im A(s, 0) = 4 \ dy] A(s, — 29%)? + 2, (1) 


where ~ denotes terms involving amplitudes for 
inelastic processes, >= 0. 

We show first that Im A(s, t) is bounded. Let 
us assume that as s— sy) the Im A(s, t) increases 
without bound for some interval of the variable t. 

It then follows from the inequality proved below that 


Im A(s,0)>>|Im A(s, )| for —s+4u2<t<0; (2) 


in any case, Im A(s, 0) will increase no slower. 
If it is assumed that Im A(s, 0) and Im A(s, t), 
where t lies in the indicated interval, increase in 
approximately the same fashion, then this assump- 
tion will be sufficient to prove the impossibility of 
Im A(s, t) growing without bound. 
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More precisely we shall prove that if the func- 
tion p(s) is monotonic and p(s) — ~ as s— So, 
then there exists no sequence 

Si, S2)---,Sk (Sp—>Sy aS k—>00), (3) 


such that the following conditions are satisfied 
ag Am — 2qy) | > x (y) #9, 


o aa | Im A (sp, 0)|—>0 as k—> oo, (4) 


where x(y) is some non-negative function. Indeed, 


let us suppose that such a sequence exists. Then, 


by leaving out from Eq. (1) non-negative terms, 
we find 


Im A (s, 0) > dy | Im A (s,— 2q?y) |?. (5) 


Ve 
Dividing both sides of Eq. (5) by p*(s) and study- 
ing the resultant inequality with the sequence (3) 


we find, upon passing to the limit and taking into 
account Eq. (4), that 


> 9 dy 4? , 
Vz) yx? (y) 


which is obviously impossible. 

The sequence (3) (and analogous sequences 
later) is considered here to enable us to take into 
account the case of nonmonotonic behavior of the 
function near the limiting point. We note that with 
the help of the method utilized below to study the 
amplitude as s— %©, it is also possible to show 
that Im A(s, t) cannot increase as s— sp inan 
arbitrary interval of positive measure of the vari- 
able t under more general assumptions. 

Let us consider the inequality (2). It is an ele- 
mentary consequence of the unitarity relation. It 
was shown by Lehmann! that for those values of s 
for which A(s, x) exists, both it and its imaginary 
part are analytic functions of x within an ellipse, 
which contains the physical region onl = 1, and, 
consequently, may be expanded in partial waves, 
€.25, 


Im A(s, t) = >) (2! + 1) Im Az (s) Pr (2). (6) 


/=0 


From the unitarity relation for partial waves: 
Im A; (s) = (2q/V s)| Ax(s) |? 

+inelastic-scattering terms (7) 
it follows that Im Aj(s) 20. This fact, together 
with the inequality | Pz(x)| = Pz(1) for |x| <1, 
immediately leads to Eq. (2). 

Thus we have proved that Im A(s, t) is 
bounded. It is easy to see that Im A(s, t) cannot 
have discontinuities of the first kind in s for an 


interval of positive measure in t, since then 
Re A(s, t) would have a logarithmic singularity at 
the discontinuity point leading to the violation of 
the inequality [which results from (1) ] 

Im A(s, 0) > ay ee (s,— 292y) °, 
as a consequence of the boundedness of Im A(s, 0). 
r 8. Let us turn now to a study of the behavior of 
A(s, x) as s— ©. The unitarity condition (7) 
permits us to conclude that for sufficiently large 
Ss 


| Ar(s)|<2. (8) 


Using this inequality we shall show that there 
exists no sequence 


as k—>oo), (9) 


Si, hoc ao 9 Qs (Sp — co 


such that |A (sz, x)| increases without bound at 
all points of an interval of positive measure in the 
variable x, so that 

min 44 x)|—+ co aS kR>oo., 

x€ [a, B 

Let us suppose this to be false and that in some 
interval [a, 8B] C[— 1, 1] with the sequence (9) 
the quantity |Re A(s,, x)| or |Im A(sk, x)| (or 
both together) increases without bound as k— © 
uniformly in x €[a@, 8]. For the sake of definite- 
ness let it be |Re A(s,, x)|. Let us define 
a, = min | ReA (sz, x)|. 
x€[a, PB] 

According to our assumption the ak form an in- 
creasing sequence. Let us choose from the se- 
quence (9) a subsequence 


Si ign ines Sty (Sc, oo aS k->wo), (10) 


for which a, increases monotonically. It is ob- 
vious then that, for sufficiently large k, the quan- 
tity Re A(s,, x) does not change sign in the 
interval x €[a@,B8] and we will take it to be, for 
example, positive. Let us introduce a continuous 
nonnegative function v(x) with the following prop- 
erties: 

1) Uv (2) 0 
) v(x) >0 
3) if v (x) = >) (2n + 1) OnPn (x). 


n=0 


for x €[a, BJ; 
for x¢€ (a, B); 


then 2) |2| (20 +1) <o. (11) 
n=0 
Such properties are possessed, for example, by 
the following function 
x€ [a, B] 


0, 
v(x) = we (—(a—x)?—(8—3)*}, x Ela, BI 
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It can now be asserted that on the sequence (10) 


(v (x) / an) Re A (sp, x) > 0 (x). (12) 


The inequality (12) together with the premise 
about the growth of ak contradict the unitarity 
relation. In fact, if the left side of Eq. (12) is 
expanded in Legendre polynomials, one obtains 


B (sp, x) = 25? Re A (Sn, *) = Yet 1) By (Sx) Pi (x), 
=0 
Bice ae 2 (2n + 1) (2m + 1) Un Re Am (Sp) C?™, 
ie Pe 
Cia \ P, (x) Pn (x) Pm (x) dx 

The coefficients eyo are different from zero 
only if 

n+l>m>|n—L|, 


and from their definition follows the estimate 
| C7" | <(2n + 174 (2m + 1)-% 


Making use ae Eas (8) we find 


ay s (Qn 1) 2m + 1) len) |C7r"| 


n=0 m=0 


| Bi (sk) |< 


i--n 


> 


m=|l—n | 
From here we obtain for 1 = 0 and with Eq. (11) 
taken into account 


ce = S! (2n + 1)*| on| (2m + 1)*, 
n=0 


co 


qs nt 1) )lonl< ane 


| Bo (Sx) |< (13) 
where c is some constant, independent of k. On 
the other hand it follows from Eq. (12) that 
6 
Bo (Sr) > > \ v (x) dx 
which is in contradiction with Eq. (13) since By (s;) 
—=) Ask —>* oo; 

The above proof does not apply to functions, for 
which for an arbitrary x ina given interval it is 
possible to find a sequence s;,(x)...Sk(x) such 
that the functions increase, but nevertheless the 
conditions of the above formulated theorem are 
not fullfilled. Such are, for example, functions of 
the type s cos xs (this particular function can be 
excluded by a slight modification of the method 
used in Sec. 2, namely by replacing y(y) bya 
quantity x(s, y) such that its square integrated 
over y is bounded from below by a positive num- 
ber independent of s). It is possible that there 


exist functions of a kind that do not contradict 
unitarity at all. 


(14) 
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4. Within the indicated limitations, we have 
thus proved that the amplitude A(s, x) does not 
increase as s— ©, with the possible exception of 
particular values of the variable x. Apparently it 
is not possible to deduce limitations on the behav- 
ior of the amplitude for particular values of the 
angle from the unitarity condition alone, because 
of the integral character of unitarity. However, it 
seems most unlikely from physical considerations, 
that as s— ~ the amplitude A(s, x) should in- 
crease without bound for some particular values 
of the angle other than 0 or 7. This statement can 
also be given some mathematical foundation based 
on the Mandelstam assumption,’ that A(s, x) is 
for finite s an analytic function of x except for 
cuts on the real axis in the intervals (— ~, 

—1— &i?/(s — 4u?)] and [1+ 8u?7/(s = 4"), ©): 
As s— these cuts go over into the rays (— ~, 
—1] and [1,+ ~). 

The points |x| < 1 are located, for arbitrarily 
large values of s, inside the region of analyticity 
in x and it is natural to believe that also in the 
limit, as s— ©, no singularities in the variable x 
will develop at these points. On the other hand, in 
the limit s— ©, the points |x| = 1 fall on the be- 
ginnings of the cuts and are therefore exceptional. 
We can therefore suppose that A(s, 1) and 
A(s, — 1) behave ina singular fashion as s— ©, 
for example increase. Let us note here that the 
usual assumption of constancy for the total cross 
section in the high energy limit corresponds to 
Im A(s, 1) increasing as s for s> ~~. 

To study the behavior of A(s, x) in the vicinity 
of the points |x| =1 (to be definite we have in 
what follows in mind the point x = 1) it is conve- 
nient to pass to the variables s and t. It follows 
from the Mandelstam representation that for finite 
s the quantity A(s, t) is an analytic function of t 
except for the cuts (—~, — s] and [4y?, ~) 
along the real axis. The entire physical region of 
t, including the point t = 0, finds itself inside the 
region of analyticity in t for arbitrarily large 
values of s (at a distance = 4" from the nearest 
singularity). Based on this we assume that also in 
the limit s—> © the point t =0, or any point t = t, 
in the physical region, is no more singular than 
other points in the physical region, i.e., that if 
A(s, 0) or A(s, t;) increases as s— © then 
there must exist a finite interval [a, B,] in the 
physical region of t, such that for fixed t € [ a, 
B,] the amplitude A(s, t) mcreases with s uni- 
formly in t and not slower than A(s, 0) or 
A(s, ty). Let us note that we exclude here from 
consideration functions of the form s!/ (4u2—t) 


SCATTERING AMPLITUDE RESULTING 


If the above assumption is taken to be satisfied 
then it turns out to be possible to prove thatas s 
increases the amplitude A(s, t) grows no faster 
than s, for t fixed in the physical region. Whence, 
in particular, it follows that the total scattering 
cross section cannot increase without bound with 
increasing s. 

Let us assume the contrary, i.e. that for t 
=t, (in particular t = 0) the quantity A(s, ty) 
grows faster than s, or, more precisely, that 
there exists a sequence 


SappSaskwn, SE (Seco aS k-> oo), 


(15) 


such that (1/sx) LA (sk, t,)| increases monoton- 
ically. There are two possibilities: 1) there exists 
a subsequence 


Siz Sig y-++5 Sip (Si, —> 00 as k->oo), 


(16) 
such that (1/si,)|A(six, 0)| grows monotonic- 
ally and faster than (1/si,) | A (Siz, ty) |; in this 
case we set bk = (1/si,)|A(siz, 0)| and in the 
following use this subsequence instead of the se- 
quence (15); 2) no such subsequence exists, in 
which case we consider the sequence (15) having 
set bk = (1/sk)|A(sk, t,)|. In both cases 


ste (Sz, 0) | <const, 
Spb 


4 
5,0}, 


| A (sz, 0)| 0 as kR-oo. (17) 


It follows from our assumption that for the se- 
quence so determined, for values of k larger than 
some number n, the condition 


(1 /Sxbg) | A (Sr, ¢)| > p(t) 0, 


will be satisfied, where t lies in some finite 
interval [a, 8,], and ~(t) is an integrable non- 


(18) 
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negative function. Let us call attention to the fact 
that conditions (17) and (18) are analogous to condi- 
tion (4) in Sec. 2. 

Let us show that the increase of bk as k—> © 
contradicts unitarity. Passing in Eq. (1) to the 
integration variable t and throwing away nonnega- 
tive terms we obtain the inequality (for large s;) 


Ps 
Im A (sp, >= \ dt|A (sp, t)|2. (19) 
We divide this inequality by sb and let k-> ~. 
It then turns out, as a consequence of Eqs. (17) and 
(18), that 
Pi 
0>\ de w(t), 


ay 


which is impossible. 

We have thus found that there exists no sequence 
S1, 89,...Sk, Sk— ~, for which |A (sx, t,) in- 
creases faster than s for any fixed physical tj. 

On the basis of qualitative considerations the same 
conclusion was reached by Pomeranchuk.? 

In conclusion the authors express their grati- 
tude to Yu. V. Novozhilov for interest in this work 
and useful discussions, and to K. K. Golovkin for 
consultations on mathematical problems. 
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A connection is established between the two-dimensional distribution of equilibrium fluctua- 
tions and the one-dimensional distribution of a non-equilibrium process. As a consequence 

of this relation the equations of the theory of equilibrium fluctuations and of non-equilibrium 
thermodynamics are derived. It is shown that the residual correlations and the ergodicity of 
the system are determined by the behavior of its thermodynamic functions. In correspondence 
with this the Onsager relations are generalized for the case of nonlinear non-equilibrium 


processes. 


1. INTRODUCTION 


lie recent developments in theoretical thermo- 
dynamics have mainly been in the direction of es- 
tablishing relations between the statistical charac- 
teristics of the fluctuations of thermodynamic 
parameters for equilibrium and non-equilibrium 
processes. In accordance with the thermodynamic 
method, the relations studied bear a universal 
character, i.e., they do not depend on the choice of 
the particular dynamic model for the process. 
The main results of the quantum thermodynamics 
of non-equilibrium processes** were obtained by 
applying perturbation-theory methods. In contra- 
distinction to those papers, the fundamental rela- 
tion (9) in the present paper, which gives the con- 
nection between the two-dimensional characteristic 
function of equilibrium fluctuations and the one- 
dimensional characteristic function of a non- 
equilibrium process, is derived as an exact 
equation without use of perturbation theory. This 
is made possible by an application of the very 
exact quantum method (which uses the ‘‘ordering’’ 
index’’) worked out by Feynman.° 

The universal connection which we find between 
the two-dimensional equilibrium distribution of the 
fluctuations, on the one hand, and the non-equi- 
librium fluctuation process, on the other, enables 
us to obtain both the main previous results and a 
number of new results. When we change over to 
the one-dimensional distribution, we obtain an im- 
portant formula which gives us a quantum general- 
ization of the theory of equilibrium fluctuations by 
Terletskil and Magalinskii.® On the other hand, 
the equations of the theory of non-equilibrium 
fluctuations, which can be found in the papers by 


Callen and others, !”8 are obtained by differentia- 


tion, from the basic Eq. (9) which serves thus as 
a generating equation for these relations. It is 
clear from what has been said that we establish a 
connection between these two theories. 

The basic Eq. (9) [or (25)] enables us to study 
also what we call the residual correlations, a 
phenomenon which is of great interest (from the 
point of view of the principles involved). This 
phenomenon consists of the fact that when there 
are equilibrium fluctuations the correlations be- 
tween the values of thermodynamic parameters 
do not vanish when the time interval is increased, 
i.e., non-ergodicity exists. The residual corre- 
lations and the non-ergodicity coefficient which we 
introduce can be expressed in terms of the thermo- 
dynamic functions of the system. When the volume 
of the system and its number of particles are 
given proportional increases, the residual corre- 
lations and the non-ergodicity coefficient remain 
equal to well defined finite values. Contact with an 
external thermostatic bath, which is a surface 
phenomenon, plays a relatively smaller and 
smaller role when this increase takes place so 
that references to such a contact can not diminish 
the essential importance of this phenomenon. The 
non-ergodicity of a maximally increased system 
which by itself is a thermostatic bath, is in our 
opinion an essential one. It is not possible for us 
to dwell here on the conclusions that follow from 
this in relation to the dynamic foundation of statis- 
tical thermodynamics, and we restrict ourselves 
only to a reminder that in the opinion of several 
authors the ergodicity of a system is neither nec- 
essary nor sufficient for such a foundation. 

Applying the principle of time reversal to the 
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basic formula, we can derive the reciprocity rela- 
tions. In view of the fact that this formula does 
not presuppose that the perturbation is small, the 
deviation of the non-equilibrium process from the 
equilibrium one need not be small and the equa- 
tions describing the relaxation process (Onsager 
relations ) need not be linear. The linearity of 
Onsager’s theory’’® has been considered by several 
people to be a flaw of the theory and the problem 
was raised in this connection whether the coeffi- 
cients should satisfy some reciprocity relations 
which would supplement the Onsager relations 
when there are non-linear terms. This question 
is answered in the present paper in the affirmative. 
It turns out that the complete set of reciprocity 
relations affects not only the coefficients for non- 
linear terms in the equations for average values, 
but also the coefficients in the equations for the 
fluctuation characteristics of the process (disper- 
sion, asymmetry coefficient, and so on). The 
quantum-theoretical generalization introduces into 
the reciprocity relations additional complications. 
Callen et al.* have considered quantum reciprocity 
relations by using the usual linear approximation, 
but applied to non-Markovian processes. 


2. DERIVATION OF THE BASIC EQUATION 


Let the system under consideration be described 
by a Hamiltonian H which depends not only on the 
dynamic variables but also on external thermody- 
namic parameters a’ =a}, a3,... We shall as- 
sume that this latter dependence is linear 


H=H,— \ Fj) = Ho— oF. (1) 


Here F = Fy, F2,... are internal parameters, 
the statistical characteristics of which are studied. 

The equilibrium state corresponding to a tem- 
perature T = 1/k8 is described by a density 
matrix 


p = e8Y—SH, 


(2) 


where YW = W(T,a)=— B+ In Sp e PH ig the free 
energy which is a thermodynamic c-function. 

It is well known that in the Heisenberg repre- 
sentation any dynamical operator L satisfies as a 
function of time the law 


Loser ible He I= Litt), L= Le). 


Introducing the operator of differentiation with 
respect to time, p = o/at, we can write the last 


equation as 
eel —_ ei tH/h L e—esA/h | 


(3) 


We use the ordering parameter s introduced by 
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Feynman;” this describes the order in which 
operators act (an operator acts earlier if it has a 
lower value of this index). In accordance with the 
Feynman rules we have 


1 
eer exp \[—BM). bu (Filds |. 
0 
We shall ‘‘extricate’’ the operator H from this 
last equation (the meaning of this operation and 
the means to carry it out are explained in the cited 
paper by Feynman). This gives us immediately 
1 


exp {\I— B(H). + 4 (Fads 
=e exp i! \ (oH Fem as, 


Using (3) we have hence 


el 
eater eo exp {\ er s(B ds ; 


(5) 


where the operator pg refers to the corresponding 
(F)s [pg (F)s = (OF /at)s ]. 

Besides p and W, we introduce the density 
matrix and the free energy of an auxiliary state 


Pu = exp {BY, — BH + uF}, 


WY, = —B In Sp e-eH+uF = W(T, a+ kT u). (6) 


This auxiliary state is an equilibrium state in the 
case of a system with changed external parameters 


a=a+Aa=a°+kT u. (7) 


For the original system this state is a non- 
equilibrium one. We shall call the increments in 
the parameters Aa =kTu =u/8 additional external 
forces. 

Multiplying (5) by ebY and using (2) and (6) we 
get 

1 
wenp | ale tre(P), ds =exp@VY—a¥e.. © 


70 


If we multiply this last equation by exp{urFr}, 
say, and take the trace we get 


1 
< exp u \ eu P5(P yds exp {u.F<} > 
0 
= exp {BY =a BY} exp {urs} Deru: (9) 
The formula which we have obtained connects 
the statistical characteristics of the equilibrium 
fluctuations with a non-equilibrium process. The 
latter is defined by stating that we know at t = ty 
its non-equilibrium state py, which is the same as 
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the equilibrium state when the additional forces 
(7) are applied. For t> t) or t< ty there are 
transient non-equilibrium processes in the system. 
The resultant process consists of two non-equi- 
librium processes in opposite directions. The 
average values over such a process will be denoted 
by the symbol <...>Ag-. One of these opposing 
processes (the direct one) can be represented 
as the result of the action of an external force 
f(t) which is equal to Aa for t < ty) and equal to 
zero for t > t). The other is produced by a force 
f(t) = Aa — f(t) when the time is reversed. 

In the classical limit h = 0 Eq. (9) changes to 


<exp {uF + u.F.}> = exp {BY — BY,} (exp {uF 2}>gru, (10) 


which can be easily derived directly from Gibbs’ 
classical formula both for the equilibrium and for 
the non-equilibrium state. 


3. THE THEORY OF EQUILIBRIUM FLUCTUA- 
TIONS 


If we put u; = 0 in (9), the average over the 
non-equilibrium distribution disappears and there 
remains the thermodynamic equation 


1 
<exp | i \ ethiePs( Fy, ds >=exp {BY —BY,}, (11) 


0 


which refers to equilibrium fluctuations. This 
equation is a quantum generalization of the 
formula <exp {uF }>=exp{®¥— 8Wy} which is 
the basis of Magalinskii and Terletskii’s theory.° 
In the classical case the derivatives 
ao” 

Bis efp =|, exp {BY — v.)| 

(RRO on Fe u=0 
(pe 


Greddy. 20g, 


er bt (12) 
determine the moments <Fj,...Fj,> of the fluc- 
tuation process. In the quantum case differentia- 
tion of (10) leads to the relations 


1 1 
\ SH \ exp {— ihBs,p,; —... 
0 0 


i ihBs,p,} < CEP Jaen (F7,)s,> ds}... ds, eS Yj,.../, (13) 


The domain over which the integration over 
S1,...,Sy takes place, which is a cube in 
r-dimensional space, is divided into r! subdomains 
corresponding to different ways of ordering the 
indices Sq>...>S,) by magnitude. If we take 
into account that the order in which the indices 
increase corresponds to the order in which the 
operators act, we get from (12) 
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DiPr\ A50 \ exp {—ihBs.Pa—.--- 


Sq ree > Syy 
— ihBSoPu} dSq.-dSa ¢F j,+--F jg) = Wisely 


The sum which contains r! terms is extended 
here over all possible permutations Py of the 


(14) 


indices s;,...,Syp- Each operator py refers only 
to its own Fj, 
Introducing the function 
1 Yr Yo 
WD, (Xp,+6., 1) = \ ay, \ dyry.-. \ dy, exp {— XY, —...— *iYs} 
0 0 0 (15) 


and removing #, from under the summation sign, 
we can write Eq. (14) in the form 


W, (ihBp",.2.; ihBp') < D P-F),-F 1g) = Wha 


if we stipulate that p' refers to the operator Fjy 
which stands on the right (in the first place) in 
the product Fjg...Fjy, p’ to the operator stand- 
ing in the second place, and so on; finally, the 
operator p’ refers to Fjq which stands in the 
r-th place, i.e., on the left. 

In particular, when r = 1 (first-order effect) 
we have 


(16) 


@, (x;) = (1 —e-*) / x. (17) 


Because the fluctuation process is a stationary one, 
we have p;<Fj, > = 0, so that ;<Fj,> = Fj,, 

and (16) leads to the usual classical formula 
(equation of state ) 


ov 
Fy) =p = — os (T, a). (18) 
J 
When r = 2 (second order effect) we get from 
(16) 
®, (ihBp®, ihBp') <F;,F;, + Fi,Fj) 
=n (Fi <F),) — RTO? | 0a;,0a;,. (19) 


Since the process is stationary, the value of 
<Fj,(t1) Fj, (t2)> depends only on the difference 
in the time coordinates t, — t, =7 so that p? 
=—p!', Taking into account the refation 

O32 (— %1, %1) = (e* —1 — x) / x2, 
that follows from (15) we find from (19) 


salle ihBp.)(ihBp.)? CFF jge te te: Fj,2) 
== CF Cie =— kTO?Y / 0a;,0a;,, 
when T = 0(p; = 9/87). 


(20) 


4. EQUATIONS FOR THE MOMENTS 


By differentiating Eq. (9) we get formulae con- 
necting the moments of equilibrium and of non- 
equilibrium processes. Thus, differentiating both 
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sides of the equation with respect to uj and ujr 
and then putting u = ur = 0, we find 


Because the process is stationary we can replace 
p here by — pz = — 9/0r. In front of the term 
<Fj > <F]> we can also write the operator 

;(— ihSp;) which becomes equal to unity because 
that term is constant. Dividing after that both 
sides of the equation by the above mentioned 
operator and taking the real and the imaginary 
part of the expressions thus obtained, we get 


h hBp. 
Re KP yr — (F;) (Fz = = cot EBs a CPE Aas (22) 
2 ij 
hBp. 
Im (FjF;.> = — at (Pre) Aas (22’) 
J 


If we set the spectral components in the left and 
the right hand sides of Eq. (22) equal to each other 
we obtain the fluctuation-dissipation theorem.!”” 
The corresponding equation for the classical case 


(FF.) — ¢F)° = kT (0/ 0a) (Fx) aa 


was first obtained by Vladimirskii.’ 
Multiple differentiation of (9) leads to the 
relations 


@, (ihBp’,.-.; ihBp*) (CD\P-Fj,.+0 Fj) Figo Fine) 


rpo— ar 


eee eee Gee (23) 


ig 
In the classical case there are closed formulae 
for the cumulants 
a+" In <exp (uF + u,F ,)> 
Ouj,---OU; uy _---OUy 


G8 ae 1g pe F,,<] = 


These formulae which are obtained by taking the 
logarithm of Eq. (10) and differentiating are of the 
form 


K [Hipsers Fetes Piggy oa F, 2] 


(24) 


5. THE RESIDUAL CORRELATIONS AND 
ERGODICITY 


It is convenient for what follows to use instead 
of (9) an equation which is symmetric in the times 
t, =t and t, =t +7. Multiplying (8) by the operator 

Sh . 1 
exp {«:\ et (F(te) ss =exp [us [eon (F (t,))-<ds}, 
0 0 


we get 
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< exp f e/hisp'(F (2,)),ds }exp(w. \ e's F (t,))_.ds\ » 

< | Meets sat A 

fete | C \ 

JO} W— BW} ex eNe PCE (C3 2G oy: u 

exp (BY — BW, }< exp ie \¢ (F (é2)) “8 
aL 


= exp{BY — BY, } Cexp ia\ Ba ese Ei yeas ie 
OL (25) 
The average <...> Ty is here taken over a 
non-equilibrium process which has a density 
matrix py at time ty) =t,, and the average 
ae 7 kTur corresponds to a process with the 
matrix py, at time ty = ty. 
We consider the residual correlations, i.e., 
the correlations between F and F,, which occur 
as T—~ ©. After a time interval T the non-equi- 
librium process in the system dies out and the 
system changes into some equilibrium state de- 
scribed by a density matrix p’. If contact between 
the system and a thermostatic bath is maintained, 
the final limiting density matrix p’ will be the 
same as p from (2). However, contact with a 
thermostatic bath cannot occur; on the contrary, 
fixing the Hamiltonian H presupposes that it is 
absent. A thermostatic bath which exists in 
reality can, moreover, always be included as part 
of the system under consideration. Finally, if the 
thermostatic bath is not included in the system but 
the contact with it is weak, the state p’, which is 
not the same as p, will correspond to a quasi- 
equilibrium state. 
Be that as it may, the state p’ and the new tem- 
perature T’ = (kG) and the free energy V’ 
= W(T’, a) corresponding to it can be found from 
the condition that the non-equilibrium process be 
an adiabatic one. If we apply Eq. (11) to the equi- 
librium state p’ we get as T~ © 


a 


1 
Cexp (! \ ethbsp ( F (t2))_sds I> exp {p' Y’— BW}. 
0 


We get thus from (25) 


exp (4 e—thBsps ( F (t))s| exp Uy \<tn (F (4) -ds| > 


—> exp (BY — BY, + B'W’— BW, }. (26) 


To evaluate the required correlations we need 
only find T’ as a function of kTu =Aa. To do this 
we need perform a simple thermodynamic calcula- 
tion, which takes the energy balance into consider- 
ation. The energy of the equilibrium state with the 
additional forces Aa, which is described by a 
density matrix pu, is equal to U(T, a’ + Aa) 
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where U(T, a) is a given thermodynamic function 
of the system. The energy of the non-equilibrium 
state py (without the external additional forces ) 
is equal to 


Ue Ul Deal NaveenCe ena! 


As the transient process develops further, the 
energy does not change because the process is 
adiabatic. We get thus the following equation for 
ye 

U(T’, a&) =U (T, a®+ Aa) + ¢P)acAa. 


If we express the internal energy in terms of 
the free energy U = % — TdW/8T and use (18) we 
can write this equation in terms of one function 
W(T, a) 


 (T’, a°) — T'S (T’, a) = ¥ (T, a? + Aa) 


—T SF (f, a+ Aa) —% (T).a?-4 Aa) Aa. (27) 


The equation obtained is best solved by using 
a power series expansion. We get for the first 
term of the expansion of T’ — T in powers of Aa 


ay ey) ie: (= $3) Aa (28) 


dT 0a | OT? 

Let us consider pair correlations. Returning 
to Eq. (26) we differentiate it with respect to uj 
and ult and put u =u7 = 0. In view of the fact 
that the function <FjFlr> tends to a constant as 
T—©, we can put p; = — pp = 0, so that the 
quantum corrections to the pair correlations van- 
ish. As a result we get 


02 , , 7 ¥ 
CEN aS uu, exp (BU BY ae Ye Vi} 


ie a 


GENE One 
— <F jy ie) — aaa, Oa, 


or, if we take (28) into account, 


GMP GAP os 


CE) EE horas or oa, | 6TE 


(29) 


It is well known that in order that a random 
function F(t) be ergodic it is necessary that the 
correlation functions <FF; > —<F><F> 
vanish as T—> ©. The residual correlations (29) 
are evidence that the process is non-ergodic. The 
magnitude of the correlation coefficients 


Ru = (DD) “*(<F /Fin) — CF) CFD] 


(DIKE KF?) 
as compared to unity tells us how strongly non- 
ergodic the chosen system is. Substituting here 
(29) and evaluating the dispersion Dj = —kT Ow /oaj 
we obtain for the non-ergodicity indices which we 
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have just introduced the equation 
ay a, oy (ee aw \" 
Bie Ta, OT Oa, ( ore ) oa? aa? ) z 


from which it is clear that the degree of non- 
ergodicity of a system can be estimated from the 
form of its thermodynamic functions. 

Let us consider as an example a perfect gas of 
N molecules, each of which possesses i degrees 
of freedom, and let us choose as thermodynamic 
parameters the pressure and the volume: a = — p; 
A=<V>=V). When we choose the parameters 
in that way we must take instead of ¥(T, a) the 
thermodynamic potential 


DT = p\ = U,V Se 


(31) 


= ‘42 Net (1 —InT) + NAT Inp. 


In that case Eq. (27) gives 


it? Nk (LT) = — Vodp(u) SVokTu, 
, Zien) = 
k(T’—T) =~=55 _ u 


Substituting these equations into (26) and ne- 
glecting quantum corrections, we get as T—~> © 


<exp {uV + u.V-}> 
kT \=N kT 2S PETN? —N 
= (1-4) (iS tl) uu.) . ~ (32) 
In particular, the residual pair correlation is 
equal to 
2 RT\2 
Wo>—VyF* = eo) N ry, , (33) 


and the index of non-ergodicity has the value R 
= 2/ (it *2 )s 

It is clear from this expression that the de- 
nominator of the index of non-ergodicity contains 
the number of ‘‘passive’’ degrees of freedom, i.e., 
the degrees of freedom on which the external 
force a does not act directly. If a thermostatic 
bath is included in the system, the number of 
‘‘passive’’ degrees of freedom increases steeply 
and the non-ergodicity coefficient decreases. 
When the thermostatic bath has far more degrees 
of freedom than the ‘‘active’’ system, the non- 
ergodicity coefficient is practically equal to zero. 
This occurs in the case of a Brownian particle or 
in the case of thermal electrical noise. It can be 
seen, however, from the formula R = 2/(i+ 2) 
that the non-ergodicity coefficient does not change 
when one simply increases the number N of 
particles in the system. Thermodynamic phenom - 
ena that depend on the volume are thus essentially 
non-ergodic, as noted in the introduction. 
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To study the residual correlations of higher 
order we must perform a multiple differentiation 
of the logarithms of both sides of Eq. (26). In the 
classical approximation (h = 0) the following 
formulae hold (n> 1) 


KO iocine 1 ite Mie fie BE ies 
grtn V@y a -kivus | 
= — ; . (34 
peer eee kT en 2) 


The quantum generalization of this formula is ob- 
tained by the following rule. The cumulant an the 
left hand side of (34) is expressed in terms of 
moments. Each term of the corresponding sum is 
a product of moments of the type <Fj,.. Pig Et 
-. Fly >. To obtain the quantum formula one 
must replace each of those moments by 


<M. (ihBp*, ..., ihBp) (> PaFy,.-+ Fj,)Da(ihBp*, ...,ihBp?) 
x (Sue Boreas) 


(the symbol Pq indicates a permutation of the @ 
factors that follow it). 


6. THE RECIPROCITY RELATIONS 


The reciprocity relations which characterize 
the non-equilibrium process are a generalization 
of the well-known Onsager relations.’*® Just as the 
latter, they follow from the symmetry of the dy- 
namic equations governing the motion of the sys- 
tem as regards the direction of the time. When the 
time is reversed, t— — t, these equations do not 
change (provided, however, that the sign of the 
magnetic field and the order in which operators 
act are reversed; see below) and therefore the 
statistical characteristics of the fluctuation proc- 
ess also remain unchanged. 

Before we write down the analytical condition 
for reversibility, we shall change the form of 
Eq. (25) somewhat. In the expression <. ..>kTu 
which occurs in (25) the density matrix py is 
fixed at the time t) =t,. At another time t, = t 
+ T a transient process is taking place and it is 
convenient to denote the operators F(t,) pertain- 
ing to this time by F7. In the second expression 
<ee -kTur the averaging takes place with respect 
to another process, which corresponds to a density 
matrix py, at time ty = tp. The operators F (t;) 
taken at the time t; = t, — T can be written rela- 
tive to the time t, as F_;. If T is positive and 
increases, F_z generates a transient process that 
evolves in reverse time. Using these notations 
Eq. (25) will be of the form 
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/ kTU 


ihe Bm 
exp ‘aa BY} exp fa AOL, (F.)-ss} 
0 


+ ihBsp, 
= exp {—BW,.\exp [u\e yey 3) su - (35) 
0 T 
We now go over to use the condition of symmetry 
in the time. When applied to the expressions in (35), 
this condition clearly gives 


i ihBsp, ; 7 
Sp Baas (F:)sas} p", | 


0 


= Sp jexe (" l Ps Cae as} | . (3 6) 


0 


where the prime indicates the operators into 

which the original operators are changed when 

the time is reversed, t— —t(L— L’/,...). In the 
quantum case the position is somewhat complicated 
by the fact that one must take into account the 
change in the order in which the operators follow 
one another under time reversal. The fact is that 
when we perform the simple transformation H’ 

= H, q’ =q, p’ = — p, L’ = + L, the equations of 
motion and the commutation relations, 


ihoLjot = LH —HL, qp—pq=ih 


do not remain invariant. To attain invariance we 
must also perform a transposition. Operators of 
one kind (the Hamiltonian, the density matrix, 
coordinates ) change then into their transposed 
ones (H =HIT, p’ =pT, gq’ =q!l), while at the same 
time operators of the second group (momenta, 
spin, magnetic field) change their sign (p’ = — pl, 

..). If F belongs to the first group of operators, 
FL =F, pi, =p, and we have from (36) 


ns 
Sp fexp [uie™ a @ keg ds} er. | 
0 


Op exp (H eae" 


0 


(Foe as} Pa, 


Performing the transposition in the left hand side, 
we have 


Cexp (ut Biase Cray dsl era, 


is 0: 


1 inpsp, 
=Cexp f | e (Fr)—s | ne ‘ 


Substituting (37) into (35) and taking the complex 
conjugates of both sides of the equation, we get the 
formula 


(37) 
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5 —ihsp, 
exp {— BY.} Cexpl te \e (F)s ds a 
0 


__( » —thBsp, \ 
= exp {— BY, Cex [ale (Fd) ru (38) 


which can be used as a generating equation for the 
reciprocity relations. These are derived by taking 
the logarithm of (38), differentiating the result 
with resepct to Uj,,-.-,Ujp, Wly7,---,ULy7> and 
setting u and uz equal to zero. It is then useful 
also to take into account the connection between u, 
uz, and the additional forces Aa = kTu, Aa = kTur. 
The result is 


1 
wt Pt exp lush eit 
nd exp du, \ e—*h8sp (F ds} 
da; . ; 0a; Ouy. 2 - Olly oe \ ( )s Ks 
0 
(kT)" at ar 
da, - a da, Ou,;, At, OU; 


1 

x In expe ihBsp ( F’), is) (39) 

The magnitude of the additional forces Aa =a 
— a’ =kTu characterizes the degree in which the 
non-equilibrium state py (or py,) deviates from 
an equilibrium one. Because of this deviation, 
the averages A = <F>,g, differ from the corre- 
sponding equilibrium values A° =<F>. The de- 
viations A — A° can in their turn be used as a 
measure of the deviation of the non-equilibrium 
state from an equilibrium one. During the tran- 
sient process, the averages <F> go over into 
the equilibrium values A°. Both the values F 
=<F>A,gq at the initial time and the equilibrium 
values A° are connected with a and a° by the 
equations of state (18) 


av a 
es ar i a), fF aan! a): 
Similar formulae for all the times during which 
the transient process takes place 


Aj(t)=— G(T a(n) (40) 
must simply be regarded as equations for a change 
of variables. Although the variables a, which are 
conjugate to the A, have a less obvious physical 
meaning, they have the advantage that they result 
in equations of very simple form. 

1. Let us first of all consider the simpler 
formulae of the classical case. Differentiation 
of the logarithm of the characteristic function in 
(39) gives immediately the cumulants of the non- 
equilibrium process 


0 


Bagi a, 0) = Be In <exp {uF 2 ) aq: 


(41) 
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We get thus from (39) (when a = a’) 


(RT Ky ee 
One .t: da; ae Ly (a, t)= Oa; ..- 0a; , ! 


Maal (a, ia) (42) 

The reciprocity relations which we have estab- 
lished refer to the dependence of the characteristics 
of the non-equilibrium process on the non-equi- 
librium initial data, which are described by the 
variables A, or (which comes to the same) by the 
conjugate variables a. One can also derive similar 
relations for <Far...Fwt>,q [if one does not 
take the logarithm of Eq. (38) J. 

The relations which refer to the dependence of 
the rate of change of the non-equilibrium charac- 
teristics on the values of the non-equilibrium 
parameters at the same instant of time are also 
of interest. To find these relations we differentiate 
(42) with respect to T and let T— 0. If we differ- 
entiate once only, this gives 


(eT) Os 


0 i (kT)" Oo” 
Oa... 0a; i ety AG 3, 0) 


0 

Beg PaO 

The equations obtained impose a number of re- 
strictions on the phenomenological equations that 
describe the dependence of the rate of change of 
the characteristics of the non-equilibrium process 
on the evolving non-equilibrium values of the 
parameters. Let us assume that these are of the 


form 


Aj = kj = 7)(A, A) =F) (a, @), 


Leee 


Rin=fin(A, A) =fje(a, a°),..., 
hy, teet =P ate (Ay A is=if yt, gana: GP) game (44) 


or, if we use Taylor expansions for the functions 
on the right hand side, 


A; = Lj (a°)Aq, + 2 Li” (a°) AajAGm +... | 
Rie = Le (@®) Aa, + 2 LIP (a?) AayAam ls. 
Ri o.stp = Lin... 1, (@°) Nay + LLP sy (0°) AayAGm +. 


(45) 
and so on. Here Aaj = aj — ay, 


Figen vag Emer: a igs dr OAy 
ay dA, 0a, 
Hey a elses te MTisc cle Oy Oy 
G a, Oa, dA, 0A, 0a, 9A,, 
4 st PA, 
OA 0a,0a,,’° 


Substitution of (45) into (44) leads to the reci- 
procity relations 


baele Terme 
GT) La. eT yh ee (46) 


FLUCTUATION THERMODYNAMICS OF NON-EQUILIBRIUM PROCESSES 


If we put r =n = 1, we get the usual Onsager 
relations 


i= Li. (47) 
Putting then r =2 and n=1 we obtain the 
relations 
Lin = RT LI, (48) 


which establish another connection between the 
equation for the average value and the equation 
for the dispersion. Finally putting r =n =2 in 
(46) we get relations between the coefficients of 
the quadratic terms in the equation for the disper- 
sion 


im iR 
Liz = Tre 


(49) 


Let us note the following regarding the case 
where F, refers to operators that change sign 
when the time is reversed (F4 = — FL). In that 
case 


expa bP e, = eae! Pl, 


and from (35) and (36) follows the equation 


kTu 


(Fz)s ae ’ 
(50) 


exp {— BP ,} <exp [u.\ ons 2 F_)ads\ 


—ihBsp_ 


exp, ae <exp |-u e 


which replaces (38). The further discussion in 
this case is completely analogous to the preceding 
one. The only difference is that now Eqs. (39), 
(42), (43), and (46) contain an additional factor 

(— 1)'*4. In general, if Fj transforms as Fj 

— (= 1)kj F; , there will occur in the above men- 
tioned reciprocity relations a factor (— 1)k, 


where kia jgt os tojy ty + 22 Ly- 
2. Going over to the quantum case, we put r 
=n =1in (89). We then get 


| F : 0 - 
Fa Pu (iHBP) (Fi) 0 = az Pr (BP) CF a 


Since the same operator 4, (ih@p) occurs on 
both sides of this equation, we can drop it. The 
resulting relation 


Fa, <Fidsa = Gaz <Fid aa (51) 
is the same as the classical one when Aa = 0. If 
we assume that the first equation in (44), A 

= f ( A, A° ), remains valid also in the quantum 
case, the usual relation (47) will follow from (51). 
If, however, the transient process is not a Markov 
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process and is not described by this equation, we 
must take Kq. (51) directly into account and it 
follows from this equation that in this case we can 
derive a reciprocity relation for the admittance 
matrix.! 

If we put r=2 and n=1 and 2, we get from 
(39) 


kTO? ; 
dada, @, ((ABP) (Fi) Aa 


= SS [D, (ihBp?, ihBp!) <F)Fy + FrF jaa 

— QD, (thBp*) , (ihBp*) (Faq < Fr) al, 
TE [Da(ihBp?, iABp!) <FiFim--FimE pac 

—Q, (ihBp*)D,(ihBp')<F > aaX Fm) aal 

= Ta. [D.(ihBp?, ihBp")<F/Fr+F Ej) aa 


—Q, (ihBp?) D,(ihBp') Fj) aa Fr aal- (52) 
These equations are the quantum generalizations 
of relations (48) and (49). 

Performing the differentiation of the left hand 
side of Eq. (39) with respect to uj,7,...,UJ,7 and 
of the right hand side with respect to Ujys +++, Ujp, 
we verify easily that the following rules for writing 
down the quantum reciprocity relations in the gen- 
eral case are correct. 

To obtain the quantum relation corresponding 
to the classical Eq. (42), we must express the 
correlation function (41) kj,...j, in terms of the 
moments <Fy...Fw>Ag and then replace each 
of these moments by their quantum analogue 


Dp (UhBp™, ... :thBP)< Pm Fans. Foyae. 


The correspondence between the classical 
moment and the quantum analogue just mentioned 
is apparently an essential one and it goes beyond 
the framework of the thermodynamics. 

In conclusion we note once more that the dis- 
cussion given here refers to the case where the 
Hamiltonian of the thermodynamic system depends 
linearly on the external parameters. The problem 
whether the relations of the thermodynamics of 
fluctuations allows a generalization to the case of 
a non-linear dependence is of great interest. 
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The theory of the a decay of nonspherical nuclei developed previously by the author is em- 
ployed to treat the experimental data on the relative intensities of the fine structure lines in 
the @ radiation, the half-lives, and the angular distributions of the @ particles emitted by 
oriented nuclei. The dependence of the nuclear deformation on the atomic weight in the re- 
gion A > 220 is deduced from fine structure data. It is shown that, by taking into account the 
effect of these deformations on the half-lives, it is possible to remove the anomalies in the 
variation of the radii of a-active nuclei which result from the comparison of the old theories 
of a decay with experiment. The quadrupolarization of the parent U?** nuclei was deter- 
mined in the corresponding experiments from the angular distribution of the a particles. 


1. INTRODUCTION 


ln a number of papers,! the author has devel- 
oped a theory of the a decay of nonspherical 
nuclei; a more systematic exposition has been 
given in reference 2 (below referred to as I). In 
the case of the so-called favored q@ transitions, 
which conform to the selection rules (I, 1.8), for- 
mulas were obtained for the relative probability 
wy of exciting each of the rotational levels of the 
daughter nucleus (J is the angular momentum of 
the daughter nucleus) and for the total decay rate. 
Now the natural question arises as to how these 
formulas can be used in the most rational way to 
account for the experimental data. 

The wg are usually known from experiment. 
The formula (I, 2.22) is therefore used to deter- 
mine the deformation ap (we use everywhere the 
notation of reference 1). The solution of this prob- 
lem is facilitated by the circumstance that the 
quadrupole term a@)P,(y) predominates almost 
always in the sum over n on the right-hand side 
of the equation for the shape of the surface of the 
daughter nucleus (I, 2.1). The subsequent terms 
of the expansion a4, Qg, @3, etc., are significantly 
smaller.* In many cases it suffices, therefore, to 


*The ‘‘monopole’’ deformation %, is not an independent 
parameter characterizing the shape of the nucleus. It is ex- 
pressed in terms of the other deformations @,, (he. Cheaa: th 
the condition that the total volume of the nonspherical nucleus 
be equal to (4/3)mR3. Here it appears that for 4, <1 the 
quantity @, is quadratic in Z, and should therefore not be 
taken into account at all in the approximation considered in 
references 1 to 3. 


take account only of the quadrupole deformation 

Qo, i.e., to make the replacement 7 TAB) s 
where the integrals Xz and X; are defined by (I, 2.20), 
(I, 2.14), and (I, 2.23). As a result, the quadrupole 
deformation of the daughter nucleus, a», can be 
determined in practically all cases in which there 
are any trustworthy data on the relative intensities 
of the fine structure lines in favored a decay. In 
isolated cases the 2‘-pole deformation a4 can 

also be determined. 

The values of the quadrupole deformations of 
the various nuclei, which are of considerable in- 
terest in themselves, are also very important for 
the calculation of the a decay constant W. Indeed, 
it is well known that in the old theories of a decay, 
in which the effect of the nuclear deformations ay 
was neglected, one had to depart from the natural 
assumption 


Ro = tea’. (1) 


in order to achieve agreement with the experi- 
mental data on the half-lives. If we set ap = 0 
and.compute Ry from the experimental data on W 
for different nuclei,* setting the internal probabil- 
ity Wq equal to some constant value, we obtain 
the well-known so-called ‘‘reverse trend of the 
radii’’:* the quantity ry becomes a function of A 
which mainly decreases with increasing A, so that 


*In our view the interval 222 <A < 250, to which the con- 
sidered daughter nuclei belong, is too narrow for the Wa to 
exhibit any dependence on A. We therefore regard the assump- 
tion that the internal probability wa is constant as eminently 
reasonabie. 
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Ry does not become larger. It is therefore reason- 
able to inquire whether the account of the deforma- 
tions will lead to a rectification of this unnatural 
‘‘reverse trend”’ of the radii. 

If we solve the formula for the a decay proba- 
bility (I, 2.18) with respect to the internal proba- 
bility Wq, we find that the latter is inversely pro- 
portional to the penetration factor of the Coulomb 
barrier I, which is extremely sensitive to the 
choice of the radius Rj). To improve the accuracy 
of our calculations, it is therefore expedient to re- 
verse the problem: assuming the validity of the 
relation (1) (where rp is a constant), we attempt 
to show that wq is constant in the whole region 
A > 222 of nonspherical daughter nuclei. * 

Above we have not touched the problem of the 
angular distribution of the a particles emitted by 
oriented nonspherical nuclei; the corresponding 
formulas have been given in reference I. It is 
seen from these formulas that the degree of orien- 
tation (quadrupolarization) of the parent nucleus 
can be determined from the angular distribution 
of the a particles. We shall do this for a special 
case in Sec. 4. 

2. THE FINE STRUCTURE OF THE a DECAY 

AND THE DEFORMATIONS OF THE DAUGHTER 

NUCLEI 


Sign of the deformation. The shape of the nu- 
cleus can be either prolate (a, >0) or oblate 
(a@,< 0) withrespecttothe nuclear symmetry axis. 
In the region 150 < A< 190 the sign of a, has 
been determined by optical measurements of the 
quadrupole moments.® However, for A > 222 the 
attempts to establish the sign of the quadrupole 
deformation have for a long time led to contradic- 
tory results. The theory of the a decay of non- 
spherical nuclei allows us to solve this problem 
in a completely unambiguous way. In order to keep 
the discussion simple, we consider the simplest 
case of even-even nuclei. 


*If the internal probability wa is computed under the as- 
sumption (1) without account of the surface deformations of the 
daughter nucleus, it decreases by about one order of magnitude 
over the region 222<A< 250. 
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The relative probability of excitation of the 
level 2+ of the daughter nucleus, w2, is mainly de- 
termined by the quadrupole deformation a and is 
therefore proportional to the expression 
| X_(B )/X (8B) |2. As is seen from Fig. 1, the 
function | X_/X |? is strongly asymmetric with 
respect to the ordinate. * This was to be expected, 
because according to (I, 2.23) the asymptotic value 
of | X,/Xp |? for B— ~ is equal to unity, while 
the corresponding limit for B — — ~ is only Vi 
(Fig. 1, dotted line).f As a result, we find that 
for B < 0 the theoretical value of w, remains 
smaller than the experimental value in the case of 
many nuclei, even if | 8 | is arbitrarily large. The 
corresponding daughter nuclei are: Ra??2»224,226,228, 
Th226, 228, 230,232,234 ang 222 (here and in the follows 
ing we borrow cane of the experimental data oe 
the review article of Perlman and Rasmussen’). 
We are thus led to the conclusion that in the re- 
gion A = 222 the nuclei are prolate, i.e., have 
positive values of 8, @), and Q), where 


Q) = + ZR*og (2) 


is the so-called internal quadrupole moment of a 
nonspherical nucleus. 

Behavior of the quadrupole deformations. The 
values of @, were determined with the help of 
formula (I, 2.22) [with the replacement Xj] 

— X7(8)] from the experimentally observed first 
excited rotational level above the level with 

J=Q, where J is the angular momentum of the 
daughter nucleus, and Q is the angular momentum 
of the parent nucleus in the initial (ground) state. 
The values of the ratio X7/X» needed for the cal- 
culations are listed in Table I. The results corre- 
sponding to the assumption rp = 1.4 x 1078 cm are 
shown in Fig. 2 (if the radius is lowered to ry 


*This fact demonstrates that perturbation theory cannot be 


applied to the ® decay of nonspherical nuclei. Such methods 
for measuring the deformations as Coulomb excitation or the 
determination of the lifetime of the excited rotational state® 
do not allow us to fix the sign of a,. Indeed, both Coulomb 
excitation and the emission of y quanta by the nucleus are 
described by perturbation theory. Hence the probability of the 
process is quadratic in the perturbation, which in this case is 
the deformation @,. On the other hand, the curve shown in 
Fig. 1 has the form of a parabola only in the region B <1; 
this corresponds to such a small value of @, that it apparently 
does not occur in nature. In the region of actually occurring 
values of @, the dependence of this effect on the deformation 
is more complicated, which is just the reason why the sign ot 
the deformation can be determined from the fine structure of 
the @ decay. 


tThis teature ot the @ decay of nonspherical nuclei was 
already noted earlier by the author.’ 
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TABLE I 
B X2/Xq X4/Xo X6/Xo X4/Xq B | X/Xo XADS RDS Xen 
0 0 0 0) 0 2,2 |0.478|} 0,149 0.0341 0 ,0061 
0.2 |0,041 2'4 |0.513| 0.173 | 0:0430 | 0:0084 
0.4 |0,084] 0.0049 2,6 10,546} 0,198 | 0.0529 | 0.0142 
ORCMOS129) Os Otd) ZAM OMT OM225 0.0637 0,0143 
0.8 |0:174] 0,020 | 0.0019 3,0 |0,605]} 0.247 | 0,0752 | 0.0182 
1.0 0.220 0,032 0.0035 3.2 |0,634 Ol 0.0873 0,0224 
1.2 |0,267| 0,047 | 0.0058 3.4 [0,654] 0.295 | 0.1000 | 0,0274 
1.4 10.3412) 0.063 0.0094 Se OmORGHo 0,318 Ondited 0.0322 
1.6 |0.356] 0,083 | 0.0138 | 0.0023 || 3.8 10,694] 0.340 | 0.127 0,0377 
1,8 |0,398} 0.403 | 0.0195 | 0.0029 || 4,0 |0,712] 0,361 | 0.440 00437 
2.0 |0.439] 0,126 | 0.0263 | 0.0043 
TABLE II 
a ee ee 
Daught ) ) Daughter | , ; 
muita “4theor| “4exp | nucleus “4theor| “4exp ee Xs 
Ra222 0.0010 0,0076 U282 0,0072 0,0026 | 0.22} —0.04 
Ra??4 0.0030 0,0028 234 0,0054 0,0013 | 0.20} —0.04 
Ra226 0.0023 0.0027 U236 0.0034 0,0013 |0.17 | —0;03 
Ra228 0.0016 0.0026 Pu238 0,0050 | 0.00047 | 0.19} —0.04 
sia26 0,0062 0.0045 Pu240 0.0036 0.00021 | 0.17 | —0.04 
Th228 0,0063 0.0047 Cm?*42 0.0036 0.0021 
Th280 0,0039 0.0041 Cm?48 0,0013 0.0024 
Th2s2 0.0034 0.0035 Cf250 0.0020 0.0048 
Th284 0,0020 0.0030 
Ro=1.4 A*.10-28 cm. 
= 1.0 x 1078 cm the deformation increases by 20 Th”8»234 the experimental data were taken from 


to 25%).* We see that practically all points lie on 
a rather clearly defined curve, there being no 
noticeable difference in the behavior of the defor- 
mations of even-even and odd nuclei. 
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FIG. 2 


Excitation of the 4* level and the 2*-pole 
deformation a,. In the case of even-even nuclei, 
the values of 8 obtained from the excitation of the 
2* level were used to compute the probability of 
excitation of the 4* level of the daughter nucleus. 
The results of the calculation with the help of the 
formula (I, 2.22) [with the replacement Ry 
— Xz(8)] are compared with experiment in Table 
Il (in the case of the daughter nuclei Ra’”® and 


*The values of the deformations of the nuclei quoted in 


reference 1 correspond to the experimental data of Perlman and 


Asaro,* which are now partially obsolete. 


the work of Kocharov et al.*). For most of the 
nuclei we observe good agreement within the 


limits of accuracy of the experimental data.* How- 


ever, for the isotopes of uranium and plutonium 


there is a considerable discrepancy, since the ex- 


perimental value of w, drops rapidly in this re- 


gion, leading to a deep minimum for the daughter 


240 


nucleus Pu“, while the theoretical value of wy, 


continues to vary rather smoothly. In our opinion 
the most natural explanation of this anomaly is the 
following. In the calculation of wy theor. we took 


only the quadrupole deformation a, into account 


But the probability of excitation of the 4* level may 


turn out to be very sensitive to relatively small 
contributions to the 24 pole deformation a. If 


both deformations a, and a, are included we have 


the expression 


1 


X= \ {exp [BPa (w) + BaPa (w)]} Pr (H) du, 


(—) 


where 
20 3 k% 2 k& 4 Ré 
Ba =7*Ro (1-53 — Bye Bae | Og. 


(3) 


*The discrepancy in the case of Ra™ should not be taken 
seriously. The spectrum of the weakly excited states of this 


nucleus follows the J(J +1) law very poorly, which seems t 
indicate a strong interaction between the rotation of the nu- 
cleus and the oscillations of its shape. 


fo) 
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For 1 = 4 there may be destructive interference 
between a, and a, even for very small negative 
a4, which leads to a sharp decrease in Xy and, 
hence, wy. It is natural to assume that this is 
what happens in the region under consideration. 
Owing to the destructive interference, the value of 
w, is very sensitive to the values of the two defor- 
mations a, and ay, which allows us to determine 
the latter from the observed excitation of the 
levels 2* and 4* with the help of the formulas (3), 
(4), and (I. 2.22).* The results of this calculation 
for the isotopes of uranium and plutonium are 
listed in the last two columns of Table II. We 
direct attention to the near-constancy of the value 
of a, for all isotopes of these elements. 

Certain ratios that do not depend on the magni- 
tude of the deformations. In references 1 and 2 
we obtained the formula (I, 2.21) for the ratio 


I 
AO = wy [Ws 


(5) 


where wg is the probability of excitation of a 
rotational level with angular momentum J accom- 
panied by the emission of an a particle with ang- 
ular momentum 7. It appeared that the quantity 
av) is independent of the deformations; thus the 
comparison with experiment serves only to test 
the validity of the theory developed in references 
1 and 2. Unfortunately, the experiments do not 
give us wg, but the total probabilities 


i dwn . (6) 
L 

We must therefore select those cases where some 

value of the orbital angular momentum predomi- 

nates: 


(7) 


WyYSWy- 


In particular, 7 = 2 usually predominates in the 
decay to the two rotational levels of the above- 
mentioned band lying immediately above the level 
J=Q. Thus the theoretical value of the ratio (5) 
can be compared with the observed ratio 


Ayy = Wy wy 


(8) 


for these two levels. 

The theoretical and experimental values of A 
are compared in Table III. The decay Pu”? 
2 U5, where 2 =K =, is especially pronounced 
(K is the projection of the angular momentum of 
the daughter nucleus on the axis of symmetry). 
With the help of the conservation laws for angular 
momentum and parity, we can thus easily verify 


*Here the value of the quadrupole deformation @, differs 
slightly from the values shown in Fig. 2 (see above). 
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TABLE III 
ee ee ee eee 
(?) 

perrcees K s % jtheor Ags exp 
Ac??? 1/2} 41,6 1.5 
mee) 5/2) 0.14 0,41 
J 235* 1/2| 0.86 0.65 
Np?8? yale Ore Wi 0:42 
Np22? al One 0:40 
iPaeeY BP oil 0.16 
Cm*> 9/2| 0,09 0,09 
Bk249 7/2 0.16 O73 

4 — . 
AY sneor 0:48) Ayanexp —=0520- 


that to each J there corresponds a single definite 
1, so that the relation (7) is rigorous. Hence the 
expressions (5) and (8) can be identified and for 
{1=4, J’=K+4 and J=K + 3; the theoretical 
and experimental values of A“) are listed above in 
Table III (the experimental values of wg/, and 
W7/, were taken from the work of Novikova et FA) 
It is seen from Table III that the agreement 
between theory and experiment is good, although 
Atheor is usually somewhat larger than the exper- 
imental value. Apparently, this can be explained 
by the interaction of the rotation of the nucleus 
with the motion of the odd nucleon. In the final 
count such an interaction does not conserve the 
quantum number K, and the admixture of states 
with K # Ky becomes gradually larger as J in- 
creases. On the other hand, favored @ decay pro- 
ceeds without change of the quantum number K, 
i.e., it goes to a state with K = Ky, where Ky is 
the projection of the angular momentum of the 
parent nucleus on its axis of symmetry. There- 


fore the theoretical value of Ge [see (I, 2.21)], 
calculated in references 1 and 2 under the assump- 
tion that K is a strict integral of the motion of the 
daughter nucleus, must be somewhat larger than 
Nexp-* 


8. LIFETIMES, INTERNAL PROBABILITIES, AND 
RADI OF DAUGHTER NUCLEI 


The data on the half-lives t,/. = (log 2)/W were 
used to compute the internal probabilities wg. In 
our case only the quadrupole deformation oF plays 
a role, i.e., we can make the replacement X] 

— X](£); the values of 8 were determined from 
the fine structure (see above). The results of the 
calculation for Ry = 1.44! x 10713 em were given 
in Tables I and II of reference 3. It follows from 
these tables that the quantity wq does not undergo 
any significant systematic changes with increasing 


*We choose everywhere J’ > Ve 
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A, but only fluctuates about some average value. 
Thus the account of the deformations permits us 
to remove the anomalies in the behavior of the 
radii (or of the internal probabilities ) which are 
so characteristic of the old theories of a decay 
(see the introduction). It must be emphasized that 
the removal of these anomalies has not been 
achieved by adjusting the deformation Q» to the 
observed half-lives t;/.: the deformations were 
determined from the fine structure, i.e., from 
data which have nothing to do with the experi- 
mental data on the half-lives. 

As was already noted in the introduction, the 
quantity wag is extremely sensitive to the choice 
of Ry. If the radius is decreased, Wq grows very 
rapidly (for example, if Ry is lowered to the value 
1.0 A!4 x 19-8 cm, the internal probability is in- 
creased by 4 to 5 orders of magnitude). Thus we 
have for @ decay 


R, > 1.4A%-10°% em (9) 


otherwise we have a contradiction to the condition 
re Te) We note that the inequality (9) is in good 
agreement with the data on the interaction of a 
particles with energies above the barrier and 
heavy nuclei.!! At the same time, for phenomena 
caused only by the electromagnetic interaction of 
the incoming particle with the nucleus (scattering 
of electrons, Coulomb excitation), a somewhat 
smaller radius is required.*’!? This situation is 
very natural, for in electromagnetic processes the 
volume (4;)7R% over which the nuclear charge is 
distributed comes into play. However, in a decay 
(and also in the interaction of a particles with 
energies above the barrier and nuclei) the region 
of the strong interaction of the a particles with 
the nucleus is important; the volume of this region 
is related to the extension of the a particle and 
also to the existence of a finite range of interac- 
tion of the nuclear forces. 


4. ANGULAR DISTRIBUTION OF THE a PARTI- 
CLES AND THE QUADRUPOLARIZATION OF 
THE PARENT NUCLEI 


For weakly oriented parent nuclei the angular 
distribution of the a particles is given by the for- 
mulas (I, 3.3). The values of the ratio A,/f, cal- 
culated by the second of formulas (I, 3.3) (A, is 
the anisotropy parameter of the angular distribu- 
tion, f, is the quadrupolarization) for various 
nuclei are given in Table IV. 

So far only the angular distributions of the a 
particles emitted by U2339235 and Np”! (reference 
13) have been measured. However, in the last two 
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TABLE IV 
Parent ay 
nucleus | us | Aalfs 
W283 0/2 e229 
Am*4! 5/2 1,14 
Am?43 5/2 1.09 


cases the level schemes of the corresponding 
daughter nuclei Th?*! and Pa**? indicate a signifi - 
cant interaction between the rotational bands, so 
that K is not an integral of the motion, and the 
theory developed in references 1 and 2 cannot be 
applied directly. 

On the other hand, the favored transition U?*? 
© Th?® goes to a rotational band of Th22? which 
corresponds to the definite value K = 2 =%/. Ac- 
cording to reference 13, A, = —0.0625/T, where 
T is the Kelvin temperature. It follows from 
Table IV that f, = — 0.050/T. The spin energy of 
the nucleus U*** in the crystal field is given by 
the formula 


H = P[Q2—20(Q41)]. (10) 


f, and P can be related to each other by the Boltz- 
mann distribution; as a result we find P= 0.027°. 
It is desirable to verify this value with the help of 
the magnetic resonance in the salt U”°O,Rb ( NO;)s3, 
with which the experiments of Dabbs et al. were 
carried out.'8 


5. CONCLUSIONS 


The comparison with experiment completely 
confirms the validity of the theory developed in 
references 1 to 3. This comparison also leads us 
to suggest some very definite experiments. Let 
us list a few of these. 

1. The basic difficulty in the investigation of 
the decay Pa! _@ Ac”? (K = ¥,) is the fact that 
the distance between the levels J=Q2=*/, and J 
= ub of the daughter nucleus is only 27 kev. For 
not too high resolution, the experimental energy 
distribution of the a@ particles in the region of 
favored decay has the following form: there is a 
basic maximum corresponding to the transition to 
the state J=Q anda small ‘“‘growth’’ on top of it 
corresponding to the decay to the level with AEj 
= 27 kev (AEjJ is the excitation energy of the 
daughter nucleus reckoned from the level J = Q; 
AEg = 0). The quadrupole deformation of the 
daughter nucleus Ac" depends very strongly on 
the ratio of the intensities of these two maxima. 

It is seen from Fig. 2 that the value of a» ob- 
tained from the available experimental data® is ap- 
parently somewhat too high. It is therefore neces- 
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sary to make new measurements with a better res- 
olution. Besides this, it is desirable to investigate 
also the transitions to the levels J=/, and ¥ in 
order to substantiate the assumption K = hs Ex- 
perimentally we have AE7,/. = 58 kev; the ratio of 
intensities w7/,/W,/, is in good agreement with 
the formula (I, 2.21) (see Table II). For J= Ws 
the theoretical formula describing the rotational 
energy levels of a nonspherical nucleus with 

K = ¥, (reference 5) gives AEs/) = 121 kev. How- 
ever, the corresponding a@ decay has not been ob- 
served yet, since, according to (I, 2.21), its inten- 
sity amounts to only 0.13% of the total probability 
for the decay Pa’! @ Ac??", 

2. It is seen from Fig. 2 that the deformation 
of the nucleus U° deviates markedly from the 
general behavior of the deformations. This is not 
surprising, since, according to reference 8, the 
data on the fine structure of the decay Pu?*4 
2 30 are based on some unpublished work in 
which the excitation probability of the 2* level was 
determined with insufficient accuracy. More care- 
ful measurements of the relative probability of 
excitation of the 2* level in this process are needed 
to determine whether the deformation of U?®° con- 
forms to the general pattern of Fig. 2. 

I express my gratitude to E. L. Feinberg for a 
discussion of the results of this work, and also to 
A. G. Zelenkov and G. E. Kocharov for the discus- 
sion of a number of questions concerning the ex- 
perimental data. The author is grateful to L. A. 
Martynov and T. V. Novikova for helping with the 
tables and figures. 
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A critical analysis of the Chew-Mandelstam equations for mz scattering is presented. With 
the help of fixed momentum transfer dispersion relations and the unitarity condition new 
equations are derived, which are entirely different from the Chew-Mandelstam equations as 
far as the contribution from the unphysical region is concerned. 


1. INTRODUCTION 


Re CENTLY Chew and Mandelstam! derived a set 
of integral equations for mm scattering. These 
authors determine the singularities of the partial 
wave scattering amplitudes by making use of the 
double dispersion relations proposed by Mandel- 
stam." “ The unitarity condition in the unphysical 
region is obtained by analytic continuation from 
the physical region with the help of an expansion in 
terms of Legendre polynomials. This method was 
also used by other authors*’® in discussing «N 
scattering and NN annihilation. 

Efremov, Meshcheryakov, Chu, and Shirkov’ 
have shown that the analytic continuation by means 
of the Legendre polynomial expansion leads to 
serious difficulties. Large errors result from the 
neglect of higher partial waves in the unphysical 
region, and the legitimacy of the Legendre expan- 
sion is limited by the borders of the region in 
which the spectral functions are nonvanishing. 
However, if the contributions from the unphysical 
region are not neglected for high energies 
vy >L (vp is the square of the pion momentum in 
the barycentric frame; the pion mass is set equal 
to unity, L is the cut-off parameter) then diver- 
gences are obtained in the resultant integral equa- 
tions. The larger J, the higher is the degree of 
divergence of the coefficients of the Legendre 
polynomials Pz(cos 6), and this divergence can- 
not be overcome by a finite number of subtrac- 
tions. As a consequence, the neglect of the con- 
tributions from the unphysical region beyond some 
limit is unavoidable. 

Even if contributions for v’ = L=10 are neg- 
lected there still remains a sizable region for 
which the distance from the physical region is 
comparable to the distance to the borders of the 
region where the spectral functions are nonzero. 


In this region the scattering amplitude cannot be 
approximated by only the first two terms of the 
Legendre expansion. 

In this paper the mz scattering problem is re- 
examined. With the help of only one unitarity con- 
dition together with fixed momentum transfer dis- 
persion relations we obtain a set of integral equa- 
tions for mz scattering. In order to avoid a loss 
in accuracy when higher partial waves are neg- 
lected subtractions are performed at points differ- 
ent from those proposed by Chew and Mandelstam. 

In Sec. 2 the limitations on the analytic contin- 
uation of the Legendre expansion are discussed. 

In Sec. 3 the integral equations are obtained and 
the subtraction problem is discussed. In the last 
section the error arising from the neglect of 
higher partial waves is determined. It is shown 
that in the region where the unitarity condition is 
rigorously fulfilled this error amounts to less 
than 10%. 


2. LIMITATIONS ON THE ANALYTIC CONTINU- 
ATION OF THE LEGENDRE EXPANSION 
The following three reactions: 


(I) (Pr, %) + (02, B)>(— Ps, 1) +(—Pa, 4), 
(II) (Pi, a) + (Pa, 6) —>(—p:; Bie fs; Os 


Cy (preys, os) a, 0) (1) 


are described by the single Green’s function 
T= Al (s, the t) bap 018 
aL B (s, tbe t) 6a-S¢8 a G (sy (ie t)das Opy. (2) 


Here p are the momenta, chosen for convenience 
as incident, and a, B, y, 6 are isotopic spin in- 
dices. The invariants s, t, and t are defined as 
follows: 
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s = —(p, + pa)? = — (ps + Pa)”, 

t = —(pit pa)? = — (Pa + Ps)”, 

# = — (pi + ps)? = — (Pa + Pa)? (3) 


In particular, if v and @ are respectively the 
square of the pion momentum and the scattering 
angle in the barycentric frame of reaction (I), 
then 


s=4(v+ 1), t = — 2v(1 — cos), 


f== 2v (1 + cos 8). (4) 


Let us denote by Al the scattering amplitude in 
the isotopic spin state I for reaction (I). The Al 
and the functions A, B, C are related by 


A°=3A+B+C, A= B—C, A’=B+C. (5) 


The scattering amplitude may be expanded in 
partial waves: 


A'(v, cos0) = >} (2l+ 1) Aj (v) Pr (cos 9), 


Aj (v) = V(I + ¥)/v exp (i8/) sin 6. (6) 


Here 17 denotes the orbital angular momentum, 6} 
is the scattering phase shift, and the summation 
is over even 7 for 1=0, 2 and over odd 7 for 
I=1. 

In the two-meson approximation the unitarity 
condition may be expressed in the form 


Im Az (v) = Vv/(1-+y) | Az (v) |’. (7) 


Chew and Mandelstam use the following repre- 
sentation for the function A: 
=> 4 ji h i be 
BR aces 0) sence 
“* ! Dir a2 (i s’) - 

1 a \4s \ (Ge = 1) 

TONG. san Ges ee) 

+ qa \d \4 (@—t)(¢—7) ’ ®) 
where aj9, 443, 493 are spectral functions. The 
functions B and C may be represented in an ana- 
logous manner. 

The limits of validity of the Legendre expansion 
in the unphysical region can be immediately de- 
duced as follows. Chew and Mandelstam obtained 
their integral equations from the dispersion rela- 
tion for partial wave amplitudes (Eq. (V.1) of 
Chew and Mandelstam!) 


co =f 
4 d ’ i, ‘ 
Ai) =< \ gym al) + > | im al wv’). (9) 
0 —oo 


According to Eq. (IV.5) of Chew and Mandelstam! 


HSIEN, HO, and ZOLLNER 


Im Al (v’) 


— > ayy’ 
Ve 


in the unphysical region pv’ = — 1, where 


Sl 


> dy" yr +4 Rye : 
( 2 pi +245) Im Ar (v", cos 6") (10) 


0 


cos 6” = 1 + 2(v' + 1)/v’. (11) 
By substitution of Eq. (6) into Eq. (10), and then of 
Eq. (10) into Eq. (9), we obtain 

oo ay F 
Al (v) = <-\ sy Im 4] (v') 

0 


+ £N av Y arr (Ql + 1)8(w', v)Im AL’), (12) 
i (Pa Wee 
es a oe 
, v ' 
Bev’, y= | oer P+ 2-5) 
ny a 4 
x Pr(i+ gy ” (13) 


Expression (13) diverges for l’ = 1. By means of 
one subtraction the divergence of the coefficient of 
the p wave can be eliminated and the mz interac- 
tion constant > introduced into the theory. How- 
ever the remaining divergences cannot be elimin- 
ated by a finite number of subtractions. This cir- 
cumstance results from an unjustified use of 
analytic continuation by means of the Legendre ex- 
pansion whose validity fails at the borders of the 
region where the spectral functions become non- 
zero. 

Chew and Mandelstam cut off the dispersion 
integral at |v’| = L = 10, i.e. at approximately 
the limit of validity of the Legendre expansion, 
and then neglected the contributions from d and 
higher partial waves. However even for | v’ | 


~ 


Mm 
oa 
23 s 13 
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= 10 there exists a sizable region, whose distance 
from the borders of the spectral functions is com- 
parable with the distance from the physical region, 
as can be seen from Fig. (1). It is therefore 
doubtful whether the first two terms of the 
Legendre expansion are sufficient to represent the 
scattering function in the indicated region. 

The error resulting from this circumstance 
may be roughly determined as follows. It follows 
from the double dispersion relation and crossing 
symmetry that 


Im A® (v", cos 6”) 


1 e dt’ 
= \ Bye (2013 + big + C13) fe 


to(v”) 


1 4 
== COS {y) ct tT + cos =| ; 
Im A? (v", cos 6”) 


© 
dt’ 


1 { { 1 
~ tt \ By? (18 — C1) Veer Gh ~ cep cosi§ 4)” (14) 
t(v”) 
Im A? (v", cos 8”) 
1 dt 4 
ae. \ Dy" (43 -- C13) ae ee (15) 


t=i14 Hl /2v’. 


to(v”) is the border of the spectral functions aj, 
by3 and c,3, which are functions of the quantities 
s” =4(1+v”) and t’. They do not depend on 
cos 9”. The dependence of Im Al ( v”, cos 9”) on 
cos 9” is therefore exhibited explicitly in the de- 
nominators in the curly braces. 

According to Heine’s theorem (see Whittaker 
and Watson’) we have 

+, = >) (2l' +1) Qr (x) Pr (cos 6"); 


T— cos §” a 


(16) 


where Qj’ (T) is the Legendre function of the 
second kind. Keeping only the first two terms in 
the Legendre expansion is equivalent to the ap- 
proximation: 


! 4 — 
R, = ~—cos 9” | t+ cos 97 © 2Qo (t), 
= 4 4 ~ u 17 
R- = Tess @”  -€0s gr = 8 cos HQ; (t). (17) 


Now the error we are interested in can be 
easily estimated. Let us discuss the case v” = 3, 
for which the unitarity condition begins to be vio- 
lated. The nearest singular point, giving the 
largest contribution to Eq. (14), lies in the neigh- 
borhood of the border of the spectral functions 
ty (v” = 3) = 64/3. The corresponding value of T 
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equals 41/9. For this value, and for scattering 
angles @=0, 1/2, it is easy to obtain the data 
shown in the Table. 


| 
mel 
| 


6=n/2 


Ry 0,46 | 15 
2Qo (7) 0.44 | 0,45 

, 0.10t | 4.00 
6cos §”Qy(t) 0,099 | 0.36 


For @=0 the error introduced by the approxi- 

mation (17) amounts to only 2— 4%. However for 

= 1/2 the error amounts to a factor of 3. It is 
clear from Fig. 1 that, even if the expansion is cut 
off at |v’ | = 10 as was done by Chew and Mandel- 
stam,! a large region of integration exists in which 
the imaginary part of the scattering function can- 
not be approximated by just two terms of the 
Legendre expansion. 

These results also indicate that the approxima- 
tion (17) is fully adequate for 6 = 0. 

In accordance with the considerations developed 
by Efremov et al.’ we derive in the following sec- 
tion integral equations for mz scattering from the 
dispersion relation for fixed momentum transfer, 
which was proved rigorously by Bogolyubov, 
Medvedev, and Polivanov.’? Our method is analo- 
gous to the method used by Chew, Goldberger, Low, 
and Nambu’? in their work on tN scattering. 


3. DERIVATION OF INTEGRAL EQUATIONS 


In what follows we shall neglect g and higher 
partial waves in comparison with s waves, and h 
and higher partial waves in comparison with p 
waves. In this case we obtain with the help of Eq. 
(6) the following expressions: 


0 : 2y 0A° (vy, t) | 
Ap (v) = A®(v, £ =0)— 3 is ae 
2 2v 0A! (VN, t) 
Al (v) = Atv, f= 0)— AO 
2 - 2v dA? (v, bt) 
Ag (v) = A* (v,t = 0) —— a aah (18) 


When crossing symmetry is taken into account the 
dispersion relations for mm scattering at fixed 
momentum transfer may be written in the form 


fore) bw 
(as ) = =| Im Bee 0) 
CAV De ae cate | SC WEE) 
12 . C(v’, t) 
Ms Biv’, »| 19 
+ LT cain (Be (19) 


0 
The following expressions are then obtained for 
the derivatives of the scattering amplitudes: 


1168 HSIEN, HO, 
GA (Wid 0 aA (v’, t)/at 
(20 (v, njat) = =\ we Im( a8 (v', na 
aC (w, Nat) "2 YY NaC, 8/08 
co : ac (v’, t)/dt 
ne \ dv | Im(B "9/8 
Tog St+v-+v' 41/4 aA (v', t)/0l 
0 


; ; C (v’, 2) 
BAW, 0 20 
sGrevtemn(itis) a 


It is well known that the expansion of the imag- 
inary part of the scattering amplitudes in Legendre 
polynomials converges better, than the expansion 
of the real part, and therefore in the following we 
neglect the imaginary parts of d(f) and higher 
waves in comparison with s(p) waves. The valid- 
ity of this approximation follows from the estimates 
made in the preceding section. 

With the help of Eqs. (5), (6), and (18) — (20) we 
obtain the following equations for the s and p 
waves, in which no subtractions were performed: 


oy amy 
Ag) = 1b) 0(v’) 4 5% | fy ep lng) 
0 
x (3 Sos 9) Im At(v’) + 51m A2(v’)] 
1 dv 
| ma yep Fp lm Ag w) 
—9 Im Al(v’) + 51m A2(v’)], au) 


At (v) = “\S — Im At (v’) + AC 2 im Ato 


ek 


v 7 / Vv P 
ier Vey 2 im Atv) + (95) im Ar) 
0 


co 


+ 5m A (v’)) + am Tia [— 21m A? (v’) 
9 
+9 Im At(v’) + 5 Im A2 (v’)] (22) 
Ao) = Im Atv’) + ¢ ah [2 Im Ae (v’) 

0 
ii, (9 ae 3) Im At(v') + Im A2(v’)] 
as oa [2 Im Ao (v’) 

0 
4-9 Im At(v’) + Im AL(v’)), (23) 


The following expressions may be used to esti- 
mate the order of magnitude of d and f waves: 
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CO 

(v) 4 

v = e\yo 
0 


Im A} (v’) 


0 
— ag \are PB Pelee) 
0 


— 3Im Al(v’) + 21m At (v’)} : 


ih oo 


A, (Vv) 3 dv’ ne 
y = og \a em A) 
0 
1 f_ avd 2v+v) 
+ nox \aw 
0 


x {— 51m A3(v’) + 51m At(v) + 31m Az(v')h, 


A (v) 4 dv’ ray PE 4 dy’ 
7 = ang Vee wean oe 
0 0 


x {htm A (w’) + 3m Ag(v’) + $m Az(y')h (24) 
It is necessary to keep in mind that these for- 
mulas are less accurate than Eqs. (21) — (23) 
since g waves are neglected in comparison with 
d waves, and h waves in comparison with f waves. 
Chew and Mandelstam carry out a subtraction 
at the point y= -*/5(s = o) at a stage in the calcu- 
lation when it is still necessary to integrate along 
the straight line s = /y between the points cos @ 
=+1. They relate the given value A of the scat- 
tering amplitude at the symmetric point s=t =t 
= vf to other points of this straight line by means 
of the Legendre polynomial expansion. Inthat ex- 
pansion they keep only the leading terms and this 
may lead to further loss in accuracy due to the 
neglect of unphysical terms. 
We avoid this loss in accuracy by carrying out 
the subtraction for A and C at the point 
0”(s=t=2, t=0) (see Fig. 2), where 


Ajv=—i,t=0)= 


C(—3,0) = 


LOW ENERGY INTEGRAL EQUATIONS FOR ra SCATTERING 


and for A} at the point: 0”(s = 4, t=t= 0), 
where 


A? (0,0) = B (0,0) —C (0,0) = 0. 


It is therefore necessary to introduce but one new 
parameter. It should be noted that A differs from 
the constant ) utilized by Chew and Mandestam.! 
The connection between them is given in the 
Appendix. 

After subtraction the Eqs. (21) — (23) for the s 
and p waves take on the form 


A®(v)= 5A 
a ; tit vile aa(Nor i]s) 
+3) elm 4 w){— WF yi +v tv) 


0 


Se 1gv Migv } 


CFyytFytyy Ov tv) 
a ' ' 
+ 5 \dv' Im At(v’){ 


0 


(vt) sn 
Wii tytv) vw +i) 


3/ov Vv 


— Gv +vey) ! eevee) 


Mov 
Geese a} 


a dv’ 
6x jit+vt+ wv’ 
0 
9 , v +1). v sv 
xIm Ar(v’) Pep  , (25) 
v dv’ ’ A =. 
Aw) = wa \ FIM ee {N+ eg vf 
0 
{ 1 
Vv p 1 10 
tr 2\ dv’ Im At Ww) aay w(t v + v’) 
0 
14 414+v[1+v+v']>} 
eee eee 
Hf 41+v[i+v+v]7 
v ’ 1 ceo TO El TD Die 
— 355 \4v TW, |G Fe core rete ee (26) 


0 


ER as */(v + 1/9) 
Ake) = 26+ x \ dv Im) |— aay ev 


0 


1/3v Wigv 
+ advyibvey) aera} 


co 
S/ov 


4 d iH A} , i tele tes) Fle a rc A tn 
+= \dv'Im 10) wary ~ CECE 
0 
A iee (av “av 
— sagen tae 


rene ; vs 
ae a \dv ImAS(v') | ear poy 


0 


Hemp ceesreee tN ig Fiala 
(V+ 3/2) A +V+V) 


5/gv Use } 


SUAS F/G) Se BOUIN! Fo 27 
— Gevevyasvyy  Uevtve au 
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Here the coefficients of the p wave on the right- 
hand sides of the equations differ from the corre- 
Sponding expressions in the Chew-Mandelstam 
equations. 

The above-mentioned difficulties with analytic 
continuation in the unphysical region, the diver- 
gence of the coefficients and the need for a cut-off, 
can be avoided in our equations. 


4. ESTIMATE OF THE ERROR DUE TO THE 
NEGLECT OF HIGHER WAVES IN THE 
PHYSICAL REGION 


The error arising from the neglect of d and 
higher waves in the imaginary part, and g and 
higher waves in the real part of the scattering 
amplitude, can be determined by a method similar 
to the one used in Sec. 2. 

We start by estimating the error arising in the 
imaginary part. We have 


(1 —1ea4ar) (=e + EE! Spee ae? 

ZAIN GS), (28a) 
= Sagar SS See es 

~ 6 (1 = tae) Qx(0). (28b) 


Here y = % inthe s-wave and y = ¥, in the 
p-wave equations. As before, the quantity Tt will 
be taken equal to ‘4. For lower energies T is 
larger and the error is smaller. At higher ener- 
gies tT decreases, however the unitarity condition 
(7) gets violated. After simple calculations we 
find that in the region in which the unitarity con- 
dition (7) is satisfied the error of the approximate 
formula (28a) is less than 3%, and the error of 
formula (28b) is less than 8%. 

An estimate of the error in the real part of the 
scattering amplitude is more difficult. The most 
serious limitation to the validity of the Legendre 
expansion is due to distant singularities in a thin 
layer of the region of integration, and they contri- 
bute insignificantly to the scattering amplitude. 
However a rough estimate shows that in the region 
in which the unitarity condition holds, the error 
in the real part of the scattering amplitude should 
be less than 10%. 

The authors express their gratitude to professor 
Chu Hung-Yuan and D. V. Shirkov for suggesting 
this problem and for valuable remarks, and also 
to Chou Kuang-Chao and Wang Jung for useful 
discussions. 
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APPENDIX 


The relation between the subtraction constant 
\ introduced by Chew and Mandelstam, and our 
constant A is given by the formula 


4 ° dy 0/,.7 
-=A—32\ game aye Ee) 
0 
3 C 1 
—ioa\y a coe a) 
0 
4 C dv’ 74 r dy’ 
15x v'(v’ + 3/3) ImAi(v’) + hee (v’ + 1/3) (v’ +- 4) 
0 0 


x Im {—§ Av’) + (5 — A) at) + 3 Av} 


ae 4 ( dy’ 
' 300 J} (v’ + 1/3) (v’ + 4/2) 
0 


ie) , 5 , aie f 
—5 Atv’) +3 4009} + sox wee 
0 


Im {3 Ag(v') 


8 


x Im {— 5 Ailv’) + 3AKo') — 3 AdW)} - 


Due to the neglect of partial waves of higher order 
this formula is not exact. We find that the cor- 
responding error is less than 6%. 


Note added in proof (November 2, 1960). After the present ar- 
ticle was sent to press we received a preprint from Chew and 
Mandelstam (UCRL 9126), in which they remark that if the p 


and ZOLLNER 


wave is large at low energies, a cut-off must be introduced. 
In their theory there arise at least two new parameters. The 
solutions to their equations are unstable, which confirms our 
conclusions regarding these equations. 
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The kinetic equation for 4 mesons in the atmosphere in which the decay and energy losses 
are taken into account is solved. The angular distributions of 10!1~— 10!4 ey #4 mesons in 
the atmosphere are computed for two possible production mechanisms: 7 —pw+v and 
K—y +v decays. The results indicate that in the energy range of 10!!—5 x 10! ev the 
-meson angular distributions depend significantly on the mechanism of their production. 


1. INTRODUCTION 


On the basis of their experiments, a number of 
authors!~? have recently discussed the suggestion 
that heavy particles constitute the overwhelming 
share of all secondary particles produced in ultra- 
high energy nuclear interactions. In particular, it 
may be that the largest part consists of K mesons. 


In this case, the role of K mesons in the production 
of high-energy mesons can prove to be important. 


Therefore experiments that would make it possible 
to determine which of the two possible mechanisms 
for the production of u mesons, 7 —~yw+v or 

K —yu + vp, plays the basic role would be of consid- 
erable interest. In the 1 x 10!'—5 x 10” ev p- 
meson energy region, the study of the angular dis- 
tribution of » mesons in the atmosphere’ is, as is 
shown below, an experiment of this type. 

The production of 4 mesons in the atmosphere 
as a result of 7-meson decay was first considered 
for the simpler case by Greisen; subsequently 
various forms of production of this type were 
studied by many authors. Detailed references to 
the literature on this question can be found in the 
work of Smith and Duller,°’ where calculations are 
given for the angular distributions of 40 — 160 ev 
yw mesons associated with 7-» decays for the case 
of a plane atmosphere and several other simplify- 
ing assumptions. In the present article we give 
amore accurate solution of the problem. The 
solution of the problem for p mesons, roughly 
speaking, is divided into two parts: 1) solution 
of the kinetic equation for the parent particles 
(m,K) whose decay results in the production of 
y mesons, and 2) the solution of the kinetic 
equation for the » mesons. 


2. SOLUTION OF THE KINETIC EQUATIONS 
FOR t AND K MESONS IN THE ATMOS- 
PHERE 


We shall consider the one-dimensional prob- 
lem in which it is assumed that the trajectories 
of the primary nucleon, the 7 or K meson pro- 
duced by it, and also the 4 meson form one 
straight line. The path of the particles x is 
measured in units of the nucleon mean free path 
Ap (we take Ay =75 g/cm”). The beginning of 
the path is taken at the point of entry of the nu- 
cleon into the atmosphere. 

We assume that the intensity of production of 
7 mesons (understood to be 7 or K mesons) 
can be written in the form i) E7(Y+1) g-BX 
i.e., the production spectrum follows a power 
law and the dependence on the depth, which is ex- 
ponential with an absorption coefficient y, does 
not depend on the energy, depth, or angle of in- 
clination of the particle trajectory to the vertical. 
The graphical results shown at the end of the ar- 
ticle were obtained for values of 1/u correspond- 
ing to an absorption mean free path of 120 g/ cm?, 

We assume that the mean free path of the 7 
particles is equal to the mean free path of the nu- 
cleons ahd that the regeneration of the n particles 
can be neglected. If the 7-meson flux of energy E, 
E+dE at the depth x is equal to P‘)(x, E) dE, 
then it decreases over a path dx by the quantity 
P())(x, E)dEdx, owing to nuclear collisions. 

We shall consider the probability of the decay 
of 7 particles dWq(x, E, 9) ona path between x 
and x+dx for motion along a line directed towards 
the point of observation at an angle 6 to the ver- 
tical. Let p(x,@) be the air density at the point 
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Then 
dW g(x, E; 0) = [M.,,CAo/TonP(*,9)E ]dx, 


es 
(1) 


where My and To, are the mass and lifetime (at 
rest) of the n particle, and c is the velocity of 
light. 

The equation for the diffusion of nuclear-active 
particles with allowance for decay is readily solved 
by the method of successive generations if p = ax, 
where @ = const, which is valid for a plane iso- 
thermal atmosphere. The isothermal approxima- 
tion can obviously be used, since the effective pro- 
duction of high-energy mesons takes place over a 
small segment of the path, where the temperature 
of the atmosphere varies slowly along the path. It 
is also shown in the Appendix that although the re- 
lation between p and x for 6 close to 7/2 is more 
complicated than simple proportionality, in the re- 
gion of the effective values of x, even for 6 = 7/2, 
an approximation of the type p(x,@) =a@(6)x is 
quite satisfactory, except for the narrow region 
of very small x. Replacing p in (1) by a(0@)x, 
we obtain 


AW g = [M,c0o/Tond (8)xEldx = [E,(9)/xE]dx, (2) 
where E,(@) is the critical energy at which, for 
a path x =1, the probability of decay of an n 
meson is equal to probability of a nuclear colli- 
sion. 

As a result, we obtain the kinetic equation for 
yn particles in the form 


aP™ (x, E)/dx = —[1 + E,(8)/xE]P(x, E) 
= 1 E- («+ Vo- wae 


(3) 


The solution of this equation has the form 


(n) eee 
PO Eee) a Aye), 
i=1 
FE) = 1a CE + EET, (4) 
where a=1-yp. The deviation from the obtained 
solution resulting from the inaccuracy of the 
adopted assumptions will be discussed below. 


3. SOLUTION OF THE KINETIC EQUATION FOR 
Kt MESONS IN THE ATMOSPHERE 


The kinetic equation for 4 mesons is written 
in the form 


aP“)(x, E, 8) es meh 
Ox To P(x, O)E 


+ Sr IB(E)P(x, E, 81-4 G(x, E, 8), 


where m and T , are the mass and the lifetime 
(at rest) of the » meson, and B(E) is the energy 


POE 8) 


(5) 
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loss of a » meson (of energy E) over a unit path. 
The first term in (5) takes into account the p- 
meson decay, the second the energy losses and the 
third the production of p mesons. We shall as- 
sume that the losses occur continuously, i.e., fluc- 
tuations can be neglected. Then 


— dE/dx = B(E) = (Bo + CE)Ao, 


where {, is the ionization loss, which we shall 
take to be constant along the u-meson path and 
equal to 


By) = 2.8Mev cm?/g. 


The losses that are proportional to the energy are 
the radiation loss and the pair-production loss. 
For the energy region in which there is no com- 
plete screening, c is a slowly varying function of 
the energy. We shall assume that c is constant 
along the u-meson path. The values of c (in 105° 


cm*/g) for energies of 10!'—10 ev are as 
follows:* 
E, ev 4ou 1012 4018 4014 
Crad Ouud e aduae lal 1,16 
Cpair A Owe ee Obie ZO e205 
Ctot Ae O28 Te? Way igele) 


A solution of Eq. (5) satisfying the condition 
p) (0, E, @) =0 is 


P(x, E, 0) = exp {— v(x, E, 8) + cdox} \ G(t, e(E, x —t)) 
i) 


xexp {o(t, E, 8) — cdot} dt, (6) 


where 


u(x, E, 0) = (mco/Tow) \ dt/e(t, 6) e(E, x — 2); 


e(E; st) eBes ariel Gyo(ent a ea) 


is the energy at the point t for a » meson passing 
through the point x with an energy E, and Xp is 
an arbitrary constant; it is convenient to take 
2.4) == ale 

We shall find the source function for 1 mesons 
G(x,€). We shall consider the u-meson produc- 
tion process to be the decay aa lt eemOhealLerna 
tively, the decay K—yp+v. In the rest system of 
the 7 and K mesons, the decay takes place isotrop- 
ically. Therefore in the laboratory system ( is.) 
the probability for the production of a LM meson of 


energy €, €+de in the decay of an 7 meson of 
energy E is 


Wr(E, 8)de = [E(1—m?/M7)%de for »<E< M?e/m? 


n 


*In the calculations, we made use of the results in the 


thesis of I. S. Alekseev, Phys. Faculty, Moscow State Univer- 
sity, 1958. 
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and Wru = 0 for a value of E lying outside the in- 
dicated energy interval. The total number of iv 
mesons of the given energy € produced in a layer 
of thickness dx can be determined if the value ob- 
tained above for P(")(x,E)dE is multiplied by the 
probability of n-meson decay on the path dx: dWq 
= Ey(@)dx/xE and by the probability Wru(E, €) 
for the production of a w meson of energy E in 
such a decay, and if we then eae over all en- 
ergies E in the interval « < E < M2 7ne/m?. We 
obtain 


G(x, ©) =e ‘em ay FM, 6), 
' om E r+2 
Fe, -)=—*—_ | —__ae. sv) 
1 — m*/M,, : 1--iE/E,, (8) 


Expression (6) for the u-meson flux now takes 
the form 
pu 


(4) - i Pe 
P(x, E, #)=exp {—o(x, E, 8)-+chox)\ VFM, ) Gy 
0 


oH 


Mexp (v(t, 6, 8) —cA,¢} df. (8) 


We shall calculate the integral in the last expres- 
sion. 

Since the function G(t,é€) is appreciably differ- 
ent from zero only in a narrow interval of small t 
(~ 1), then, owing to the smallness of the quantity 
CAy, we can neglect the dependence of € on t in 
F#(¢,6@) and in exp {v(t, E, 6)} and take €(E 
x—t) equal to €(E,x). Then exp{v(t, E, a)} 
is approximated well by the function t°. In fact, 
as was shown above, for t ~ 1 the dependence of 
p(t,@) in the region of effective u-meson produc- 
tion is satisfactorily approximated by the function 
plt,0) = a(@)t. Then 

t 
exp {[mcA/%(8)T5..€] \ dz/2) =i)» 
1 
where 6 =mcdo/Ty, @(8) €(E,x) is a small quan- 
tity at the energies under consideration E & 1 
x 101! ey. It can be seen that at large t, the inte- 
grand is a rapidly decreasing function, and the 
level of observation x lies deep in the atmosphere. 
Therefore the upper limit of integration over t 


can be replaced by ©. We obtain 
ere nee 9 fe (tert yy 
Dy \ F; (é, ) G—nr é 
i=10 
fore) Ee 0) ee ay po 5 gy 
=> (i— 1)! (e- 
b==1) 0) 
(exo) 


=2F Me, 


Ca eee) er 
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where I'(i+6) isa TI function. For the energy 
we are considering E 2 1 x 10!! ey, the factor 


PGS 8) (C= i eek i St 


for all i makes an appreciable contribution, owing 
to the smallness of the Shee 6 and CApj. 


We introduce the notation 5s Fey (6,0) = PU) (€, 0). 
i=1 
We shall calculate the integral in the expression 
for Preece: 6). Since only values of E close to ¢€ 
give a contribution to the last integral, the integral 
can be replaced by its approximate value 
M2 e/m* 
BOGE yl (mynd, en 
\ 1+iE/E,(0) ~~ eae 


he) 
1+ ib,€/E,(0) ’ 


y+2 1—(m/M, 2 OTP 
yt 1— (mj, 


Nn 


This substitution leads to an accurate approxima- 
ation for € «< Ey ji-and ¢€ >> En /i; in the region 
€~ Ey /i, for y = 1.5, it gives an error of less 
than 4% for the case of the 7 y+ v decay and 
an error of less than 7% for the K—-yw+ pv decay. 
The accuracy increases with y. 

Inserting the values of the constants, we obtain 
for y = 1.5: 

1) when the generating component are 7 mesons 


Pie, 8 = Aly (e) “S.(8, 8); (9a) 
2) in the case of K mesons 
P&(e, 0) = Al Aye“ S,(e,9), (9b) 
where 
a om 4 —(mjM,) +0 
S,(2, 0) = 2 = Gee 


=, 1+ ib,e/E,(0) "9" (r +4) I my?) 


Aye is the relative frequency of Ky) decay. 

The values of the coefficients Ay and by are 
given in Table I, for several values of y. 

Table II lists the values of Sy ( E,0) for various 
values of E; the decrease of S, with an increase 
in E reflects the fact that the probability of n- 
meson decay decreases with increasing energy. 

The’ complexity of the integrand makes it diffi- 


TABLE I 

= 
| ES ih 20 | $2.8 
b. 4221.24 14 20 
pe 1,40 |4.33-| 4.28 
A. 0,706] 0.635} 0.575 
Ax 0.419] 0.350] 0.300 
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TABLE II 
E, ev Sz (0) | SK (9) 
jou 0,64 1.27 
102 0.14 0.50 
4013 0.012 | 0,074 
104 0.0012 | 0.0076 
x 


cult to calculate the quadrature i dt/p (t,@)x 
i 


€(E, x—t) in the factor that accounts for the de- 
cay in expression (8) for the 4-meson flux at a 
depth x. However, the decay can be taken into 
account with good accuracy by means of an approx- 
imation. We set « (E, x—t) ~ €(E,x). This cor- 
responds to the assumption that the » mesons 
traverse a large portion of their goemetric path 
in an atmosphere of low density, where they ex- 
perience a slight energy loss, and are subject to 
an intensive energy loss only during the last seg- 
ment of their path, this segment being short and 
therefore not important as regards the decay. As 


, ul 


— 
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shown by the estimates, such an approximation is 
permissible even if it is assumed that the mesons 
traverse the entire path with an energy €(E,x). 
x 
Then Al Ap dt/p (t,@) is the geometric path L (x, 0) 
1 


traversed by the » mesons from their point of pro- 
duction to the point of observation. 

Finally, for the »-meson flux of energy E, 
E+dE at the point of observation x, we now obtain 
an expression convenient for the approximate cal- 
culations: 


P™ (x, E, 0) = exp {—meL (x, 8) / tone (E, x) 


SP chon) Poy OE es) 8). (10) 


The results of the calculations of PH (x, E, 0) 
for the two w-meson production mechanisms are 
shown in Fig. 1. The values of cos 6 are laid off 
on the abscissa axis and P‘#)(x, E, @)/P‘#)(x, E, 0), 
on the ordinate axis on a logarithmic scale. The 
calculations were carried out for the value y = 1.5. 


FIG. 1. Angular distribution 
of » mesons of different energy E 
in the atmosphere for the two 
mechanisms of production. 1— 
E=1x 10" ev; 2—~E=2~x 10" 
ev; 3—E=5 x 10" ev; 4- 
E=1x 10" ev; 5—E=2~x 10? 


ev; 6—E=5~x 10% ev; 7— 
E=1x 10'* ev; 8—E =1 x 10"* 
ev. All curves are normalized to 
the corresponding intensity in the 


vertical direction. 
02% 
| 
Git Qir 
TABLE I 
a a a ne 
cos 0 | COS 8 are | hegf, km Leff, km x, atm | Ex, ev | EK, ev 
a ee ea | eee 
0,00 0.444 34.0 660 35.4 4 
2 14.4012 44-4012 
0.05 0.123 33.3 406 15.2 1.025 +1012 : 5 ce 
0.4 0.148 32.0 265 9.18 8.46-400 | 6225 
0. 0.226 29.4 140 4.88 5.40 3.99 
0.3 0.345 26.8 90 3.30 3.84 2.82 
0.4 0.410 25.0 60 2.48 2.87 2.12 
0.6 | 0.603 22,4 38 4.67 1.93 1.43 
: , 19.0 19 1,00 1.16 8.58-1012 
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In Table ITI are listed the values of the effective 
heights of ~-meson production, the geometric path 
lengths from the effective points of generation to 
sea level, the ranges (in g/cm?) for various ze- 
nith angles, and the values of the critical energies 
E7(9) and Ex(@). The computational procedure 
is described in the Appendix. 


4. DISCUSSION OF RESULTS 


The kinetic energies Ez(@) and EK(@) differ 
approximately by a factor of seven (owing to the 
difference in lifetimes and rest masses of the 7 
and K mesons). This results from the different 
#-meson angular distributions for the two produc- 
tion mechanisms over a considerable energy inter- 
val. Indeed, Fig. 1 shows that the u-meson angu- 
lar distribution curves for the energies 1 x 101! 
—5 x 10 in the case of the -meson mechanism 
of production lie on a level 1.5 to 2 times that for 
the K-meson mechanism in the zenith angle inter- 
val 0< cos 6< 0.2. At ultra-high w~-meson ener- 
gies E> Ey(1/2), the angular distributions are 
determined only by the properties of the atmos- 
phere.® From Table II it is seen that Ey,(1/2) 
~10E,(0). Since for ultra-high energy » me- 
sons, by (9a) and (9b), 


Pon) (, 8)/ Pon’ (2, 0) ~ En (8) / Ex (0), 


then the u-meson production increases about ten- 
fold for both mechanisms as @ varies from 0 to 
mt/2. Inclusion of the w-meson energy loss limits 
the increase in intensity to a factor of eight at y 
= leoator Fi 1.10 ev, 

As we have already mentioned, the calculations 
of the angular distributions were carried out under 
an assumed mean free path of 75 g/cm? for the 
nuclear interaction of 7 and K mesons. The ob- 
tained distributions, however, are extremely in- 
sensitive to a change in the mean free path Ag in 
the direction of higher values. Thus, when we set 
A») for K mesons equal to the mean free path for 
absorption of the generating component Wie— 120 
g/ em? (which is equivalent to the assumption that 
a substantial number of K mesons is produced in 
nuclear collisions), we obtained a decrease in the 
maxima of the angular distributions at large angles 
by 6 —10% for energies of 10''— 10” ev. Also, the 
difference in the distributions for the two mechan- 
isms of production increased. The distribution 
curves are more sensitive to a decrease in Ag, 
but in order to bring the distributions for the two 
mechanisms quite close together \) must be made 
1/2.5 —1/3 as large, i.e., it must be reduced to 
30 — 25 g/cm?, which is improbable. Thus, no 
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reasonable change in the mean free path of the 
mesons can eliminate the difference in the distri- 
butions for the two production mechanisms. 

In solving the diffusion equations for 7 and K 
mesons, we have assumed that they are produced 
only by stable particles, chiefly nucleons. Sucha sim- 
plification is permissible, owing to the fact that 
the m- and K-meson flux is small (55%) at the 
heights of effective production of 4 mesons in 
comparison with the nucleon flux over the entire 
energy range.’-!9 The production of 7 mesons in 
the decay of K mesons does not have to be taken 
into account. According to an estimate made under 
the assumption of a power-law spectrum for the 
production of K mesons with an exponent y = 1.5, 
in which the large probability of Ky decay in 
comparison with K7,. decay was taken into account, 
the contribution of K mesons to the u-meson flux 
via decay with direct production of 4 mesons is 
3.0 times the contribution of the two-stage decay 
K—a7—up, even at small energies (E < 101! ev). 
This effect is apparently the most important of 
all those not taken into account. It appears most 
strongly at energies E,(0) < E< E7(7/2). The 
dotted curve of Fig. 1b represents the angular dis- 
tribution of 5 x 10!! ev » mesons with allowance 
for the K — 7 — p process. 

Nor does the presence of complex nuclei in 
primary cosmic radiation have a great effect on 
the obtained results. We have estimated that the 
-meson angular distribution curves are lowered 
by several percent at large zenith angles when the 
contribution of nuclei in the 7- (or K-) meson 
flux is taken into account. 

The scattering of 4 mesons in the atmosphere 
can be neglected, since even for u mesons with an 
energy of E ~ 1 x 10'! ev and a horizontal direc- 
tion of flight the scattering at the point of observa- 
tion is ~0.4°. The deviation of the direction of 
flight of the meson from the direction of motion of 
the primary particle is of the same order for a 
transverse momentum of ~ 0.3 Bev/c. 

The method used to account for the decay sepa- 
rately from the energy loss reduces the 4-meson 
decay for energies of E = (1—2) x 10! ev and 
horizontal directions approximately by 5%, i.e., 
the distribution curves for these energies are en- 
hanced by about 10% for angles 0 < cos 6 < 0.2. 

The calculated distributions depend on the 
value of the y-spectrum exponent for the produc- 
tion of or K mesons almost entirely because of 
the ~-meson energy losses. Thus, for a change of 
y from 1.5 to 1.75, the points of the distributions 
corresponding to the angle 9 = 7/2 decrease by 
18 —11% for energies of (1—2) x 101! ey 
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The dependence of the angular distributions on 
the level of observation for the lower half of the 
atmosphere is reflected in the results also only 
because of the p-meson energy losses, since the 
effective layer of matter through which the 4 me- 
sons pass is changed. However, for a consider- 
able angular interval 0.1 < cos 6, in which the dif- 
ference in the distributions of the two u-meson 
production mechanisms is important and the losses 
small, it is not necessary to know the exact value 
of y, since the distributions are then almost inde- 
pendent of the value of y. 

Thus the contribution of » mesons from K 
mesons to the flux can be determined on the basis 
of the appropriate experimental data if the contri- 
bution attains the value of 2 20%. 

Comparison of our curve for » mesons from 
m-y decays with a similar curve obtained by Smith 
and Duller® for E = 101! ev indicates that the 
curves differ by no more than 6% at the maximum. 


APPENDIX 


The path traversed in a spherical isothermal 
atmosphere by a particle traveling at sea level at 
an angle @ is expressed in g/ em? in the following 
way: 


25 == [Ph \ e—4/udu/cos ) = yeh \ (1 a a 


h 0 


OYA uth Die ONE TB oy ' 
x|cos?o + 2 R t ( R )] eth dy, 
where R is the radius of the earth, » is the flux 
angle with the vertical. After simple calculations, 
we obtain 


Pa poe hlhs goth e2/2 V Rho /2 W_1), vA (z), (11) 


where z=h/hy)+R cos? 6/2ho, W-1/4,1/4 (z) is the 
Whittaker function. Depending on the problem be- 
ing considered — the calculation of the layer of 
matter in g/cm? traversed by » mesons in the at- 
mosphere to sea level or the determination of the 
relation between p and x at great heights — we 
choose different values of the quantities py and hg 
which best approximate the dependence of p on 
the height h over the range of variation of h of 
interest to us. 

Using for great heights the asymptotic form of 
the function W_14,4/4(z), we obtain 


co 


See oy 


Ri oR 
k=1 ae, 


# = poet 26 V Rha) I + 


= (fh, 0) p(n). (12) 
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Figure 2 shows the values of a/hp as a function 
of the traversed path for the angle 6 = m/2. It is 


Plo. @/ cm? 

FIG. 2. Variation of the path x referred to the pressure ph, 
along the trajectory of a particle in the atmosphere for the 
angle 0 = 7/2 (values of ph, equal to 5, 10, 15, g/cm? corres- 
pond to values of x equal to 44, 99 140, g/cm’). 


seen that a varies little over the range of effective 
production. A natural simplification is to replace 
relation (12) by the approximate expression 


x ~ test (9) p (A), (13) 


where Qeff(@) is calculated at the point of “‘half- 
production”? (i.e., at a depth above which half of 
the total u~-meson flux is produced. For Ag = 75 
g/cm? and 1/u = 120 g/cm’, the half-production 
depth is xe¢¢ = 65 g/cm”. The meaning of the sim- 
plification is that the part of the path on which the 
nuclear-active shower effectively generates pu 
mesons is replaced by a straight line making some 
effective angle to the vertical. The effective angles 
calculated by us are also shown in Table III. 

Generally speaking, the atmosphere is not iso- 
thermal. However, at heights in which we are in- 
terested and over small segments of path the tem- 
perature changes slowly. Therefore the calcula- 
tions were made under the assumption of an iso- 
thermal atmosphere, but for each zenith angle we 
took the experimentally known temperature at the 
corresponding effective height. The experimental 
values of the pressure, density, and temperature 
at various heights were taken from the data of 
Alekseev et al.!! 
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A method for calculating the transition effect in thin layers of matter (t <1 radiation length) 

is developed for radiation consisting of electrons and photons with an arbitrary spectrum. The 
results obtained are used for calculating the transition effect between the air and the ionization- 
chamber wall at various distances r from the electron-photon shower axis for s = 1 and for an 
infinite primary energy. Electron- and photon-energy spectra at various distances r from the 


shower axis are derived by the moment method. 


l. In a number of experiments (see the article by 
Greisen‘) on the lateral distribution of charged 
particles in extensive air showers (EAS), thin- 
walled ionization chambers and cloud chambers 
with covers made of heavy matter (brass, steel, 
etc.) were used as detectors. Since, in the pas- 
sage of the electron-photon shower through a thin 
layer of matter, the absolute number of electrons 
depends substantially on the magnitude of the air- 
to-counter-wall transition effect, the question 
arises as to whether it is possible to compare 
the lateral distributions of charged particles ob- 
tained by means of different detectors. 

For the case of an equilibrium energy spectrum 
of the electrons and photons, the transition effect 
in a thin layer of matter has been treated in detail 
in the monograph of Belen’kii.?- However, the for- 
mulae given there cannot be used in those cases 
where it is necessary to determine the transition 
effect at various distances r from the shower 
axis, since, for a given r, the energy spectra of 
electrons and photons are not in equilibrium, even 
though the electrons and photons may be in equi- 
librium over the whole shower. For small dis- 
tances from the electron-photon shower axis, 
Bethe® obtained the following approximate formula, 
which is customarily used for calculating the air- 
to-counter-wall transition effect: 


(1) 


where Z is the atomic number of the counter-wall 
matter, 7.2 is the atomic number of air, and t is 
expressed in radiation lengths. However, Eq. (1) 
does not take the variation of the transition effect 
with the distance from the shower axis into account, 
and its usefulness is therefore greatly limited. 


AN/N = 2(1 —7,2/Z)t, 


The variation of the transition effect with vary- 
ing distance from the shower axis was discussed 
by Heinemann.’ However, an insufficiently sub- 
stantiated choice of the lateral distribution func- 
tions of electrons and photons for energies E < 26 
(where £ is the critical energy) prevents us from 
accepting the results of Heinemann as being certain. 

2. Let us consider the transition effect of radi- 
ation consisting of electrons and photons passing 
from medium 1 into medium 2 without assuming 
the equilibrium between electrons and photons in 
medium 1. 

Let Pi ( E,r) be the number of electrons in 
medium 1 with energy in the range E, E+dE at 
a distance range of r, r+dr from the axis of the 
electron-photon showers at the observation level, 
and let P}(E, r) be the analogous function for 
photons. If we neglect the deflection of particles 
in medium 2, then the variation of the number of 
electrons P(E, r, t) and photons PY(E, tt.) 
with the depth t in this medium is described by 
the following equations:* 


OP? (E, r,t) “ 
at —} =|"; (Ey, 1)) 
foo) Ss (ED) ; E . 
+2) “Bip PIE’ 1, tu (Ge) dz 


+ g2\ P3(E’, 1, £) 0.compton(E’, E’ — E) dE’ 
iE 


ORM (Enpiome) 
alee (2) 
OD) (Eton) x 
——37 — = LalP2 (E, r, t)l— PX (E, 7 t)o,(E) 


te go \ P; CES Tae t) U-Compton ir: Ee) dE’ (3) 
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with ane boundary pond iions Py (Er, 0) = Py (E,r) with the boundary condition Py (Cyn 0))\t= ss (eae 


and P2(E, ir, O}) = P}(E, ie 


L, [Pz] and L, [Pj] are integral operators 
acting on the function PJ and corresponding to 
bremsstrahlung, Op2( E’ ) is the photon-absorption 
coefficient in medium 2 due to pair production, 

0) = 0.773 is the limiting value of the photon- 
absorption coefficient, and 0»(E’) is the total 
photon-absorption coefficient in medium 2, 


“(e)-() +('- ) 
+ (B)\(1— B)(F — 20), 0= 0.0136, (3’) 


Ocompton(E’, E) dE = Fee [1 + (=) I. 3") 
The values of g, for various media are given in 
reference 2, and B, is the critical energy in me- 
dium 2. 

Following the procedure of Belen’kii,” we shall 
solve Eq. (2) by the successive-approximation 
method.* In calculating the first approximation, 
we shall assume that: 

1. The photon spectrum does not change greatly 
in the layer under consideration of the second me- 
dium, i.e., t <1/o. This gives P}(E, r, t) 
~ PY(E,r). 

2. The variation of the electron spectrum 
PJ (E, r; t) due to the radiation losses, which are 
considerable in the high-energy range, does not 
greatly affect the number of electrons detected by 
the counter. This enables us to assume that 
tbe. 

In fact, as has been shown by Eyges? for t < 1, 
the integral variation of the number of electrons 
due to bremsstrahlung, and the ensuing absorption 
due to ionization losses, is a higher-order effect 
than the change in the number of electrons due to 
single-ionization absorption. This enables us to 
set L, [Pz ] = 0 for a first approximation, which 


greatly simplifies the solution of the problem since 


it makes it possible to pass from the integro-dif- 
ferential Eq. (2) to the partial differential equation 


OP (erat) 3 OP3 (E, r, 2) 


al rae OE 
co E’ 
= 2 Se pre’, 1) u() ab" 
E 
Eo, \ Pe 1) OGomptoa (E’, EE) dE’, (4) 
E 


*Since the commonly-used detectors (cloud chambers, 
ionization and diffusion chambers) are sensitive only to 
charged particles, the solution is sought for electrons only. 


The integration of this equation leads to the fol- 
lowing result: 


E+B2t (ee) 
4 mas 2 ” CO p2(E’) Y , jen? , 
P(E, t) == ) dE Vea P}(E’, r)u (4a) aE 
E+Bszt fo) 
+# \ dE” \ PY (E’, 1) Ucomptoa(E’, E’— E") dE’ 


The total number of particles NJ(R,t) under the 
transition layer t <1 of the second medium can be 
written in the following form: 


fee) 


N3(r,t)=\ P3(E,r, t)dE =(N3(r, t)|pair 


9 


HENS (Me leomprea ONT (BATn (6) 
fore) E+Bot foe) 
Tt ae 2 u" Sp2(E’) , [ge ’ 
[N> (7,0) peir= ZA dE \ as, lees Pi (Gs ; ru (aE 5 
(6’) 
; bc) E+Bet 
[NS ( ‘)\compton= = | dE dE’ 
0 EB; 
| PY(E’, 1) Ucompton(E’, E’ — Bd", (6”) 
E” 

Ni (Bot, r) = | Pr(E, r)dE. (6) 


Bot 


In the integral (6’), the range of relatively low 
energies is most important, and we therefore set 
u(E”/E’)=1. For the term vCompton appearing 
in the integral (6”), we substitute the expression 
(3”). Changing the order of integration twice and 
integrating expressions (6’) and (6”), we have 

Bat 
Ao rs P¥ (E’, r) E’op2(E’) dE’ 


Se ee aE NSEC GES (7) 
%0 Bat 2 
[NS (7, Mcompton = £1  \  PE(E’, r)Vi(E') aE" 
* * Bat-+-mc?/2 
Bot-+-me*/2 
EERE GE eV EGE (8) 
mece?*/2 
where 
Epa. BE? = ly 1 
Vi(2) = eae ar tein ( — fF] 
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The expression (6) for Nj (x, t) has a clear 
physical meaning: the lateral distribution of elec- 
trons below the layer t < 1 of the second medium 
is determined, on the one hand, by the lateral dis- 
tribution of electrons with energy = yt in the first 
medium, and on the other by the lateral distribu- 
tions [N}(r,t)] pair and [N2(r,t)] Compton of 
electrons produced in the layer t by photons as 
the result of pair production and Compton effect, 
respectively. 

8. Thus, the lateral distribution of electrons 
N, (r,t) under the transition layer t <1 can be 
calculated by means of simple quadratures if the 
differential energy spectra of electrons and pho- 
tons in the first medium are known, i.e., P{(E,r) 
and P}(E, r). For the high-energy range, where 
we can neglect the ionization losses, Pi (RE: 1”) and 
PY(E, r) are calculated for different values of r 
by the moment method for the various stages of 
shower development and infinite primary energy.° 
We shall attempt to find approximate expressions 
for PT(E,r) and PY(E, r), which describe the 
differential energy spectra of electrons and pho- 
tons in the low-energy range E < f,, since the 
low-energy particles are the ones mainly respon- 
sible for the magnitude of the transition effect. 

In order to find P7(E,r) and PY(E,r) by the 
moment method, it is necessary to know the be- 
havior of these functions for r —0. Since the be- 
havior of Py and py in the low-energy range near 
zero is unknown, we shall assume that the lateral 
distribution of electrons having a given energy 
near zero at the shower maximum is the same for 
all energies, and is represented by the Moliére 
distribution for high energies,’ i.e., P[(E,r) 
~ r7¥3 for r—0. An analogous assumption is 
made for photons: Py (Ez, r) ~'r7! for r— 0, 

We expect P{(E,r) to be of the following form: 


(9) 


where P/(E) is the differential energy spectrum 
of electrons over the whole shower, and the param- 
eters @ and v are determined from the known 


PE ie SP eee, 


mg maleers 
values of r* and r* .*:8 If we assume that the 


=a als 

ratio [r? (E)]*/r* (E) = const is independent of 
energy, which is correct in the high-energy range, 
then we can determine the parameters qa and v 
or obtain the following analytical expression for 
Packer): 


10 


PI(E, r) = FiOS 
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FIG. 1. Differential energy spectra of a—electrons, 
b— photons, in air for s = 1, normalized to the total number 
of electrons. The numbers at the curves denote the distance 
(in radiation lengths) from the shower axis. 


where I(x) is the I function. 
Analogously for photons 


3 P(E) ; 
EG ~— exp (— y's), 


_ frig) 4.7% 
a ke = | 


where PI/(E) is the differential energy spectrum 
of photons in air over the whole shower. 
Figure la shows the normalized electron energy 


PY(E, r) = 


(11) 


re) =] 
spectra 7(E,r) = P{(E,r) L ie 2meNf ar | in air 
0 
at various distances from the axis, calculated ac- 
cording to formula (10), while Fig. 1b shows the 
analogous spectra of photons y(E,r) = PY ( Er) 


ee) -1 
x J QarNy ar , calculated from formula (11) 
0 


FIG. 2. Lateral distributions in 
air: f7(r) of electrons with energy 
>0 (curve 2) and f?(r) of photons 
with energy =5 x 10° ev (curve 1), 
normalized to the total number of 
electrons for s = 1(r in radiation 
lengths). 
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using the following expressions for the equilibrium 
spectra:” 


Pr (gE) = fo Ue +1) 0, 1) 


Bi E : 
E 4 
PU(E) = 72S) (12) 


where o; is the total absorption coefficient of pho- 
tons in air, € = 2.29 E/B,, and £, = 72 Mev is the 
critical energy in air, and 


G(e, l)=1— ect \e-* x-1dx, 


The values of G(€,1) for various € are given in 
the review of Belen’kii and Ivanenko.® The values 


T sos 
of r? and oe are taken from the papers of Ka- 
mata and Nishimura® and Roberg and Nordheim.?” 

The integral lateral distributions of electrons 
with energy greater than 0* and photons with en- 
ergy 25 x 10° evt corresponding to differential 
spectra (10) and (11) are shown in Fig. 2. 

It can be seen that the total number of photons 
is considerably greater than the total number of 
electrons. In addition, photons have a different 
lateral distribution than electrons, so that the 
ratio of the number of electrons to photons de- 
pends on the distance from the axis. In the end, 
this should also be felt in the variation of the tran- 
sition effect with the distance from the shower axis. 

4. The differential energy spectra of electrons 
and photons shown in Figs. 1a and 1b make it pos- 
sible to use formulas (6) — (8) to determine the 
magnitude of the transition effect in the absorbing 
layer with thickness t < 1 for different distances 
from the axis of the electron-photon shower. In 
Fig. 3, the lateral distributions of electrons calcu- 
lated from the above formulas for the case t = 0.18, 
By = 16.6 Mev (copper) are shown. As can be seen 
from these distributions, the increase in the num- 
ber of electrons because of the transition effect is 
mainly due to the pair production by photons, and 
the Compton effect plays only a small part even at 
relatively large distances (for r ~ 0.1 and t 
~ 0.18, we have NGompton © 0-3 Np). 

Analogous distributions were obtained for other 
values of t. The results of the calculation are 
shown in Fig. 4, where the function F = 1 + [f7 (r,t) 
— fT (xr)]/f{(r) shows the variation of the number 


*The lateral distribution of electrons with energy >0 cor- 
responds fully with the distribution obtained by Kamata and 
Nishimura® by another method. 

tThe lateral distribution of photons with energy >0 is 
difficult to calculate, since it is necessary to take into 
account effects that play a considerable role in the range of 
very low energies (E < 10° ev). 


FIG. 3. Normalized lateral 
distributions of electrons for 
t = 0.18 and B, = 16.6 Mev. 


of electrons at a distance r from the shower axis 
with absorber thickness. (The values of t are in- 
dicated by the numbers near the curve.) It is clear 
that for small distances from the shower axis (r 
~ 3x 1074, which corresponds to ~10 cm for 
mountain altitudes), this increase is very great 
for t+ 0.5 (~ 10 times). Although the calculation 
has been carried out for copper, the magnitude of 
the transition effect is mainly due to the pair pro- 
duction by photons, so that the curve shown in 

Fig. 4 can be used to determine the transition ef- 
fect in any substance whose atomic number is not 
very small, if we express the thickness of the 
transition layer in radiation-length units. 

It should be noted that, in the calculations, we 
have not taken the scattering of the particles in 
the transition layer and the angular distribution 
of the particles in air into account. The influence 
of the angular distribution of the electrons and 
photons in air should lead to a somewhat smaller 
change of the transition effect with distance. This 
follows from the curves of Fig. 4 since, with in- 
creasing distance from the shower axis, the angu- 
lar distribution of the particles becomes ever 
wider, which effectively leads to an increase of 
the transition-layer thickness. However, at small 
distances from the axis, this correction may be 
neglected. 
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5. As has been mentioned above, the differential 
energy spectra of electrons and photons [Egs. (10) 
and (11)] have been obtained for the maximum de- 
velopment of the electron-photon cascade (s = 1). 
The lateral distribution of charged particles in 
EAS corresponds best to a value® s = 1.2—1.4, 
so that it would be desirable to determine how the 
magnitude of the transition effect varies with in- 
creasing shower age. Such estimates were carried 
out for s = 1.4 and for infinite primary energy. It 
was found that, if for s=1, t s 0.18, and B, = 16.6 
Mev the number of particles of the whole shower 
increases by ~ 31%, then, for s = 1.4, the corre- 
sponding increase amounts to ~ 29%. This indi- 
cates that the magnitude of the transition effect 
varies little with s near s = 1.* 

In conclusion, the author wishes to thank A. A. 
Emel’yanov, G. T. Zatsepin, and S. I. Nikol’skii 
for their discussion of the results. 


*With increasing s, one should expect the greatest change 
in the transition effect to occur at small values of r. How- 
ever, it is not possible to indicate the magnitude of such a 
change. 
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Resonance radiation is studied in a periodic medium which is most convenient for experi- 
mentation, that is, ina laminar medium. Laminar media consisting of sets of two arbi- 
trary layers with different or equal thicknesses are considered. Formulas for the spectral 
distribution and for the total number of radiated quanta are derived. The frequency ranges 


(fer each harmonic r=1) 2; 3)... 
mined. 


In an earlier paper’ we have studied the radiation 
which occurs when a charged particle moves in an 
arbitrary periodic medium. For the particular 
case of a laminar medium consisting of two plates 
of equal thickness, and when A = | (N,; — N,)/(N; 
+N,)| «1, it was pointed out that the resonance 
radiation is given by a formula which differs from 
formula (19) of reference 1 by the factor 16/1’. 
Here N,; and N» are the electron densities in the 
first and second medium. 

It should be mentioned that the case of a 
layered medium has already been discussed in the 
literature. As I. M. Frank emphasized in his 
Nobel lecture, when the distances between layers 
become large compared to the formation zone, the 
total radiation from a layered medium equals the 
sum of the radiations from the different layers; 
this is the well known transition radiation of V. L. 
Ginzburg and I. M. Frank. In our interpretation 
this limit means radiation of high order, or, as 
we shall say, radiation of high harmonics, when 
the summation over r can be replaced by integra- 
tion. 

The exact solution of the problem of radiation in 
a layered medium is given in a paper by Khizhnyak 
and Fainberg,’ who cite a condition the physical 
gist of which is equivalent to our resonance con- 
dition (8). Khizhnyak and Fainberg analyze the 
case when the wavelength of the radiated quantum 
exceeds the length of a period. As is shown in 
reference 1, the more interesting case occurs 
precisely when the opposite inequality holds. The 
exact solution is also given in a paper of Garibyan. 
Garibyan’s results do not appear convincing to us, 
since he neglected resonance effects. 

From the experimental point of view a laminar 
medium is the most convenient for detection of 


.) and the energy threshold of the radiation are deter- 


resonance radiation. We therefore derive and 
discuss in this paper the corresponding formulas 
for the general case of different thicknesses and 
arbitrary A. We shall use the formulas obtained 
in reference 1 in the semiclassical approximation. 
In order to apply the semiclassical theory toa 
layered medium, the boundaries between the 
layers must be smoothed over. This can always 
be done, because it is the larger distances trav- 
ersed by the particle that are important for emis- 
sion of radiation [see Eqs. (4) — (6) ], and there- 
fore the result of interest does not depend on the 
sharpness of the boundary. 

Let us further note that the semiclassical ap- 
proximation leads to incorrect results for the re- 
flected waves. Therefore we must demand that 
effects connected with reflected waves be negligi- 
ble. This will be the case if there is only a small 
change in the dielectric properties of the medium 
from a layer with dielectric constant «, to a layer 
WILKIGy lens 


| (€2— &) /(t2+ &1)|<1. (1) 


This condition is always satisfied in the high-fre- 
quency region, which will occupy our interest be- 
low. 

In addition to (1) we must also suppose that the 
radiation is confined to small angles at vc. 
This condition turns out to be fulfilled if 


Nee) 


(A = wvef, I is the period of the layers). 

Let the particle move along the z axis through 
a plane which is perpendicular to its trajectory, 
and at a distance z — ~ from the origin of coor- 
dinates. The energy radiated by the particle is 
then given by Eq. (18) of reference 1: 


(2) 
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where A(q, z, w) is calculated from formula (14) 
of reference 1: 


r G2 (AONE 
A(q, 2, ©) = ite aie (4) 
“00 
dt 
a eee 5 
=) exp {iat + i| ae Soe (5) 


The calculation of A(q, z, w) amounts to cal- 
culating I for a layered medium. Consider first 
a finite number of arbitrary layers of two differ- 
ent materials with dielectric constants «, and ¢): 


= (0 V e,/ = (wo V €,/c)cos 8. 


Let the layers of the first material («, xk,) have 
a thickness Az, (Az, = vAt,) and those of the 
second material (€), k,) have a thickness Az, 
(AZ) = vAt,). Let us number the layers with in- 
tegers from 1 to n (odd numbers characterize 
the first medium, even ones the second medium ). 
For convenience we take n even, so that we have 
n/2 layers of the first, and n/2 layers of the sec- 
ond medium. Later on we shall let n tend to in- 
finity; actually this means that the factor 

| sin (na/2)/ sin a |* contained in |1|? [see Eq. 
(6) ] can be replaced by 


c) cos 8, 


inn >) 6(#—a7). 

Let us denote by t;, ty, ... tn the times when 
the particle enters the first, second, etc. layer, 
and by ty, the time of leaving the last layer. 
Then the integral I can be broken up into a sum 
of integrals over t (from — ~ to ty; from t, to 
t. etc.; from ty,, to ©). We are not interested in 
the first integral from — ~ to t,, or in the last 
one from tn,; to ~, because they are connected 
with transient effects on the first and last layer 
(below we must let z tend toward infinity faster 
than the number of layers). 

Once the integrals have been calculated, their 
summation amounts to the summing of a geometric 


series. For I we obtain a final expression 
RSP ar Fresca 
(€1X2) '? (O—x1V) 
pee ey Sit (702) 
(€2%.)'/2 (@— ov) sina? (6) 


2a = (@ — %,v) At, + (© — xQv) Ato. (7) 


For sufficiently large n, the integral I differs 
from zero only when the resonance condition 


oO =r (8) 
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is fulfilled (here r is an arbitrary integer ). 
We introduce the notation 


(Ve At, +Veq Ate) /At =Ve, (9) 


where vAt = v (At; + At.) =1 is the sum of the 
thicknesses of two adjacent layers. Condition (8) 
defines the cosine of the angle at which the quan- 
tum is emitted, 


cos 8 =c/uVe— 2arc/ol Ve. (10) 
By demanding | cos @ | = 1 we have 
Bayt 8 tee 


If we confine our attention to the cases when Cer- 
enkov radiation can occur, we see that r>1. We 
also note that the polarization of the resonance 
radiation agrees with the polarization of the Cer- 
enkov radiation. 

From (6), (5), and (3) we find the total radiated 
energy when a particle crosses n layers 


Tmax 
ndo >} \ sin? 6d 6 sin? —> =o (1 —— ~ V &2Cos 8) 


T=1 


Sez 


see 
a | e* —e/* + (o/c) cos 6 (e/* — e/*) 2 

(1 —(v Wex/ c) cos §)2(4 — (v Vés/c) cos 6)? 
ox (oAt — wAt 2 cos 8 Ve —2ar). (12) 


Let us integrate (12) over the emission angles 96, 
using the formula 


\ sin’ 808 (At — oAt 2 cos6Ve— 2ar) 
= (c/lw Ve) [1 —(c/vVe — 2arc / olVe)?). 


Since we suppose that the angles @ are small, 
formula (13) can be simplified by putting 


1+ (c/uVe—2arc/ol Ve) ~ 2. 


The final formula for the radiation from rela- 
tivistic particles of frequencies which appreciably 
exceed atomic frequencies has the form 


(13) 


Tmax 


S=F Fee)? S sine his (2ne Bak Ae 
a) r=1 
<[rS—(— 2B (tes a) 
[Ber S28, = wal 
x [= po eae May, — N,)| (14) 


To find the total number of radiated quanta we 
must divide S by hw and integrate over all possi- 
ble emitted frequencies. From the right part of 
inequality (11) we obtain a condition on the range 


RESONANCE EFFECTS OF RADIATION INA LAMINAR MEDIUM 


of the emitted frequencies 


2nur 


wl (—2)— 


We note that an analogous expression occurs in the 
Square brackets of the numerator in Eq. (14). The 
left part of inequality (11) leads to the condition 


2mte” ( Aty 


ma? 


=0. (15) 


ve 


nor /ol<1 (27) 
Whenever (2) is satisfied, (2’) is certainly satisfied 
forer = 1: 

We must note that in cases of practical interest 
condition (2’) turns out to be weaker than the con- 
dition on Wy jn which follows from Eq. (15) [cf. 
(17) and (21)]. It is easy to see that in order that 
this be so, : must exceed 1, = [ 47re? (Ny 
+N2)/m]t? x 


To aren the calculations we introduce the 
notation 


2urv 


- 
i e ; 


Ny 


2me = ( 45 N; at) = p 


fe (16) 


and a new variable of integration &, which equals 


afo=200rfol=€. (Lh) 


With the new notation, Eq. (15) can be written in 
the form 


0c) a (15’) 


and the solution of Eq. (15’) gives us the limits of 
the interval of the emitted frequencies, 


1+V1—4(1—v7/c)b/a@ 
ee 


SP So ~) 


In order that different real roots exist, it is 
clearly necessary that the expression under the 
square root in (18) be positive. This requirement 
determines the energy threshold at which the rad- 
iation begins: 

E [ me? > V 26/ a. (19) 


Let us proceed to the analysis of Eq. (14) for 
the case when At, =At,. For layers of equal 
thickness formula (19) can be rewritten in the 


form 
E 2 
ae = Va me? 


(Ny -E oN, 


2) 2nrv * 


(20) 


If the energy considerably exceeds the threshold 
value, a simple expression can be obtained for & 
and é,, since the expression under the root in Eq. 
(18) can be expanded. We then have the following 
condition on the radiated frequency interval 


E, =a? /b—(1—v/c) FEA —v/¢) = be, 


.e., the only frequencies radiated are in the inter- 
val from 


(21) 


1185 
Omin = @/&, = lane? (Ny + N2) /2urum (22) 

to 
Omax = 4/§2 = 4aro (E / me)? /l. (23) 


Let us pass to the calculation of the intensity 
and number of quanta per unit of particle path. 
For this we rewrite formula (14) for the case of 
equal thickness (At; = At,) and for variable é. 
We also divide by fw and by the total distance 
covered, nl/2. Then the number of quanta radiated 
in 1 cm is given by the expression 


dM = (22) (N, — N.S, 2 


«( —S— ma 


Equation (24) becomes considerably simpler 
when 


(24) 


A =|(Ni — Ne)/(Ni + No) |<1. (25) 
In this case it can be rewritten as follows 
dM = £(N,— N°, 
= mA ut 2) 137 w3 
Ic? i 2 
s > 3 [1 oe : ae (Na + N.))| i (26) 


r 


Here rp denotes the classical electron radius. A 
characteristic property of the frequency distribu- 
tions (24) and (26) is their sharp concentration 
near Wymin-: 

As already pointed out above, formula (26) dif- 
fers by a factor 16/m’ from the formula for radia- 
tion when the dielectric constant of the medium 
varies as €= €& +Acos (2mz/l). A. Amatuni 
kindly informed us that he and O. Korkhmazyan 
have investigated this case, starting out witha 
Mathieu-type equation. Formula (19) of reference 
1 was confirmed, however they managed to obtain 
the result without using the condition A «1, but 
confined attention to radiation of the zeroth and 
first harmonic only. 

The number of radiated quanta decreases as the 
inverse cube of the frequency (the intensity of the 
radiation consequently decreases as the inverse 
square of the frequency with increasing w). At 
W = Wmin and w = Wmax the intensity and number 
of radiated quanta become zero, owing to the pres- 
ence of the factor 


2mrv 
lo 


1—2 4 25 (N, + Ma)— 


in Eqs. (24) and (26). We must also turn attention 
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to the factor 


au (F = Mie) Fa ) 
which occurs in Eq. (24). Since under the integral 
the effective value of w iS Win (27) will be of 


the order 


(27) 


l 


me? Sr i Si 
cos? (= (Ni— Na) ee ) cos (+r Ni We) (28) 
for even r, and 
By sues Lene: wo Naa Nok 
sin ee (N, — No) igo) sie? ( ry, Ne) (29) 


for odd r. Thus when (25) is fulfilled and r is not 
very large, only odd values of r contribute in the 
sum over r in Eq. (26). 

In the range of frequencies which interest us, 
the term with r= 1 makes the principal contribu- 
tion (if we consider the term r= 3, Wpin de- 
creases by a factor of three compared to the wmin 
with r=1, and the number of radiated quanta for 

= 3 will also be three times smaller than for the 
case r=1). The total number of radiated quanta 
per unit of path for the case A <« 1 is found by in- 
tegrating (26) over all frequencies. The result is 
25 2 
M= 2 (St) mares ; ee) 


r=1,3,5 


We now consider formula (24) for the case when 
(25) is not satisfied. We write (24) using the nota- 
tion of (16) and (17). Then the number of radiated 
quanta per unit path is 


bE max/a* 


16 A2 
ea Vay rere 


bE mins? 


{y—(1— v/c) 6 / a® — y?] dy cos? ( mr 
{1 — A?y?}* sin? a) ? 


(31) 


where y = bé/a*. The cos’ under the integral 
applies when r is even, and the sin? when r is 
odd [cf. (27) — (29)}. 
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If this formula is evaluated for energies apprec- 
iably in excess of the threshold value, we obtain 
the following number of quanta emitted in one 
centimeter: for A = 0.4; 0.6; 0.8; 1.0 the corre- 
sponding M is 0.095/1001, 0.21/1002, 0.36/1001, 
0.54/1002 (for r=1); for A= 0.6 and 0.8 the 
respective values of M are 0.095/1007 and 
0.26/1002 (for r= 2) or 0.03/1002 and 0.13/100/ 
(for r= 3). 

As we have already noted, the majority of 
quanta are concentrated near Wyjn, the value of 
which is given by expression (22). The radiation 
threshold is defined by formula (20). The intensity 
of higher harmonics is less, fewer quanta are 
radiated, and the threshold energy is lower, than 
for=n.= 1. 

The case of layers of unequal thickness can be 
investigated by starting with formula (15). By 
introducing the variable y one can easily bring it 
into a form convenient for numerical calculation: 


sey 2yii ( _ dy ly — (b/a*) (1 — o/c) — y*} 
Migr ie TP) a (= py? (t+ 99)? 
a2 q pea Pq 
os Eee gee male 


p = At, (N, => Nz) /(N,At, a N.At,), q —— pAt, / Aty. (32) 
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The problem of motion in a Fermi liquid due to vibrations of the boundary is treated. The 
energy transferred to the liquid during thermal vibrations of the solid body and the related 
heat transfer at various temperatures of the liquid and the solid are computed by applying 
the resulting solutions. The thermal resistance derived is proportional to T~. 


As is known, !”” in the transfer of heat between 
liquid He If and bodies surrounding it, a tempera- 
ture discontinuity appears on the boundary, con- 
nected with the difficulty of the energy exchange 
between the phonons of the solid and He II. A 
similar temperature discontinuity also appears on 
the boundary of He® and a solid. The surface of 
the heated solid executes small vibrations. In such 
a case motion of the liquid takes place, and carries 
away part of the energy. However, this energy is 
shown to be small, thus, as in the case of He II, 
leads to the appearance of a temperature discon- 
tinuity. 

We shall consider liquid He? in contact with 
the vibrating surface of a solid. At low tempera- 
tures, He® is a Fermi liquid, and its state is 
characterized by the distribution function of the 
excitations, which satisfies the kinetic equation 


On, On oe Onoze il 
aoe ponent () 


Here n is the distribution function, € is the 
energy of the excitation, which is a functional of n, 
and I(n) is the collision integral. 

Inasmuch as the velocity of sound in a solid is 
much greater than the velocity of the excitations 
on the Fermi surface, it can be assumed that all 
the points of the surface are vibrating with the 
same phase. Therefore, the distribution function 
will depend only on the z coordinate, which is 
perpendicular to the boundary of the body. 

We seek a distribution function in the form n 
=n) + ny, where np is the equilibrium Fermi 
function for the temperature of absolute zero. 
The excitation energy in this case will be 


e= e+ |f(p, p')m(p')dp’, F(p, p') = be (p)/n (p’), (2) 


where €) is the excitation energy at T = 0. 


By considering the linearized kinetic equation 
(1), it is easy to see that n, is proportional to 
On) /8€ ~ 6(p — po), where py is the limiting 
momentum. Therefore, n,; can be represented in 
the form of the product of On) /eé€ and some func- 
tion v, which depends on the direction of the mo- 
mentum (and, naturally, on the coordinates and 
time ); moreover, the momentum can everywhere 
be set equal to the limiting value. 

Introducing a spherical set of coordinates, we 
can consider v as a function of the angles @ and 
x, where @ is the angle between the direction of 
p and the z axis, and y is the azimuthal angle, 
measured from the direction of the tangential 
component of the velocity uy of the wall. 

Substituting n, in the expression for the energy 
of the excitation, and integrating over the absolute 
value of the momentum, we obtain the energy in 
the form of a series of spherical functions [by 
expanding f(p, p’)py in spherical harmonics ]. 
For the case of He®, we limit ourselves to the 
first two terms,? which are determined from ex- 
perimental data: 


, AQ’ 
e = &(p) —Fo\y 


4m 


(3) 


4m’ 


3P, |v’ cos & F 


where # is the angle between the direction of the 
momentum p and the momentum of the integration 
Dp’; cos * = cos 6 cos 0’ + sin 0 Sin’ cos (y — y ). 
The constants Fy) and 3F, are respectively 4.65 
and 1.3. 

Substituting all these expressions in the kinetic 
equation and linearizing it, we obtain 


E (a) , dQ’ , dQ’ 
—iov + v9c0s 65 |v + Fo\v a +3F,\v cos 0 | = 1 (); 


where w is the vibration frequency and vo 
= ( 0€) /dp )py is the velocity on the Fermi surface. 
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The characteristic frequency of the thermal 
vibrations of the surface of a solid has the value 
w~ kT/h. Taking the value of the collision fre- 
quency of the excitations 1/t from the work of 
Abrikosov and Khalatnikov,’ we obtain the result 
that for all temperatures, within the limits of 
applicability of the theory of a Fermi liquid 
(below 0.2°K), the condition wt > 1 is satisfied, 
which means a negligibly small role for the colli- 
sions. From considerations of mathematical con- 
venience, one should not immediately drop the 
collision integral in the kinetic equation. How- 
ever, it can be taken in the extremely simple form 
I = — v/t, which guarantees the convergence of 
the mathematical expressions. The quantity 7 
does not appear in the final result, because of the 
transition to the limit wT — ©, 

As is seen from (4), it is convenient to intro- 
duce a new function 


, dQ’ ey : 
g=v+ Folv + 3Fi\y cos’, (5) 
We denote 
dQ dQ 
v=\or: gin =| pcos d=, 
; dQ 
gu =\ sin Ocos x= (6) 
It is easy to see that 
dQ) MAE dQ Pin 
\yWa= Tor, (\vcos 0? = 


\vsind cos 4 = j a. 
With the aid of these expressions the energy € is 
written in the form 


Fo 3Ficos 6 i 
PGE Oe es Ea ae 


3F1sin Q cos 
ant oy emma Pie (7) 


E— = &) — 


The values of g and ¢n,t depend on z. We 
shall omit the periodic dependence of all the quan- 
tities on the time. Finally, denoting cos 6 by yu 
and measuring the z coordinate in lengths of the 
mean free path 1 = ¥)T, we get, going where 


le to the limit wT — ~; 
i@tF 3iOTF 
ws 02 24 (1—iotng=— TF, f— aan U@Pin 
3iwtF ia 
\ ae V1 rai pe COS XPit- (8) 


It is necessary to add some boundary conditions 
to this equation. Inasmuch as the latter are shown 
to be non-trivial, we shall discuss these specially. 


BOUNDARY CONDITIONS 


The boundary conditions are determined by the 
character of the scattering of the excitations on 
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the surface of the solid. Let us first consider the 
case of specular reflection of excitations from a 
moving surface. In the collision of an excitation 
with a smooth surface, the components of the mo- 
mentum of the excitation parallel to the surface 
2re conserved. The change in the normal com- 
ponent is determined by the law of energy con- 
servation, which holds in the system of coordinates 
moving with the wall. As before, let p be the mo- 
mentum in the stationary system of coordinates. 
Then the energy of the excitation in a set of coor- 
dinates moving with velocity u will be, in accord 
with the Galilean transformation, 


e (p) — pu. (9) 


Writing out the expression for the energy of 
the excitation (7), and taking into account the con- 
servation of the tangential component of the mo- 
mentum, we get an equation which expresses the 
conservation of energy in the moving system of 
coordinates 


/ 


=> 


38Fy Piz 
Eq (P1) eee i a Pin (2 = 0) — Piz Uz = Eo (P2) 
oF Poz 
AER Po Pre (2 = 0) — Paglte 


where p,; is the momentum before the collision 
with the wall and p, the momentum after the 
collision. Then we get, with accuracy up to the 
small quantity u(9€)/ap)7 


2Po ! 
0€ / Op |e 


3Fy Pin (0) 
Po (1 + Fi) | 

The requirement of equality of the number of 
incident excitations to the number of reflected 
excitations in the system in which the wall is at 
rest leads to the condition 


(pi) (Oe / Opyz — Uz) Opyz dpyx pry 


Paz + Paz = (10) 


= 1 (pz) (Oe / Opzz — Uz) dpoz dpax pay. (11) 


Then, by making use of (9) and recalling than n is 
equal to ng + nj, we get 
on Pp. 2 0 p. 

No (&0 (Ps) + Gv (=) = Mo (Go (Pa) + Gev (=e). (12) 
Substituting p;z from (10) and limiting our- 
selves to the first term in the expansion in powers 
of the difference ng (p2) — ng (p;), we get [taking 

into account the definition (6) of the function @], 


b(v) = P(—p) — 2p up. (13) 


Here and in what follows we shall denote by w (n) 
the value of g(z, ») at z =0. 

In the case of diffuse reflection, in a system in 
which the surface is at rest, particles are emitted 
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from it with an equilibrium distribution function. 
On the basis of (9), the quantity «€(p) — p-u will 
appear in the argument of the function. Moreover, 
one must take it into account that the mass flow 
through the moving surface must be equal to zero. 
This leads to the result that the particles emitted 
from the wall are distributed according to the 
Fermi distribution function, with a chemical po- 
tential differing from the limiting energy by a 
small constant value which we shall denote by 
Pouzé. We then have 


3uF 
SPA SS De oo ae 
3F 191; - 
— mer V1 —p?cosX 


— Potts (u + ) — Potts VI — pF cos Hp. (14) 


Expanding the right hand side ina series, and re- 
calling the definition of ~, we obtain 


Y = — Pollz (u + &) — pots V1 — pp? cos X, w>0. (15) 


The constant & is determined from the condi- 
tion j7, = 0, where 


j= m\n (de / Op —u)dt (16) 
is the mass flow through the moving surface. 
Substituting for n and € and integrating over 
the absolute value of the momentum, we obtain 
the condition that determines £é: 
oa 


din = % \ pap (W) dp = — poe /3. (17) 


We note that this condition is automatically 
satisfied for specular reflection. Moreover, in 
order to determine the energy transferred to the 
liquid, we must know the force with which the 
liquid acts on the wall. It is expressed in terms 
of the momentum flux tensor Ij},° 


oe \ np. se dt ee bn] \ nede — E]. (18) 
In the approximation linear in g we find 
Taz = — 8pm™ pou, 
where 
than =e \ cos? 6p (8, x) sin Od8dy, 
ot = zz | sin 8 cos 6 cos xp (8, x) sin Oddy, (19) 


pm! =N is the number of excitations per unit 
volume. 

One can solve this problem exactly for the 
limiting cases of completely diffuse or completely 
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specular reflection. In the first case, the Hopf- 
Wiener method is used for the solution of the 
problem. In the second case the problem is solved 
by expansion in a Fourier integral. 

As a result of the solution (see below), the 
quantity %) can be written in the form 


Pen = — APoulz, Yat = — bpgut (2 0) 


Where the coefficients of proportionality a and b 
depend on the conditions of reflection of the parti- 
cles at the wall and the characteristics of the 
liquid (Fy and F,). Inasmuch as the wavelength 
of the excitation L/py) ~ 10° is of the order of 
interatomic distances, the reflection will rapidly 
become diffuse. However, as calculations show, 
the character of the reflection depends only weakly 
on the result. 

We shall set down the solution of the problem 
in both cases. 


1. DIFFUSE REFLECTION. LONGITUDINAL 
VIBRATIONS 


The distribution function g is a solution of 
Eq. (8) with the boundary conditions (1) and (17). 
A slightly modified Hopf-Wiener method can be 
used for its solution (the modification is connec- 
ted with the fact that one must solve an inhomoge- 
neous integral equation). A similar mathematical 
problem was solved previously by Fock.’ 

Because of the linearity of the problem, the 
solution can be broken up into two parts, corre- 
sponding to the two terms in the boundary condi- 
tion (15) — proportional to uz and ut. The solu- 
tion corresponding to the normal vibrations of the 
surface will be called longitudinal; that corre- 
sponding to tangential vibrations will be called 
transverse. 

In this section we consider longitudinal vibra- 
tions. As follows from the boundary condition, ¢ 
does not depend on the angle xy and is a function of 
the coordinates z and » =cos @. We change from 
the functions 9(zZ, WU), Q(Z), Pin (Z) = (Zz) 
(inasmuch as gz = 0) to their Laplace transforms. 


fee) 


9 (s, p) = \9 (Sie -202. Qc as) \ Pon; (z)e—"* dz. (11) 


0 ) 


Further, we operate everywhere only with functions 
of the argument s, so that the designation of the 
transform and the original by one and the same 
letter y cannot lead to any misunderstanding. It 
follows from the boundedness of the initial func- 
tions that their Laplace transforms are analytic 

in the right half-plane. 
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Multiplying Eq. (8) by e®”% and integrating over 
Zz, we get 


(us + 1 — it) @(s, B) — BY (+) 
(1.2) 


iwtFo 


Integrating the left and right hand sides of this 
expression over pt, we find the relation between 
Qy and ¢: 


| 40T Qo (s) 


Pi (s) — s I 8 Meas . (1.3) 


In this case we neglect unity in comparison with 
wt. The transition to the limit wr— © is possi- 
ble everywhere except for the factor (us + 1 

— iwt) which stands in front of ¢ in the first 
term of (1.2), where the 1 is necessary to define 
the region of analyticity of the functions. 

It follows from (17) that ~1 = — pou, /3; therefore, 
for the condition that g,(s) be bounded at zero 
(which means the absence of undamped solutions ) 
we have 


[ior / (1 + Fo) 190 (0) = Pottz/ 3. (1.4) 


This solution replaces (17). 

We substitute (1.3) in (1.2), and express ¢ in 
terms of ~. Then, integrating over py, we obtain 
the equation relative to the function @ 


+1 


4 ( i@tFo/ (4+ Fo) + 3p (i@t)? Fr /s (1+ Fy) (1 + Fi) 
4!  \ : ps + 1 — iot : : dn} 
—1 
; jf ated 
Paes tot = \ ped ah. 4 \ Lap (qh) dp 
s(1+ Fi) 2 ) ws+1—iot 2 ps + 1—iowt * 
1 =i (1.5) 
Substituting ~(u) for uw > 0, we have from the 
boundary condition (longitudinal part) 
1 Je 3 (i@t)? Fi 
lien t lent sas ary Of 
Po%z / iwt 
Se Gen te) 
0 
4 ¢ BUY (4) + Pott, (u + §)] 
2 \ ps + 1 — it dp, (1.6) 
where 
ioT 1— iwt—s 
w(s)=1—— sar remnaee (1.7) 


When yp < 0, the function y (yu), which enters in the 
last term of the right-hand side of (1.6), can be 
expressed in terms of ~(s). Thus the resultant 
equation (1.6) is an inhomogeneous integral equa- 
tionin @. Tosolve it, by the Hopf-Wiener method, it 
is necessary to construct from the expressions at 
hand a certain function of complex variable analytic 
in the entire plane. 
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Let us investigate the properties of the quan- 
tities entering into (1.6). We denote the quantity 
in the curly brackets on the left hand side of (1.6) 


by A(s): 


4 os s2— s@ 
A) ie (1.8) 
where 
si==3 (Oty Fy Fel af: (1.9) 


The function A(s) is analytic in the strip 
|Res | < 1. Moreover, we are interested in the 
roots of A(s) located inside this strip. They 
correspond to sound vibrations in a Fermi liquid, 
more accurately to ‘‘zero sound,’’ since they are 
found in the region wT > 1. 

As is seen from (1.7) and (1.8), the dispersion 
equation depends on the argument s/iwt. The 
width of the strip corresponding to this variable 
is equal to 2/wt. Therefore, inside this strip 
and at a sufficiently large wT, no roots are ex- 
pected excepting those corresponding to zero 
sound and lying on the real axis. 

Using the results of reference 3, we shall 
establish the fact that the roots are found at the 
points s =+8)(Re sy) > 0). 

Starting out from this point, we represent the 
quantity A(s) in the form 


WC pees (1.10) 


s? — (1 — iwt)? 


G(s). 


The function G(s) is analytic in the strip 
|Re s| < 1, contains no zeros in it and, as is easy 
to establish, approaches unity for s— ~, 
Therefore, InG(s) can be written in the form 


In G(s) = Ing, (s) —In g_(s), (hi) 
according to the Cauchy formula, where 
i AG 
g, (s) = exp |= \ Sreee (1.12) 


Here 0<f < 1; g,(s) is analytic for Res <8 and 
g-_(s) for Res>—B8. 

The integral on the right hand side of (1.6) is 
denoted by Q(s). It is analytic for Res < 1. 

We shall express w(s) and A (s) in terms of 
the functions g, and g.. Substituting the resultant 
expressions in (1.6) and multiplying the left and 
right hand sides by 


(s — s)(s — 1 + iwt)/(s—s,)g, (s), 
we obtain 
F (s) Sieiso 4 


s yt 
| #0(s)(s $i) 4 seas s+1—iot g_(s) 


= Q(s) (s — 8) (s —1 + iwt) F (s) A (—s)(s —1 + iwt) 
(Ss — So) gy (s) S+- Sy (S — So) gy (s) 


(ash) 
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where 


~t*( iwt (1.14) 


FS) ==) 0h ie. Fo ETRY) Es). 
The right hand side of (1.13) has a pole at s 
= — Sj, where s, is that root of (1.9) which has a 
positive real part. In order to get rid of the pole, 
we add the quantity 
F (—s)) (1 +1 — iwt) A(s1) s—sy 


5 
281 (S1 + So) 84 (— 81) S+ Si ( ) 


to both sides of the equation. Then, on the right 
hand side of (1.13) we shall have a function which 
is analytic for Re s < min(f8, Re sy) and, as fol- 
lows from the integral representation of Q(s), is 
bounded as s—> ©. 

On the left hand side we shall have a function 
which is analytic and bounded (if we assume that 
~ ~ 1/s as s—>~) in the half-plane Re s > 0. 

Inasmuch as these two functions are identical 
at the pole 0 < Re s <x min(f, Re s)), then one is 
the analytic continuation of the other and, conse- 
quently, according to Liouville’s theorem, the 
total function is equal to a constant. It is easy to 
determine this constant by setting s = s,; on the 
left hand side. 

Finally, the solution will be (for Res > 0) 
F(s)  , s+1—iot (8) 


at S + So 


Po (S) = 


F (sy) (S1 + So) 1 
[ 2s; (sx + 1 — iwt) g_ (si) S$—S1 


F (—s;) A(si) (1 -+1—iot) 14 ‘i 


(1.16) 
251 (S1 + So) 8+ (— 51) S-F 81 


Thus, actually, @(s) =const/s as s—~, and 
is analytic in the right half-plane. 

The function F(s), which is determined by 
Eq. (1.14), contains . Substituting the solution of 
y(s) in (1.4), we get, after several transforma- 
tions, 


g_ (0) 1OT a \ A 5 ye Wee en i 
aa eee aay (A + B) + &s, (A B)| 
where 
A Si + So ee er Gy (1.17) 


(sy -+1—iot) g_ (si) ’ ~ (81 + So) B+ (— 51) 


from which é is determined. 

Finally, expanding the right and left sides of 
(1.5) in a series in s, and equating coefficients 
for the first powers of s, we obtain an expression 


for won 


(i@t)? do\ 
Yon = (1+ Fo (1 + Fi) ( ds )s=0 


m Polls srr ga0rr.! Sy + oe 
3F1 g_ (0) iWTSo 


imtg_ (0) [ tot 


Pe Verein ned aN Gs B)|}. (1.18) 


+. 


OE 


We introduce the notation s; = x,wT and sy 
=X) (1 —iwt). The numerical value of x9 is 
found in reference 3 and is equal to 0.58. The 
quantity x; is equal to V3F,/F)(1+ F,) and its 
numerical value is equal to 0.44. 

We shall compute the function In g (wry), 
where y> 0 is a real quantity. This function en- 
tered into the final formula. From the definition 
(1.12) we have 


-++lco 
1 InG ; 
Ing(ow)=5, | po dw. (1.19) 


—B—ioo 


To compute the integral, we proceed in two 
ways. First we close the path of integration by 
another large circle R— © in the right half- 
plane, as is shown in the drawing. In this case, 
it is necessary to go around the cut along the line 
u=x(1—iwtT), x 21 (x is real), which removes 
the ambiguity of the function G(u) for |Reu|>1 
[according to Eqs. (1.7) — (1.10) the function 
G(u) contains a logarithmic term ]; moreover, it 
is necessary to take into account the presence of a 
pole in the expression under the integral when u 
=WTy. 


{ cut 


Integration contour for the integral in (1.19). The solid 
curve is the contour of integration in the first case and the 
dashed curve is the contour in the second. 


We then close the contour of integration in the 
left hand plane where the cut is taken along the 
line u=— x(1—iwT), x 21. Carrying out the 
calculation at the pole and transforming to the 
variable x in the integration around the cut, we 
obtain in the two cases 


co 


In g_(oty) = — 1InG (@ty) — =\ aa. 
1 


(1.20) 
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respectively, where 


Sa nF,(1-+24)f 2e[1 + Fo(1+3)(14 gin 9). 


The arctangent appearing in the formulas is 
the difference of the expression in the integrand 
on the two edges of the cut and is determined in 
the interval (0, 7). 

Equating these two expressions, we find 


g_(@ty) = VG ee), (1.21) 

where " 
®(y) = —\ ad (1.22) 

1 


Differentiating g.(wty) with respect to y and 
then setting y = 0, we get 


g’ (0)/g_(0) = —i® (0) /ar. 
Making use of Eq. (1.12) and the evenness of the 
function G(u), it is not difficult to show that the 
quantity g.(— s;) appearing in (1.17) is expressed 
in terms of g_(sj;): 


(1.23) 


Be 8p) al 2 (Si) (1.24) 


Substituting the resultant expressions in Eqs. 
(1.17) and (1.18), and going to the limit as wT 
—= ©, we get 


Pol, J2V 1+ Fi —(2+ Fi)cos6 3 1— % 
Von 3Fy { x1 (1 + Fy) sind Xo (0) : 
LAD 
where ( ) 
= =e 
6 = x, (x,) — tan ' 2 + tan ae (1.26) 


As a result of the numerical computations, we 
find pon © — 0.3 pouz. 


2. DIFFUSE REFLECTION, TRANSVERSE 
VIBRATIONS 


We now consider the solution connected with 
the tangential vibrations of the surface. In this 
case, the equation will be proportional to cos x, 
which corresponds to an angular dependence on x 
of the second term in the boundary condition (15). 
The normalization condition (17) need not be con- 
sidered since, for g~ cos x, the flow of particles 
through the surface vanishes after integration of 
cos x over the angle y. 

Proceeding as before to the Laplace trans- 
form, and taking it into account that @, and the 
current j ~ in, is equal to zero, we obtain from 
Eq. (8) 


(s cos 8 + 1 — iwt) p —cos bp (6, x) 


= — 3iwtF,/(1 + Fy) sin 8 cos XP iy (2.1) 
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with the boundary condition 


p (0, x) = — Poult sin cos x, O26 O28 (2.2) 


In what follows, it will be convenient for us to use 
the angle @ in place of yp. 

Multiplying (2.1) by sin @ cos x/(s cos 6+ 1 
—iwt) and integrating over the solid angle, we 
obtain 


1 3iwtFy sin? § cos? y d§ at 
#,(8)[ F Ar (4 + STE a ae 


{ sin 6 cos @ cos x (8) X) gin 9 dO dy. 


: (2.3) 
~ Ast scos § + 1—iot 


Substituting » (6, x) for 6< 1/2 from (2.2), 
and carrying out the integration, we find 


Polly [= _ 3 =Car)? a (s)| 


9A (s) = — Tao 3? 
a ¢ sin? § cos § cos x-[p (8, x) + Potty Sin 8 cos x] 
+ {dy | scos § + 1— iat a 
0 7/2 (2.4) 
where 
w(s) = 1 — 9" in jee, ae! 
- 3Fy CT ee ey oe 
As) = 1 — sel! # joo Ve ee 


Equation (2.4) is similar to Eq. (1.6) and is 
solved in the same way. As was shown in refer- 
ence 3, there does not exist a ‘‘transverse zero 
sound’’ (which propagates at frequencies wt > 1) 
which means the absence of roots of A(s);as s 
— ©, the quantity A(s)— 1. Therefore, by 
analogy to Eqs. (1.11) — (1.18), we can write 


A (s) = A, (s) / A_(s), (2.7) 


where A,(s) is analytic in the region Res < B 
< 1 and A_(s) is analytic for Re s> —B(f has 
the same meaning as before ). 
We write down an expression for A_(s): 
—B+ic0 
A_(s) = exp| 4 \ Ind (u) a,\ 


20 u 


(2.8) 
—B—ioo J 


With the help of these expressions, Eq. (2.4) 
can be rewritten in the form 


es ty 4 sQ (s) 


pott,A (0) (4 + Fi) 
(s0,,(9) Sy) CF ay Sie) eas) ae 


3F iA, (5) ‘ 9) 


where Q(s) denotes the last term in the right 
hand side of (2.4), which is analytic for Res < 1. 

Repeating all of the discussions of the previous 
section, we obtain the solution 


Pols 4 +. Fy 4 
9 (9) = tf 


— I. (2.10) 


A_(0) 


Making use of this expression, it is easy to ob- 
tain the quantity ~¢ which is of interest to us and 
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which is defined in (19). Setting s = 0 in (2.3), we 
find 


1 1OT NG (0) 
Mat TF; Put O) = Pott ae (0) - 


(2.11) 
By analogy to the previous section, we can obtain 
(only now A (s) is given by Eq. (2.6) ) 


ice) 


A’ (0) { 4 \ tan’ S’ re 


’ 


A_ (0) = i@T sm ae 
1 


3uF / 
Teenie, 


sag li—st(it+ gin Saale 


The arctangent in the expression under the inte- 
gral sign is determined in the interval (0, 7). 

Substituting (2.12) in (2.11), we find the final 
expression wot = — bpout, where 


S = 


(2.12) 


(2.13) 
The numerical value of b & 0.05. 


3. SPECULAR REFLECTION 


In this case the solution can be obtained by an 
expansion in a Fourier integral, for which one 
must determine the function @(z) and gn = 9; (z) 
for the value z <0. We continue g(z) into nega- 
tive values of the argument as an even function 
fashion, and ~;,(z) as an odd one. The validity of 
this continuation will be confirmed by the solution. 

We seek the function g(z, ») in the form 


ee — 2pou,p exp {— z(1 —i@t)/w}, w>O, 
@ (2,4) = % (2, B) + . ie 
(3.1) 


As follows from (13), the boundary condition for 


xX will be 
4(z=9, p) =x (z=90, —p). (3.2) 


The equation for x is obtained by the substitu- 
tion of (3.1) in (8): 


é , iotF 
pe + (1 — ior) x= — 7a Xo 


peoFt x, + Dy + 3p, (3.3) 


te 1+ Fi 
where 


fi@tFo 1 
1a 


Dy (Z) = 2pollz fe exp {— 7 (1 — iar)| du, 


iotFy 1 
®; (2) = pote T 


Set OO 


u2exp \- =(1— iat)} du. (3.4) 


We make the continuation of @) even for nega- 
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tive values and that of ®, odd. Further, we trans- 
form to the Fourier components 


4 ; 

X (2, ) = at (Rk, w) e’*? dk, 
1 é 

Xo,1 (2) = Sar \ Kou (k) ef" dk. (3.5) 


Equation (3.3) reduces to an algebraic equation 
relative to the Fourier components 


(iku + 1 — ior) x (R, p) 


LWT Fo 3niMtFy 


=) fer, ee, X1 + Do (k) + 3nD, (hk), (3.6) 
where 
+00 
(= \ Dy,x (2) e*2 dz. (3.7) 


Integrating the left and right sides of (3.6) with 
respect to u, we can express Xo in terms of yj. 


Terie: 
Xo (2) = ET" fikys (k) — Dp (2)]. (3.8) 
Substituting this expression in (3.6), dividing 
the left and right sides by (iku + 1 — iwt)/y and 


integrating over p, we get 


__ w(k) (1 ++ Fo) Dp (R) — 30tk-2M (h) 
Xa (2) = = ener ax, (3.9) 
where 
ah ae oT 1 — iwt — ik 
ND iy IN remeyrston 
- 3 (i@t)? Fi 
A (k) =1+ bt qa (k). (3.10) 


Let us prove that the boundary condition (3.2) 
is satisfied. It follows from (3.6) — (3.9) that 


jee) 


‘ie 
4(2=0, pn) = 55 | 


Ao (k) + wAy (k) dk 


ikp + 1 —iot Cay 


where A, (k) is an even function and A;(k) is 
odd. If we replace k by — k in the integral, it is 
easy to see that 


[x (u) — %(— B)]exo = 9. 


The solution (3.9) and Eq. (3.8) demonstrate the 
validity of the continuation of g(z) and ¢,(z) 
for negative z. 

Let us calculate the quantity 

4 
Von = \ pp (14) dy. 


ib 


It follows from (3.1) that 


4 : 
oa (2) = 3m \ Ha (h) of dk 


a \ (— 2pottz) pe exp \- 7: (= iar) dw. 


0 


(3.12) 
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We find y,(k) by multiplying (3.6) on both sides 
by p» and integrating: 


ikya (k) = ior (1 + Fin (k) + ® (2). 


By determining the functions ®)(k) and 4%; (k) 
from (3.4) and (3.7), and substituting x;(k) from 
(3.9), we get after lengthy transformations and 
transition to the limitas wt © 


(3.13) 


2 Poll, 4 
Woe 9 12SFs at 
ot 4+ [Fo + 3 (wt / k2)] w (k) 


The integrand has a pole in the upper half plane 
at the point k = wrx) (1+ ie) (x) = 0.58; € = 1/wT) 
which corresponds to ‘‘zero sound,’’ and also a cut 
along the line k = xwtT(1+ ie), x 21 (x is real). 

Closing the integration contour from above and 
going around the cut and the pole, we find 


Pe Pee id oe ay" 4\)° 
Von = Dmerep faa ed (ere) | 
4) WPF? / xP \2 ce 
+34 (FU +3) + [1+ r0(1 +3) 
1 


x (1 + pinay) |) tds} (3.15) 


Gola fol Fs), 


The numerical value of won is determined es- 
sentially by the first term in the curly brackets, 
which is equal to the residue at the pole. The 
second term, which corresponds to the circuit 
around the cut, is much less. Numerically, we 
have won © — 0.3 poz. 


4, THERMORESISTANCE 


Knowing the pressure exerted by the liquid, it 
is easy to compute the energy transferred per unit 
time. It is equal to the work of the pressure 
forces in moving the wall 


DES, > | TaetadS, 


a 


(4.1) 


where the integration is carried out over the sur- 
face of the solid; the factor uh appears as a result 
of averaging over the period of vibration of the 
wall (Ilqz ~ Ug ). 

Expressing IIqz in terms of the velocity of the 
surface by Eqs. (19) and (20), we write 


i 3 i2 
JAE} = spon \@iuelP+b|u)dS. (4.2) 
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Further, we can use the results of the work of 
one of the authors” on the determination of the 
thermal discontinuity between He II and the solid. 
The energy flow directed from the surface of a 
solid having a temperature T into the liquid is 
equal to” 


Toa at rae od 
VES Ss \ (7) {(au + Otis) 7 eee 


2V dQ 27Ws 
+ (aut, + but.) rooe oe + (aut, + but.) Tae 10, (4.3) 


where cj (i = 1, 2, 3) are the velocities of the 
longitudinal (1), transverse (2) and surface (3) 
waves; Uzj are the velocity components normal to 
the boundary, utj are the velocity amplitudes tan- 
gential to the boundary, associated with the differ- 
ent types of vibrations; n is the Planck distribution 
function for the phonons. 

Using the results of quantization of the surface 


vibrations” we get 
[aF G) L 6D (2)|, (4.4) 


where pry is the density of the solid; F and # are 
functions of the elastic constants of the solid, 
arising as the result of integration over the angles 
of incidence of the phonons in Eq. (4.4) (uz and ut 
depend on the direction of the momentum of the 
incident phonon ). 

The function F was computed in reference 2 for 
certain bodies, and has the order of unity. The 
function ® is equal to 


pan (Ri)e 
m 1p, (Zmhcs)3 


W (T) = Po 


3 
o= ee) 4 


and is also of the order of unity. 

When the temperatures of the liquid and solid 
are equal, the heat fluxes from one to the other 
are equal and are given by Eq. (4.4). For differ- 
ent temperatures, the resulting energy flux is 
equal to the flux difference 


3 
VdQ 2m)? © 
u%, | a2, (2x) : ash (4.5) 


PA @ 


Q=VWIT4AT SV = San 


where the thermoresistance of the boundary R(T) 
is equal to 


Toe. ee 4 


Ie aF + 6M B73 \ ET kpop |m* (4.7) 


As is seen, on the basis of the values obtained for 
a and b under different reflection conditions at 
the wall, R depends weakly on the character of the 
reflection. The thermoresistance is proportional 
to T~ as in the case of He II. 

The formula thus derived is valid in the low- 
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temperature region, where a linear law applies 
for the temperature dependence of the specific 
heat of He® (below 0.2°K). For temperatures 
above 0.2°, the principal mechanism of heat trans- 
fer from the solid to the liquid He® will be radia- 
tion of sound by the heated surface of the solid. 


The corresponding formula was obtained in ref- 
erence 2: 


= ( kT (4.8) 


_p 
Qso= 5 eI (5) \ Snes 


) FRAT, 
where cj] is the sound velocity in the liquid. 
It is interesting to compare the thermoresis- 
tance of the boundary at low and high temperatures, 

inasmuch as their temperature dependences are 
identical. We get the following expression for the 
thermoresistance ratio from Eqs. (4.7) and (4.8): 


Ruger 207A (Pc)etes —_F 


Revs DS aF + 50° (4.9) 


This ratio is approximately 3. Thus, in the transi- 
tion to low temperatures (less than 0.2°K), a 
relative increase in the thermoresistance should 
be observed (change in the coefficient of T~). 

The experiments of Lee and Fairbank’ were 
carried out at high temperatures. The tempera- 
ture dependence R(T) obtained in their experi- 
ments agree with Eq. (4.8). The ratio QHet/QHe? 
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was also measured in their research. According 
to (4.8), it is equal to the ratio of the acoustic re- 
sistances of He‘ and He® 


Ques / Ques = (PC) re / (PC) 498 ~ 2, 


which agrees with the results of reference 5. 

So far as the absolute values of R in He® are 
concerned, calculation by Eq. (4.8) with known 
values of the elastic constants for copper give 
results which, as in the case of He II differ sev- 
eral fold from the measured values. 

In conclusion, the authors express their deep 
gratitude to Academician L. D. Landau for partici- 
pation in the discussion of this question. 
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It is shown that ‘‘molecular’’ states of two nuclei may exist as the result of a common orbit 


of a strongly excited neutron. 


R ECENTLY data have appeared on the scattering 
of nuclei of carbon on carbon targets, which indi- 
cate the existence of resonance quasi-levels.! 
These levels are described by a ‘‘molecular’’ 
state with a lifetime of the order of 107! sec. 

The present note does not aim at giving an ex- 
planation of the experiments of Almquist, which 
are not yet complete. It will only be shown that 
quasi-stable states of two nuclei can exist as dis- 
tances exceeding the dimensions of the zone of 
diffuseness of the nuclear boundary. This state 
must be regarded as a certain limiting case, 
which demonstrates the possibility of a less than a 
complete separation, the mechanism of which is 
less clearly developed. 

A bond can exist in such a quasi-molecule be- 
cause of an orbit of a strongly excited neutron 
common to both nuclei. If the energy of such a 
neutron is close to the extraction threshold (for 
example, by 1 Mev less), then the wave function 
outside the nucleus falls off at distances greater 
than the radius of action of the nuclear forces. 
Calculation shows that the resulting force of 
interaction between the nuclei due to the energy of 
this neutron and the Coulomb repulsion becomes 
attractive at such distances from the nucleus for 
which one can already speak of a separate exist- 
ence of both nuclei, i.e., outside the zone of diffuse- 
ness of the nuclear boundary. 

In the series of experiments of Almquist, the 
energy of the colliding nuclei was evidently insuf- 
ficient for excitation of the single-particle neutron 
level (this was pointed out to us by A. S. Davydov). 
One can therefore assume that the limiting case 
which we are considering here did not exist in 
those experiments, but rather some intermediate 
case in which the zones of diffuseness of the 
nuclear boundaries partially overlapped. In other 
words, the present note does not have any direct 
relation to these experiments. 


Thus the situation here is similar to that which 
exists in the deuteron. Therefore, we can carry 
out quantum mechanical calculations of the bind- 
ing energy with sufficient accuracy by considering 
both nuclei as potential wells. At an infinite dis- 
tance from one another, they have identical neutron 
levels. As the nuclei come together, this level 
splits into two levels, symmetric and antisym- 
metric relative to the nuclei. The first of these 
is the lower. Its energy can be computed in the 
adiabatic approximation as a function of the dis- 
tance between the nuclei. For this purpose, it is 
necessary to apply a method similar to that which 
was applied in reference 2 for one-dimensional 
potential wells. 

It might appear that a bond of this kind could 
exist in the collision of C’ nuclei with C?’, 
where there is simply one excess neutron, but not 
in the collision of two C!* nuclei. In fact, however, 
in the collision of sufficiently energetic C™ nuclei, 
the neutron can be excited in one of the nuclei. A 
hole is formed in place of this neutron in the Ps /2 
shell, while the neutron from the corresponding 
level of the other nucleus enters partially into the 
hole. Owing to this second neutron, which par- 
tially fills the hole, the excited neutron moves in 
two similar potential wells. The nucleus will have 
two “‘common’’ neutrons — excited and unexcited. 
Since different quantum numbers correspond to 
these, the Pauli principle does not prevent their 
being found in states of arbitrary symmetry. Even 
in states with different symmetry, their actions 
cannot compensate for one another because of the 
difference in the damping decrements of the wave 
functions. Naturally, the actions of the unexcited 
neutrons in closed shells are compensated, since 
pairs of neutrons with wave functions of opposite 
symmetry are necessarily obtained. 

If the z axis is directed along the line connect- 
ing the nuclear centers, and the origin of the coor- 
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dinates is placed at the midpoint, then the shift in 
the energy of the state which is symmetric relative 
to the nuclei is given by 


Wea rap (py a) (1) 


m 


[e0} 
20h? \ 
0 


Here jy is the state in the individual nucleus, and 
the integration is carried out in the central plane 
perpendicular to the axis. For wy, we use the 
functions of the p and s states of the neutron. If 
the density distribution of the excited neutron 
stretches along the axis connecting the nuclei (as 


is the case in the p state), then the binding between 


the nuclei is greater than for the s state of the 
neutron with the same energy. 

The resulting curve of the potential energy is 
similar in form in the two cases. It has the form 
of a crater, inside of which a molecular quasilevel 
is possible. In the given example, the distance of 
the vertex of the crater from the center of the 
nucleus for the p state is 2.41 times greater than 
the nuclear radius. 

Denoting the distance of the vertex from the 
‘‘edge’’ of the nucleus by the radius of the nucleus 


by ro, K =¥ 2m|Eponq|, we can compute from the 
equations 
12 sh? 


S 3 ah 
—2 Ax a 
Z2emro e (! 7 xo 4 2 ) 


2 
KT 9 


3 j 3 etl (2) 


x(a 2 ot A) ey | TE (ro FA) 


(p neutron) and 


pe (It sc) +(e + A)em=1 (3) 
(s neutron) with the aid of (1). 

In the derivation of these formulae we have ne- 
glected the energies of the neutron outside the well 
in comparison with its kinetic energy in the well. 

For the numerical factors in Eqs. (2) and (3), 
the radius of the nucleus was set equal to 3.2 f 
(assuming that rp = 1.4 A‘ £). We set the binding 
energy of the neutron in the nucleus equal to 1 Mev. 
We note that, according to the data of reference 3, 
there is a level with such a binding energy in the 
c!® nucleus, to which is ascribed the state 0*, as 
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to the ground state of C'. Therefore, the excited 
state can be attributed to the p neutron. The 
question of the possibility of the excitation of just 
this state in the experiments of reference 1 we 
leave to one side, since we are more interested 

in the problem of the existence of a quasimolecule. 
We then obtain from (2) ApS 4.53 f, and from (3), 
Ag =3.91f. Both these values, and especially the 
first, are larger than the range of action of nuclear 
forces. When the binding energy of the neutron is 
equal to 4 Mev, A, = 3.55 f. 

It would have been very interesting to explain 
from this point of view why Almquist did not ob- 
serve resonance phenomena in collisions of O° 
nuclei. Unfortunately, we must limit ourselves to 
suppositions here. For example, it can be assumed 
that in the interaction of the O' nuclei the excita- 
tion of neutrons takes place with a smaller probab- 
ility than in the case of Cw as a consequence of 
the greater stability of the o'*, But this assump- 
tion must be verified by independent experiments. 

In order that the nuclei in the ‘‘crater’”’ be ina 
quasi-stable state, they must not adhere together 
in each contact (this was pointed out to us by K. A. 
Ter-Martirosyan). If the actual picture for the 
Cc? nuclei corresponds to the model considered 
here, this will mean that the adhesion coefficient 
for these nuclei is much less than unity. Then 
another possibility arises for explaining the fact 
that there are no resonances in O!°: this may be 
connected with the large adhesion probability of 
these nuclei. In the scattering problem, the pos- 
sibility of adhesion can be taken into account by 
the introduction of some complex boundary condi- 
tion at the point of contact of the nuclei. 


1 Bromley, Kuehner, and Almquist, Phys. Rev. 
Lett. 4, 365 (1960). 

21. D. Landau and E. M. Lifshitz, Ksanrosas 
mexanuka (Quantum Mechanics), Moscow, Gostek- 
hizdat 1948, p. 208. [Engl: Pergamon, 1958]. 

3. Ajzenberg-Selove and T. Lauritsen, Nucl. 
Phys. 11, 117 (1959). 
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The reduced matrix element for 1 -forbidden M1 transitions were calculated by employing a 
configuration mixture. 


data. 


Tue probability of M1 transitions is given by the 


expression 


1 


= I/t, = 0.419-10E%m? / (2) + 1) sec}, 


where E is the energy of transition in Mev, m 
= (j ll Zp; ll j’) is the reduced matrix element of 
the transition operator (in nuclear magnetons ). 


An M1 transition is possible for Aj 


(without change in parity). 


The results of the calculation are compared with the experimental 


In calculations with 


functions of the shell model, the matrix element 
differs from 0 only for Al = 0. However, there is 


(1) 


a large number of transitions which, from the point 


of view of the shell model, take place with a change 
in the orbital angular momentum of the nucleon by 


two units. 


In the work of Arima et al.,! such tran- 


=i Na 20 sitions were considered by means of a configura- 
Configuration © 
: a EB; Ty, Qa, 2 
Nucleus J j feos ane >| ‘™ theoret exp 
proton neutron I= 
eS | Ps | la alee) a2 oilO=" (f*/2)8 (f>/2)2p3/2 | U | 0.0339 0.0643 
Co5® | p3/> oa ail |) alow! (f7/2)®f8/2 | (f7/2)8(p3/2)4 | L | 0,817 >0.0845 
Zot | fee | pris | VOW 2.02540-* (f*/2)* (f°/2)®(p/2)® | U | 0.0513 0.0974 
Rbs | p3/e |) foe | toO) AR 14-1052" | \(08/2)2(75/2)° (g°/2)1° U | 0.00846 | 0.236 
Snt9 | d3/5 se 24) 41.85.1078 (g® /2)1° (A}/2)4s1/2 | L | 0.804 0.512 
Tel21 | d3/, hs \alsd || <<a) (g7/2)2 ae y ne >0,0458 
a)S"/2 ‘ 
Xel2? |} de /o My | 40} 0,7-10-9 7/o)4 (411/2)2st/o | L | 1.44 Doll 
(g7/2)?(d°/2)? | (h14/2)2°st/2 | L | 1,20 ; 
(d/2)4 (AY/s)!s1jp | L | 1,22 
Cs131 75 d5/, 422 Bev Qo (g7/2)4d*/2 (A+. /,)10(s1/.)2 TE 0.144 0.201 
(g"/2)4d5/s Le GEDE L | 0,109 
d, S"/2 
(g?/2)4d>/2 (A1/,)12 Ht || (Os ltess’ 
(g"/2)4d°/2 |(A1*/2)19(d3/5)?| L | 0.144 
E5133 slJy d3/, 53 310-8 (g7/2)4d3/> (A/a) (BI)? é, 0.639 50.134 
7).\2 (on)? ORSoT 
(d°/2)*d°/. 
(a /3)8a 3 cone? tig 
(st/2 
Lal?) d3/, | g?/, | 10 <10-7 g7/2(d5/2)6 al AC U | 0.103 0.104 
(g"/2)3(d°/2)4 cap One: 
&"/2(d5/2)® (A11)5)1548 5) U | 0.4118 
Prlt3 | 07/, | d5/, |57.4 {0-6 7]5)8f5 9/,)2 
pelea! = (tion ch pelea Obl r opleraeg | meauanes 
(g7/2)§(d*/2)8 (A9/2)? U | 0.676 
Te MP is S3/3 |) Gea) 713i), 034052 Co ea (i48/2)4 | U | 0,00293 | 0,00968 
si 
(1/.)10(a9 /4)8 (i8/0)4 L | 0.0963 
Aul9?} sl/, d3/, (HL 1.9-10-9 ae ae (i3/2)6 U | 0.0606 0.0133 
si 
(h11/)12(d3/2)3|—(i18/a)8 L | 0.139 
T1127 d3/, st/5 353 Ae Ome (d3/2)4s!/9 ({13/,)14 U | 0.0618 i>>0.0142 
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tion mixture produced by the residual interaction 
of the nucleons. For the majority of cases good 
agreement was obtained with experiment. 

We have carried out a detailed calculation for 
80 configurations of 14 nuclei. The values of 
mp peerce that were computed were compared with 
m4, )° Obtained from (1) for the partial lifetimes 
Ty found from the experimental data. The results 
are given in the table. In it are given the configu- 
rations for which Mtheoret is in best agreement 
with méxp. Only configurations of final states are 
given. The initial states can be determined from 
the type of transition, L or U. L indicates the 
case in which the nucleon undergoes a transition 
from a shell with an odd number of nucleons to a 
shell with an even number of nucleons, while U 
transitions are of the opposite kind. There is no 
agreement with experiment for Rb®’, for which 
ieee /™Mtheoret ~ 30. The large deviation of 
Mineoret (rom méxp for Co*® can be explained 
if we assume that the lifetime of the level with 
energy 191 kev is smaller by one order of magni- 
tude than the upper limit given in reference 2. 
Unfortunately, the absence of exact experimental 
data (on lifetimes, internal conversion coefficients, 
and the mixture of M1 and E2 transitions) does 
not permit us to decide how much deviation exists 
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for Cs®8, pr!) Ir! au! 71297, In these cases 
mtheoret/Mexp ~ 3— 5. For the remaining nuclei 
with the corresponding choice of configurations, 
this ratio is about 0.5 — 2. 

Analysis of the results confirms the fact that by 
consideration of the configuration mixture, it is 
possible to explain the M1 transition between the 
states with Al = 2. Configurations for which the 
best agreement with experiment was obtained yield 
the correct sign of the quadrupole moment of the 
ground state. They display the same regularities 
as observed in the work of Arima et al.:' the 
neutron shell 2a%/, begins to be filled earlier than 
the shell ine, is filled, and in the proton configu- 
rations the shells 1g% and 2d, are competing. 

The author is grateful to Professor L. I. 
Rusinov for his direction of the work and also to 
D. A. Varshalovich for discussion of the results. 


' Arima, Horie, and Sano, Progr. Theor. Phys. 
17, 567 (1957). 

2B. S. Dzhelepov and L. K. Peker, Cxemp pacnaga 
paqvoakrTuBublx agep (Nuclear Radioactive Decay 
Schemes) Moscow, 1958. 
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Peripheral collisions of two fast nucleons ina 7-7 interaction are considered. The results 
of the calculations are compared with the experimental data. 


Tat and Chernavskii et al.” developed a method 


of calculating the peripheral interactions of two 
nucleons, based on the use of perturbation theory. 
The purpose of the present note is to consider the 
special case of peripheral interactions described 
by the Feynman diagram in Fig. 1. An interaction 
of this type can lead to the creation of two centers 
of emission of shower particles (i.e., a ‘*two- 
center’’ angular distribution).* It is possible that 
in the case of a large scattering cross section for 
the two m mesons (077) the given process con- 
siderably increases the contribution of peripheral 
collisions. An estimate of the total cross section 
for this process, however, is made difficult by the 
following circumstances: 1) neither experimental 
nor reliable theoretical values of oQq, are known; 
2) the nature of the propagation function Q is not 
known. 

We made a preliminary investigation of the 
propagation function of the diagram of Fig. 2 under 
the assumption that the 7-7 interaction proceeds 
via the exchange of a boson of 4-momentum Q and 
mass M. (M, and M, are the masses of the ex- 
cited states, which rapidly decay into secondary 
particles.) Since the nuclear-active particle with 
the smallest mass is a ™ meson, we have M = uy, 
where yp is the mass of the 7 meson. We have 
considered three assumptions as regards the value 
of the mass M: M = 2u, M = 2m, and M=4m (m 
is the mass of the nucleon). 

Following Romanov and Chernavskii,” we write 
the probability for the process described by the 
diagram of Fig. 2 in the form 


iS > Pi (cos §) Mr dMIMs dM» 
dw ~ w2,, OE (QF WE? au (1) 


where Ey is the virtual t-meson energy, which, 
according to reference 2, can be taken equal to 


*The possibility of such a process was first discussed by 
Zatsepin and Chernavskii (private communication) and also by 
Bubelev.? 


EIGaL 


HY eo (Ye is the Lorentz factor of the colliding nu- 
cleons in their c.m.s.) Here we assume that for 
high energies of the nucleons (Yc¢ > 1) the quantity 
WQr is constant. 

For E) > M, ®4, Mz we have 


Q? + M? = M? + x? + 2E5(1 — cos 6), (2) 
where 
HP = MIMS / 45 + MIMS (Mi + Ms) / 16>. 


Integrating (1) over angles from 0 to (1 — cos @) 
= M?/2E?, we have 


do ~ we —__P2D4Me dM AMs 
W~ Wr ‘ 
Om £3 (M2 + x2) (2M? + x2) 


(3) 


We shall confine ourselves to the case of a 
symmetric excitation (M, ~ M,). The denominator 
of (3) increases rapidly starting with x? ~ M?. 

Then Q? + M? ~ 2M?, and the most probable values 
of the masses of the excited states are 


FIG, 2 
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Ws 
No Type of ¢ 

event M=2p NC M= 
l O-+ 4p 150(245) 11.4(14,5) 30.9(39.9 42..7(55.6 
2 0+14p 450(218) Sa) 54M 37D} 76. 3(03:2) 
3 1415p 260(201) 5, 0(43.2) 41 .1(36.0) 57..3(50.0) 
4 0+-32p 71(81) .5(8.3) 20.7(22,,3) 27.7(30,0) 
5 +20p 79(77) 3, 2(8.1) 24 .9(21.6) 29.6(29.4) 
6 0-++20p 4(69) 5.4(7.4) 3,5(20.4) 16 .6(27.2) 
i 0+22p 26(65) 4,7(7.4) dies (oS) 12.8(29.2 
1+-41p 55(53) +, 8(6 8) 17.9(17.7) 23.6(23:0) 
] 0-21 p 38(48) 5.7(6,4) 14.4(16.6) 18.1(21 .5) 
10 0-+-16p 50(45) }.5 (6.2) 17.0(16.0) 22.1(20.6) 
I 0+13p 44(43) pele) 15.8(15.6) 20,3(19.9) 
i 0-+-16p 20(43) Gai) 9.4(15.6) 9.4(19.9) 
___ 18 O+16p 30(40) .0(6,,0) 12.5(14.9) 14.9(18.9) 


Using the experimental value Ez * 0.4 for the 
mean energy of 7 mesons in the center-of- 
emission system (c.e.s.), we can find the mean 
multiplicity of the shower particles and compare 
it with that observed experimentally. Such a com- 
parison is made in the table, which gives data on 
12 showers reported by Cocconi‘ and one shower 
(No. 5) investigated in our laboratory.* The ob- 
tained results favor the exchange of a boson Q 
with a mass equal to the mass of a nucleon- 
antinucleon pair. 

This is some confirmation of the assumption’ 
that in the case of high-energy interactions the 
creation and subsequent annihilation of nucleon- 
antinucleon pairs play an important role. Itis 
interesting to note in this connection that the mean 
value of the -meson c.e.s. energy coincides with 
the corresponding value for nucleon-antinucleon 
annihilation.® 
obtain, by a method similar to that suggested by 
Meier,’ the more accurate value of Ye: 


0.84 3 a Th 
Te = | ai (%1 + Ye) Z Ms E,,| 
The values of yc thus obtained and the expected 
mean multiplicity of shower particles are given 


in parentheses in the table. 


*Strictly speaking, upon setting E, = “y- we should com- 
pare the results of the calculations only with cases charac- 
terized by small values of the inelasticity coefficient. The 
inelasticity coefficients, however, were estimated only for a 
few of the showers listed in the table. 


Taking this fact into account, we can 


As can be seen from the table, the exchange of 
a boson Q with mass M = 2y leads to very low 
values of the masses of the excited states. Cases 
of this type with large multiplicity (ng 2 10) can 
therefore occur only at ultra-high energies (Yo 
~ 150 — 200). 

In the case of the exchange of a boson Q of 
mass M = 2, the threshold of the process, as is 
readily seen, is at yp © (M+ p)/u =7.7, which, 
possibly, also explains the result of Kaneko and 
Okazaki.® 

The authors thank D. 8. Chernavskii for sug- 
gesting the topic and for his constant interest in 
the work, and Professor Zh. 8. Takibaev for help- 
ful discussions. 


'T, E. Tamm, Report at the International Con- 
ference on High Energy Physics, Kiev, 1959. 

21. M. Dremin and D. S. Chernavskii, JETP 38, 
229 (1960), Soviet Phys. JETP 11, 167 (1960). 

3&, G. Bubelev, Proceedings International Conf. 
on Cosmic Rays, 1959, vol. 1, Moscow, Press of 
the Acad. Sci. U.S.S.R., 1960 (Russian ed.) p. 284. 

4G. Cocconi, Phys. Rev. 111, 1699 (1958). 

°p, A. Usik, Report, Institute of Nuclear 
Physics, Acad. Sci. Kazakh S.S.R., 1959. 

6K. Niu, Nuovo cimento 10, 994 (1958). 

H. W. Meier, Nuovo cimento 11, 307 (1959). 

8S§. Kaneko and M. Okazaki, Nuovo cimento 8, 
521 (1958). 
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We derive electromagnetic corrections to the electron polarization and to the electron and 
u-e decay and determine the polarization and angular distribution of y quanta in internal 
bremsstrahlung. Electromagnetic corrections to the spectrum, to the angular distribution, 
and to the electron polarization in p - e decay are computed in the low-energy region. 


ie Kinoshita and Sirlin! and the author’ investi- 
gated the electromagnetic corrections to the spec- 
trum and to the angular distribution of y — e decay 
in the theory of Gell-Mann and Feynman.° 

Let us consider the polarization of the elec- 
trons in py — e decay. It is known that the theory 
of Gell-Mann and Feynman predicts for the elec- 
tron spin a polarization vector &) equal to — ny) 
(n, is a unit vector in the direction of emission 
of the electron). Using the vertex part (2) of ref- 
erence 2, we find that in the approximation where 
m;/m, >> 1 (m, and mp» are the muon and elec- 
tron masses ) the radiative corrections do not 
change the character of the polarization of the 
electron. 

Since the radiative corrections to the spectrum 
of the u — e decay and to the term proportional to 
&on, are the same, the infrared divergence does 
not enter in the expression for &,. Thus we have, 
as before, &) = — Np. 

Let us consider the corrections due to the in- 
ternal bremsstrahlung. Its probability with emis- 
sion of a polarized electron and a polarized y 
quantum, integrated over the momenta and summed 
over all possible neutrino polarizations, has the 
following form (we use the Lagrangian (1) from 
reference 2 and write a, for the 4-vector of the 
muon polarization, a, for the electron polarization, 
by for the photon Stokes parameter, and pj, po, and 
k for the 4-momenta and €j, €, and €y for the re- 
spective energies of the muon, electron, and 
photon ): 


da \ Ga 1 dp, d3k 
Gy — aa aoa, x (1 bay) ey a, , (1) 


qi 


@ (Q° ie > (m2 -F me 2)) | an) 


| (RQ)? (m2 1 m 2Q?) 4Q? My {(m = m>: 


FANGS) 
2 (kai) — (kQ)? 
+ 20%) | (aps) ® + (8Q)®. — FS ey emp | 4 


=i {(m3 — Arle) | (asp) D + (RQ) ®, 


(kas) (Q)? | 43 | = mm {| @ (2,43) 


(Ape) (kp) (Ap2) 
kay) (Raz 
—2 (aps) (asp) — Q° (&Q) Fay Ge |® 
+(#Q) Sl I )®, + (@ G9 — 2 (a,p,)) 
(Ras) 


(RQ)? (Ray) 
ou] + gl ike (a Pa) (ep, +? (212) (Ape) 


R= E (m? — m3)? 


4 (a1) IL 
(Rp1) Q J 


(Ray 2 9 2 
— 2 (a,as) + (2 (RQ) — Q) Gore) | — 4 aa 
GyveriR (eile) 8 ie) Sie 


(RQ) 


= Fy ep Co PasPe® psp Umi — mi + 202 


— mal 2 —2 (aan) 260) ]] — 8 — 
+ 29° — m,[Q? GS —2ap.) 22) SH], 2) 
Fa = [mi — mi) (kQ) — 29° (Pa) | — gE 
+m, [ ng (eq) (2 [2 ep — ey] + (mi + m2) (Q) 
+ 20° (PA) | — Tertean Gea | 


(kp. : 
+ ms] 2mz (kQ) 29 |, — C22) | — [(m2 + m2) (kQ) 
— 2Q?(Pk)] [» 2 aye a) all + MyM, [(m? — m2) (RQ) 


202 (Pk (Ray) — (a2p1) (kdz) — (a3p2) 
+ 20%(PE)1| eos (eect tem) 1 GEE Goo 
(RQ) (kay) (Rae) 

" (ps) (kp2) (px) ca ; 
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Pe (nt me 202) 2 (ka) [ (RQ)? 
ve alae Q ) Rp) (Ap2) ss roe ee 


% (m2 — m2 + 2Q2) + 4Q%] + m 


ae 
as (Api) vam 


eal 2 22 te : (Raa) 
m+ 20%) + 4Q°| + mm, it + Gian | 2042) Ginn 
(Ray) A Q?) (Ray) (kde) 
2 (42P1) (,) (kp) ) (2 (kQ) — (Epi) (Rps ne 2 2 (a,a2) | 
4Q? (Ray) (Rag) 4 (RQ)? 
(Ep) (Epa) (epa)® (eps 
x Capi QiaP yD oeruosllarDyy Paghs| ) 
where 
O= Be ®, = Bu By, ®O, = By Bo, D,, = By, Bou, 
et ee Pap __ (Raz) Pop orn 
*  (pok) (pik)? 1 (Rpx) (p2k) (pik)? 
pee ou (Raz) Pip 
* (pok) (pa) (pik)’ 


and. Q)—p; — py — Kk, P'— p+ p>, £q is.the polari- 
zation vector, measured by the detector. For the 
unit vectors used in the determination of the 
Stokes parameter we choose 


__[P2xk] _ [kxei] a 
+ |[p2xk]]’ eS Tile ate ol | 
in the muon rest system. When a, = 0 and £,,=0 


formula (1) becomes identical with (6) of reference 
De 

Integrating (1) over d°k and summing over the 
photon polarizations we obtain, in the muon rest 
system with m;/m, > 1, 


T (dw / dt), = 0 [8a] te%de dQ, ff, (e) — Exnsh ,(e) 


—Eyna| f ,(e) — 4 &°? (1 —e)* (5 — 2e)| +- (Gime) (Fath) 


x [ii (2) —Fe7(1 =r ee 2e)]} (3) 
Here 
fe) = 26 — 22) a, (2) + S27 e)(5 + 17e — 34e?) 
a(ae-o— 1) el —e)’, 


1 


hi(e) = 22 — 1) ui (e)- = 271 — £) (142+ 34e 
e?(1 — 8)? (2— e), 


iw) 


) 
x (Ine +o —1)+= 
uy (2) = —2o< (Ine +o —1)+2|Ine+o—1 


—+e(1—e)|In(1 — es) — (Ine — o) (Ine + o —1) 


—— 7° / 6 4- yl 6? / A’, 


n=1 


wo = In(mm,/ mz), ee lia i), 
where A is the fictitious photon mass, introduced 
to eliminate the infrared catastrophe, 7) 

= 192 1?/miG?, dQ, is the solid angle in the direc- 
tion of the electron emission, and £; is the vector 


of muon polarization. 


In the present paper € does not stand for 
€>/€omax, as in reference 2, but € = 2€, /m4. 

We see from (3) that the longitudinal electron 
polarization is modified by the corrections due to 
the internal bremsstrahlung. The vector of elec- 
tron polarization in 4, — e decay, with allowance 
for electromagnetic second-order corrections in 
the approximation where m,/m, > 1, has the form 


ry (€) — Emgs,(e) 


Sa aa 8 (€) — Eings2(e) ’ 
where 
r(e) =3—2e + 5 [f (e)— ye *(1— 2° 5—28)], 
s, (2) = 2e 1+ 32 [h(e) i 2(] —e)2 (1 +22], ( 
ra(8)=3—2e+-5-F(e), Ss (e) = 22-1 + Ale); 


the quantities f{(€) and h(€) are given in refer- 
ence 2 [see formula (9) ]. 

In the decay of an unpolarized muon (&é, = 0) 
we have 


&, = — nfl — Al, 


e., the corrections are significant only in the re- 
gion € < 0.1, in which the electron polarization is 
small. 

2. The correction functions for the pp —e 
decay increase rapidly as € ~ €ymjin- It has been 
assumed heretofore (see references 1 and 2) that 
it is essential to take account of multi-photon in- 
ternal bremsstrahlung and of pair production in the 
low-energy part of the spectrum. However, an 
estimate of the matrix elements of these processes 
(for additional quanta and pairs with energy 
~ m,/4) shows that the branching ratio of such 
processes, relative to the single-photon brems- 
strahlung (photon energy ~ m,/2), is of order a. 
In the region €min < € < 0.02, where €min 
= 2m, /m, = 0.00966, the correction function for 
the electron spectrum fits quite well the expression 


f (€) = 5/6 (m1 / ma) &, 
and in the region 0.02 < € < 0.1 it fits the formula 
f (e) = ®/se° (Ine + @), 


which is obtained from Eq. (9) of reference 2 if the 
terms ~€~ are retained. 

These two formulas can be obtained by using 
the internal bremsstrahlung matrix element and 
neglecting in it the Green’s function of the muon 
compared with the electron Green’s function, fur- 
ther neglecting in the latter the term fh. + im, in 
the numerator (compared with ke Such an ap- 
proximation presupposes that when € < 0.1 the 
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main contribution is produced by the radiation of 
hard quanta of energy ~ m;/2; this radiation is 
more isotropic than when € > 0.1. (In the integra- 
tion over d°k we can assume that €ymax (3) 
=m,/2, where €ymax (#) is the maximum energy 
of the y quantum at a given angle J relative to the 
electron momentum. ) 

When € < 0.1, calculation yields for the cor- 
rected decay probability of the polarized muon, in 
the muon rest system. 


a 3 (M\'o sinh* 8 cosh0 d0 {3 —2e +70) 


To GE my 


Fn, [(ze =1)tanh 6 ~ h(0)| 


er: [(3 — 2e)tanho + = 8 (0)| 

+ (Euma) (Bama)| (22 — 1) PES + 3 1 (0)] 

— hb (22+ Se melt, (6) 
where 

jQ=2(2h 4, 20=4(2) S— 

2) = 540, 10) = aan —~ Ff), 

m (8) = —— h(9), coshé = 5 ya e= “ : (7) 


These formulas are valid when 0 <6 <3 (€min 
<€<0.1). Inthe nonrelativistic case (@ «1 and 
€ ~ 0.01) we get 


PO=p(By, 1O=H(S)s 


Vo PAR UZN EES OV, 


In the region 1 <9 <3 (0.02 <€ < 0.1), neglecting 
the terms ~ m,/m, in (7), we get 


f(e) =< (Ine + @)/®?, hA(e) = >e7(Ine+o—l), 


g(e) =2e?(Ine+o— 1), {(e) = te7(Ine+o—2), 


m(e) = 0. (9) 


As indicated above, these expressions are also 
obtained in the usual way if the terms that increase 
as €~ in the initial part of the spectrum are re- 
tained. (In formula (9) of reference 2, in the ex- 
pression for h(€), the minus sign in front of the 
term 4¢! (1 — €) in the square brackets should 
be replaced by a plus sign.) The as vpn, co- 
efficient introduced by Kinoshita and Sirlin,‘ with 
allowance for the electromagnetic corrections in 
the initial part of the spectrum, has the following 
form 


a, (8) = [= + 7 cosh*# — cosh 6—™ sinh #0 


= a> (@+)'(2—2coshé + osinh 6)} 


We 2 ore 
x | sinh?9 — 5 (sinh 40 — 46) + = mio (at) (8 cosh 
—sinh@)] ° (10a) 
when @ < 3, whereas for @ «1 we get 
@ (6) = — 0,056 0. (10b) 


Without allowance for electromagnetic corrections, 
ay(@) =0/4 when 60 «1. 

For the electron polarization vector we obtain in 
the interval 0=94 <3 


a 2e71 (1 — €) my / my + am (8) / 20 


_ 5/m2 ie NP thi NP 
sQ=5(2)% lOQ=m(B)®, 
1 fm, \2 
m (0) = 3(=*)- (8) 
Des n= —2e)tanh§ + ag (6) / 2 — Ein2[(2e —- 1)(cosh6 — 1)/cosh® + al (8) / 20] 
2 3 — 2e + af (6) / 2m — Eine [(2e — 1) tanh § + ah (6) / 200] 
(Without allowance for the corrections, &) = — Vo, 


where Vy, is the electron velocity. We use the 
system of units with h =c = 1.) 
From (11) we obtain with &; = 


Sa = — np (1 A); 


FO (Pe) teil) pce 2 ea esta) 


m sinh 20 
x [2-22 + FO”. 
In the nonrelativistic case 
§, = —n,- 0,428, Oey 


For the interval 1<9 <3 


3 — 2e + af (0) / 2% — Eins [(2e— 1)tanhO-+ ah (6) / 2a] * 
(11) 


f= —n,|{3—2e + ete “(Ine + @—1)—%n,|2e—1 
+eget(Ine+o—2)[}{3 24 2 Se (Ine + o) 
— in, |ze— +o zer(Ine+o—i]l”, 


A= ye? /[3—2% +e pe%(Ine +o). 


The values of the functions f, h, A, Yj, Sj, and m 
are listed in the table and are shown in the diagram. 
3. Integrating (2) over dps we obtain the fol- 
lowing values for the spectrum of radiation proba- 
bility and the Stokes parameters Ey of the photons 

in internal bremsstrahlung, at m,;/Mm, > 1: 
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Correction functions f(€) 
and h(€) at the start of 
the spectrum (6 =0 
for € = 0.00966) 


—_—————— 


£ a (27 )—1f(e) a(2m)-1h(e) 


0.00966 20.2 0 
0.04 19,5 0,35 
0,02 7,9 0,64 
0,05 LA) 0,22 
0,08 0,97 0,11 
0,4 0,69 0,078 


dw 


a dQ 
= ae (l—*) du 2 


Am 


{a (%) — §nyb (x) 

— Sata ¢() + (Einy) (Game) d (x)}- = (1 + Say); 
a(x) = M(x) (3/x — 2(1 — x)?) — 2 (1 —x) (22 — 13x), 
6 (x) = M(x) (1 /% + 2x?) — 
c(x) = M(x) (3/x—2(1 — %)?) + = (59 x? — 109 x — 22), 
d (x) = M(x) (1 /% + 2x?) — = «1 (59 x3 + 3x? + 6x + 4); 


= 17 = 28, my 
MCh) 2s in () —*%)— ——, eae oer =In7 
Sv =fi/r (i Nee?) Evs=fs/r—1, 


— = x 41 {a(%) — §,n,b (x) — Senec (x) + (€:n,) (§an,) d (x)}, 
1=0, fa=— =u {M (x) (x? + x — 5) + 5 (1 — x\(32 — 5x) 


+ En, (M (x) (x? + x + 1)—-3(1 — x) (4+ 5x)] 
— Eon, [M (x) (x? + x — 5) + 4 (32 + 107 x — 67 x?)] 


— (§iny) (am) [M (*) (x? + % + ye aes % + 67 x?)]}, 
fs = M(x) (2—x) +5 (x—1)— §iny (M (x) x + 3 (1 — x)] 


— Gott [M (x) (2 — x) + 3 (25 x—49)] 
+ (§ ny) (Sate) [M (x) x + ae — 25 x)]. 


The function a(k) was obtained by Kinoshita 
and Sirlin.° 

In conclusion, I thank Prof. V. B. Beresteskii 
for guidance of this work and to Prof. A. O. 
Vaisenberg for continuous interest in the investi- 
gation and for a discussion in the results. 


et (1 — «(4+ 10% + 13%), 


Functions that determine the polarization of the electron. 
For the sake of convenience, the argument is given in 
two forms: € and x = @/In(m,/m,), where (m,/m,) € = 2cosh@. 
The left-hand set of ordinates is for the functions 3 — 2€, r, 
and r,; the right-hand scale is for all others. 
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Some consequences of the second law of thermodynamics for single-component turbulent 
systems are derived. It is shown that the second law must be generalized in order to be 


applicable to turbulent systems. 
entropy.”’ 


1. AVERAGING OF THE EQUATIONS OF 
THERMODYNAMICS 


ie The thermodynamic equations of irreversible 
processes are applicable also to those systems in 
which the medium moves in turbulent fashion. The 
equation for the change in the specific entropy s, 
namely Tds = du + pdv, is applicable for all single 
component systems for which the deviator* of the 
stress tensor does not depend on the strain tensor 
(in general, it depends on the tensor of the strain 
velocity ) —the so-called ‘‘simple systems.’’ The 
changes must be considered as substantial, i.e., 
referring them to unit time, we get 


p dp 4 
02 dé’ Ds a o 


ds du 
£ dias 


(1) 


where d/dt = 0/dt + vj,0/8x; (the double subscript 
indicates summation). Making use of the continu- 
ity equation 


Op 0 
al OX, (pUp) = 0 


(1.2) 


and the thermodynamic equation for the energy 


du see dv; 
Coe wip Poe (1.3) 
(which are valid for multi-component systems 
also), we get from (1.1) 

ou; 
tk Ox, ° 


Tp - = divi toe (1.4) 


j is the thermal flux density; Pj, is the deviator 
of the stress tensor: 
Pin = PSin + irs a ae = (11+ P22 Pas). (1.5) 


Since for each continuous function f (x4, xX». x3, t) 
(scalar or tensor) the equation 


*The deviator of a tensor t, is the difference between this 
tensor and its isotropic part: 


aati e (teu. tt, oie 


This is done by means of the concept of ‘‘turbulent-thermal 


Co 


p Sp = 57 (of) + ae (PfOn): (1.6) 


is identically valid, Eq. (1.4) can be transformed 
to the well-known equation for the continuity of 
the entropy: 


(1.7) 


ds, g 
j + divQ=%0, Sy (OSs 


) 
Here s, is the entropy per unit volume, Q is 
the density of entropy flux 


Q=s,v+T 7}; (1.8) 
vw is the rate of generation of entropy per unit vol- 
ume of the medium: 

Pi, 00; 


Gen Ul 
o= 0, + O,, v= Ives We, T Ox, (1.9) 


The second law requires #> 0, while the in- 
equalities 


$>0, 50 (1.10) 


are separately valid. 

2. In the case of turbulent motion, the derived 
equations must be averaged. Carrying out the 
averaging in the sense of Reynolds, we obtain from 
(1.2) 


Op / Ot + 0 (pup) / Oxy = 0. (lala) 
We introduce two fields of mean velocities. We 
introduce the first in the usual fashion 
> +-t,/2 
Oe 0; (X41, Xe, %3, + 1) dt (1.12) 


ail 
—t,/2 


(or similarly, by integration over the volume). In 

this case the field of pulsating velocities vi is de- 

termined by the equality 
Ne ES 


(1.13) 


and (1.11) takes the form 
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d -- ae 
oY as + Ox, (OUR a 9) — 0, lp =— pv,,. (1.14) 
The flux density of the momentum is the sum of 
two vectors, the flux density of the mean momen- 
tum pv and the flux density of the pulsating mo- 
mentum 1, for which one can write down the equa- 


tion of motion in the usual fashion: 


l= eye, (1.15) 


where a is a positive coefficient which depends 
on the turbulent energy. We introduce the second 
velocity field Vj, following Hesselsberg! (it was 
also employed by Blackadar’), by forming the 
mean, weighted according to the density: 


~ 


0; = pur |. (1.16) 


The continuity equation (1.11) now takes the form 


do OM == 
er aie Pee) 


(1.17) 
The two velocity fields are connected by the 
relation 


=: +b /p=0;—(4/p)Op/dx. (1.18) 


One field is expressed in terms of the other and 
the gradient of the mean density p. However, @ 
is a function of the turbulent energy Et, which has 
a different definition depending on the form of 
averaging taken. In the first case, 


pep +p — 5 0”, 0 = Vis (1.19) 
and in the second 
pE;=+pv?—+pv, v=o; (1.20) 
We then find the connection 
E, = E;—(p)* fol; + 42). (1.21) 


The averaged equations of hydrodynamics and 
thermodynamics will include both velocity fields; 
if for the function a (Et) we neglect the difference 
between E; and Et; taking a (E;,) * a(E,), then 
Eq. (1.18) (with accuracy up to the sign) expresses 
one field symmetrically in terms of the other. 
Correspondingly, there are two fields of pulsating 
velocities: that defined by (1.13) and 


” ~ 


0) = 0; —0; = 11 — lip, (1222) 


where 


L 


pv, =0. . (1.23) 
For an incompressible liquid, the difference 
between the two velocity fields vanishes and vj 
= Vie 
3. Averaging of the equations of motion leads mi 
to a much simpler expression if we use the field yj: 


THERMODYNAMICS OF TURBULENT SYSTEMS 


1207 
—Do,  — ye 
P py = Pl + ax, (Owe + Tin), (1.24) 
where 
Tin= —pviv,, D/Dt=0/dt+ 0,0/Ox_. (1.25) 


However, the velocity field V; also appears here 
explicitly in the tensor pj, which is substantial in 
the boundary layer and close to it. 

We obtain the following equation for the turbu- 
lent energy Ee 


ms a al, dv; dv; a : 
Popp PU age 1 ih gg in ge are (OOD), 
In = = purorn;. (1.26) 


Averaging of Eq. (1.3) leads to the following equa- 
tion: 


De du, id 

a = (jn + Jr) 4 Pin Ge, =f pin Se Jp = puv,. 
(27) 

Closure of the system of six equations (1.14), (1.24), 

(1.26) and (1.27) was carried out by the author? by 

the construction of the corresponding equations of 

state upon neglect of quantities containing 1. As 

basic quantities, the following six were used: 


Vi; D, Ty. lene (1.28) 


all others were expressed in terms of these and 
their derivatives; the second law was not used in 
this case. 


2. CONSEQUENCES OF THE SECOND LAW FOR 
TURBULENT FLOWS 


Use of the second law yields additional informa- 
tion on the character of the equations of state; 
however, in this case it is shown that the quantities 
(1.28) are not sufficient for describing the turbulent 
state. Two others are also necessary T!4Fand 
os where l= = T,p''=\ps— 9. 

We carry out averaging of the equation (1.7): 


Os, dQ, = = 
“the ey ae (2.1) 
OO. eo, 7 77P=isy nae & 
Qh = SoUp + SoUp + (T is 0, — ik Gee (Fr) 
Pin 9%; 
9. = Tor (2.2) 


Setting j= — «VT, and making use of the expansion 


Hie 
we obtain 
=e ee 0s, te ira x Pon 72 
G=ss-92 + B(14E) +B e7 (2.3) 
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Here the equations of state are also satisfied Similarly, multiplying Eq. (1.3) by T’ = T-T and 
ae is Pode we obtain: 
SyV, = — BOSp / OXn. (2.4) 
: 2 : eT Up UnpT 2 
Discarding terms of third order in T’, we obtain 5 Oo ap “ ant el oT ort Pt On Ge = T +5 5 = (oxp 
0 T rm ‘ 2 (oT. vt? ar LAR a SG eee 
Finally, ) ae )2An + BE IES = Gy +77, (2.14) 
= GPA 3 
35 = [0 ! (14 a)O+e], (2.6) el nee 
1 OU ee Pk ea Keeping the principal terms in Eq. (2.13) and 
ea Dae tre g div? v’, a ee, f 
ik Ms 2 (2.14), it is possible to express them in terms o 
5 do the fundamental quantities (1.28) and in terms of 
QD = : > & = | = : div? v, (2.7) p!* and T’? by means of the equation of state. For 
ims * example, 
a: Vv 7125, aa ts aD TPT2 
gears) Cee div gc 4D, (2,8) Ty pup; pFe=—ryT®. (2.15) 
“R 


ote Thus, from the eight equations (1.17), (1.24), 


ae ee So eee 2 _—_ (1.26), (1.27), (2.13), and (2.14), we can construct 
ses, are i S| ieee (= oa, a closed system for finding the eight quantities — 
ae SS CE ES the six of (1.28), p’* and T’’. 


L 


eed The second law leads to Eq. (2.1) for turbulent 
Ae (1) Tt divv, B= (yea T divv. flows and to the inequalities 
Cee ir | Se ergy, (2.10) &>0, &>0 (2.16) 
nae oT 2 OX, Ox; 3T ? © dl. ? 2 ’ 
7 which are obtained by averaging the inequalities 
D=+,9\T? (se ! s] 2 T@diviv’. (2.11) (1.10). The inequalities (2.16) give some evidence 
he as *h a ud on the equations of state and the validity of their 
Considering 5, as the characteristic of the tur- derivation. é 5. 
bulent state of the system, we note that it it depends __ The quantity T’” is small in comparison with 
not only on T, p, but also on T”? and p’2; infact, T°. Its change, however, and also (VT’ )?, can be 
=ps+p’s’. Noting that s(T,p)=s(T+T’, significant in the boundary layer. The physical 
p - p’), and carrying out the expansionina Taylor quantity p’® should play a role in the account of 
series, we get, after averaging, scattering of radio waves in a turbulent atmos- 
phere. If the turbulent flow of the gas is close to 
= a 4 — 0, =, are SP : 
S=s(T, p) + at PF me 7 Tet the critical state, then p’“° becomes important. 
‘f If Eq. (2.12) is substituted in|(2.1), then we ob- 
1 02s ae =r tain an equation for s(T, p) and it is possible to 
ae a sor pT’. (2.12) es 


compare it with Eq. (2.14) of Blackadar.* For the 
function Sy, introduced by Blackadar, we can 
write 8m =s(U,p)*s(T,p). Here Eq. (2.1) is 
not identical with Eq. (2.4) of Blackadar, even in 
the principal terms. The vector of the entropy 
flux density Q and the Qm of Blackadar corre- 
sponding to it do not coincide: 


(For a perfect gas 0°s/ap9T = 0 and 3°s/ap? 

= R/M,?.) We shall obtain a similar expression 
for u. The quantities T’? and p’? cannot be ex- 
pressed in terms of the fundamental quantities 
(1.28), but are themselves fundamental character- 
istics and it is necessary to derive equations for 
them. We shall obtain an equation for p’* by av- 


eraging Eq. (1.2), which is first multiplied by p’: O— On = psv" — phv' To (2.17) 
4S 5% + div (pV + pV") = + (¥, yp?) 


$ ; (h is the specific enthalpy). Nor does # corre- 
me uY GV edocs Yen P -): (2.13) spond to o(s,,) of Blackadar. 
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3. GENERALIZATION OF THE SECOND LAW TO 
TURBULENT PHENOMENA 


The mean value of the entropy § as a charac- 
teristic of the turbulent state cannot describe its 
important peculiarities, because it does not depend 
upon the turbulent energy Et. Thus the consequences 
of the second law obtained above are not sufficient, 
and there is a definite need for its generalization. 
There is also a definite basis for the generalization 
of the second law to turbulent phenomena, the same 
that makes it possible to give a definite meaning 
to the operation of averaging in the sense of Reyn- 
olds, namely the instability of the motion described 
by the hydrodynamical equations. 

The first averaging (molecular) is the reason 
for the possibility of introduction of the entropy s, 
and the second averaging (phenomenological, after 
Reynolds ) is the reason for the existence of a 
certain new function Se — ‘‘the turbulent entropy’’ 
per unit mass —as a function which is independent 
of s. 

We shall base the generalization on the follow- 
ing circumstances. 

1. The entropy Se of the turbulent system is a 
function of its turbulent ‘‘internal’’ state, i.e., a 
function of the quantities 


u, p, a, Ti, E, (3.1) 


(for a one-component system ), which do not in- 
clude vj. The function Sg may be independent of 
some of the quantities of (3.1), but depends in an 
essential manner on Et — the second internal en- 
ergy of the turbulent system (the first is 1). 

2. In the equation of continuity, 


0(pS,)/dt + divQ, = % (3.2) 


the rate of production of turbulent-thermal entropy 
per unit volume, ve, is always a positive quantity: 


> 0. (3.3) 


This inequality is a generalization of the second 
law to turbulent systems. 

3. In the formulation of the explicit form of 
Eq. (3.2), it is necessary to make use of the basic 
relation (1.1) by carrying out its generalization. 

One generalization that satisfies this require- 
ment is to replace the internal energy u by the 
total internal energy u + Et the pressure p by 
the total pressure of the turbulent system p + Il, 
and the temperature by a new integrating divisor, 
‘‘the generalized temperature’? Tg. Thus we de- 
fine Sg by the differential relation 


8S. = Tr? {8(u+ E,) — (p+) 6p/p"}, (3-4) 
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where II is the turbulent pressure: 


Wa (Tu t T2 4 ce 


(3.5) 


Te is a function of the turbulent state, i.e., of the 
variables (3.1); ifthe twovariables p and (u + Et) 
are independent the integrating divisor T, exists 
as a function of these variables; moreover, it can 
depend both on the parameters and on the remain- 
ing independent variables of (3.1). After choosing 
of the form of Te from the relation (3.4), we can 
find S, with accuracy up to an additive constant. 

We construct an explicit expression for (3.2). 
Equation (3.4) will be regarded as the substantial 
change per unit mass moving with mean speed Vi. 
Referring this change to unit time, we obtain 

DS DoS (I+ p) Dp 

aie =t{ fe G+ E:) See, 
Making use of Eqs. (1.17), (1.26), and (1.27), we 
transform (3.6) to the form (3.2). In this case we 
obtain the flux density of the turbulent-thermal 
entropy 


(Q:), = pSi02 + To Godan DikV,) 
and the rate of its production 


(3.6) 


(3.7) 


> meet CR ieee tue 
B= (int In + In = ats) a (Te) Te (Tm + Pun) gy, 
(3.8) 


the deviator is defined as Tik = Tik + Il6j,. Con- 
sideration of the particular cases make it possible 
to divide inequality (3.3) into two separate rela- 
tions: 


(n+ Jn + In— Pad) ge (7) > 0, (3.9) 
(Tin + Pin) 00;/0%% > 0. (3.10) 

It follows directly from (3.10) that 
T n00;/Ox, > 0, (3.11) 


while consideration of the concrete cases makes 
it possible to obtain two other inequalities from 
(220): 


(3.12) 


(3.13) 


We note that Jk — pixv; = phvy — Pixvj where 
h=u+p/p is the specific enthalpy. 

In the generalization of the second law proposed 
by Blackadar,’ the function Sg is introduced by the 
definition 


E,6S¢ = 6E; — Tép/p”. (3.14) 
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2A.K. Blackadar, J. Meteorology, 12, 165 (1955). 
3. G. Nevzglyadov, Doklady Akad. Nauk SSSR 
58, 547 (1947); Vestnik, Leningrad State University 


However, in formulating Eq. (3.2) for this case, 
we do not obtain the inequality (3.3), because the 
turbulent energy is continuously dissipated, being 
converted into thermal energy. No. 3, 3 (1948). 


'H. T. Hesselsberg, Beitr. Phys. f. Atmos., 12, Translated by R. T. Beyer 
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The decay y —e~ +¥+ » is considered theoretically for the case when the meson is in a 
bound state in the K orbit of the atom. The spectra of the decay electrons are calculated for 
several elements and the » meson lifetime as a function of Z is determined. The calcula- 
tions are carried out with an accuracy up to linear terms in the parameter Z/137. 


A number of experimental papers!? have been de- 
voted to the measurement of the probability of the 
decay uw — e7 + y+ for the case when the me- 
son is in a bound state in an atom. It was found 
that the decay probability A(é) (where é = Z/137, 
Z is the atomic number ) increases initially, but 
then begins to decrease rapidly with growing ¢; 
for € 2 0.22 it becomes smaller than Ag, where 
Ay is the decay probability of the free meson. 

The theoretical determination of the function 
A(§) with an accuracy up to linear terms in & 
was attempted by, for example, Uberall? (here 
references to earlier work can also be found). 
The calculation was based on the assumption 
that the » meson is bound in the K orbit of an 
atom with a point-like nucleus. It was found that 
the function A}(§) decreases monotonically with 
increasing £, which is in contradiction with the 
experimental data. 

We have taken into account the finite dimen- 
sions of the nucleus. The expression for the spec- 
trum of the electrons produced in the decay of the 
p. meson, including all effects which give a con- 
tribution to the terms of order ge and pe has 
the form 


dW = — (®, + §®,) dy, 
Wy = 16A9(3 — 4y) y®, ho = Gp5/19208, 


0, = 2 + tan 4 Be ! sl El 2 
@, = (tant +=) — + te 
ee 
pal aie aS 
X= (2y—17? + 8, = —0,3065*pR, (1) 


where y =€/p, ¢€ is the energy of the electron, y 
is the mass of the meson, G is the weak coupling 
constant, and R is the radius of the nucleus. 


% 


In the calculation we have used the interaction 
Vint = G (ere (1 + 5) pr) (Pvt (1 + 5) be) /V 2 - 


The accuracy of the expression for 4, can be 
improved without further complication of the for- 
mulas. 

We have considered the model of a nucleus 
with uniform charge distribution, where the nu- 
clear radius is R = 1.2 x 10° A'/3, with A the 
atomic weight. The wave functions of the w me- 
son were chosen in the following form: 


tba (1) = YO (7) + YN), 


r<R 


= */e 


wexp[b(1—r/R)] 


po = C+ Exo t-e-H2ru (0); 


i 
w=(§) t=(89). 

Here vy? is a relativistic correction, yg and y 
are Dirac matrices, u(0) is the spinor function, 
and C is a normalization coefficient. The para- 
meters a, b, and w =1 -a are functions of the 
quantity t = uR. Tables of these parameters are 
given in the paper of Pustovalov.* 

It appeared in the course of the calculations 
that the region r < R gives no contribution to the 
spectrum in our approximation, while the effect 
of the finite dimensions of the nucleus consists 
in the replacement  — &’= € — 0.306&t. 

Allowance for the finite dimensions of the nu- 
cleus in the consideration of the interaction of 
the electron with the nucleus leads to the replace- 
ment of the quantity set which corresponds to 
the external field line in the Feynman graph of 
Fig. 1, by the expression k-2é cos KR + v(k)/k, 
where k is the momentum transferred from the 
external field to the electron, and the function 
g(k) is related to the actual shape of the charge 
distribution in the nucleus, with y(k)— 0 for 
k— 0. The region of small k (k & 1) plays the 
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FIG. 3 


most important role in the calculation of the in- 
tegrals to be considered, so that we can disregard, 
in our approximation, the finite dimensions of the 
nucleus in this region. Then the contribution from 
the graph of Fig. 1 to the spectrum is given by 

the function ,. It is easily seen that the finite 
dimensions of the nucleus do not lead to the ap- 
pearance of linear terms in the probability of the 
u decay, but affects only the terms ~é%. As we 
have learned recently, the same result was found 
by Uberall.® 

We show in Fig. 2 the behavior of the function 
dW/dy and in Fig. 3 the behavior of the function 
A(€) obtained by numerical integration of expres- 
sion (1). ( The dotted line represents the experi- 
mental curve. ) 

There is little hope that the inclusion of the 
terms ~é in the spectrum will remove the disa- 
greement between theory and experiment. Indeed, 
let us consider the expression p = A(é) — Ao. We 
write p =p) +p) +...) where p%) denotes the 


a6 y 


FIG. 2 


part of the function p coming from the corrections 
né! to the spectrum. Integrating the expression (1) 
we see that p“)/p®@) = 0.2 (Z ~ 20); to fit the ex- 
perimental curve we must require p)/p\~ 25; 
p/p x 5, i.e., the effects of higher order in 
must dominate. Strictly speaking, this possibility 
cannot be excluded, since we do not know the coef- 
ficients of the terms proportional to £? in the spec- 
trum; however, without any physical reasons to 
sustain it, this case seems to be wholly unimagin- 
able. Thus, if we reject this possibility, we are not 
able to interpret the experimental data by assum- 
ing that the decay of the w meson proceeds from 
the K orbit and including the effects discussed 

by Uberall® and in the present paper. 

In conclusion I regard it my obligation to ex- 
press my gratitude to V. B. Berestetskii, A. O. 
Vaisenberg, and L. B. Okun’ for constant interest 
in this work. 


‘Sens, Lundy, Swanson, Telegdi, and Yovano- 
vich, Phys. Rev. Letters 1, 102 (1958). 

? Barret, Holmstrom, and Keuffel, Phys. Rev. 
113, 661 (1959). 

3H. Uberall, Nuovo cimento 15, 163 (1960). 

4G. Pustovalov, JETP 36, 1806 (1959), Soviet 
Phys. JETP 9, 1288 (1959). 

5H, Uberall, Bull. Am. Phys. Soc., ser. 11, 
Nr. 5, 256 (1960). 
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CROSS SECTIONS FOR RADIATIVE CAPTURE OF NEUTRONS BY HEAVY NUCLEI 
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It is shown that even at low energies (beginning at 1 kev) p-wave neutrons are important in 
radiative capture by heavy nuclei. At energies of 0.1—1.0 Mev, neutrons with 1 = eZ to 
dominate the capture cross section. The optical model gives satisfactory agreement with 
the experiments. In the absence of inelastic scattering the radiative capture cross section 
becomes constant at energies greater than 0.3 Mev; it increases somewhat at higher ener- 
gies, owing to the increasing level density. If there is inelastic scattering of neutrons with 
low J-values, the cross section is nearly proportional to E”?. 


ie The radiative capture of low-energy neutrons 
by heavy nuclei is a resonant process which pro- 
ceeds predominantly through compound nucleus 
formation. However, it has been shown! that 
direct capture is also possible in heavy nuclei, 
particularly if it leaves the final nucleus in its 
ground state. Only for magic nuclei is the direct 
capture a significant fraction of the total radiative 
capture. At higher energies, many levels fall 
within the resolution of the neutron beam, and only 
average radiative capture cross sections can be 
measured. At still higher energies (where in- 
elastic scattering is the dominant process) the 
resonances merge and the average capture cross 
section is the true capture cross section. It should 
be noted that at energies of 10 Mev direct capture 
may predominate. 

This paper is devoted to the calculation of the 
average cross section. The radiative capture 
cross section for neutrons with orbital angular 
momentum 7 near a resonance with total angular 
momentum J=1+8s (where s=i+da, with i the 
spin of the target nucleus and o the neutron spin) 
is 

ean 
old) — a + 1) mi?gy;5 ae (1) 


where g7Jg, the statistical factor, is 


Gus = (2S + 1)f(2i + 1) (26 + 1) (20 + 1); 
rs 


n» the neutron width, may be non-zero if 


|Z-s| <J <1 +; in the absence of inelastic 
scattering [= ris, IT’. Averaging (1), we 


Ss 
obtain the well-known expression 


Av 
of!) == >) (2! + 1) 2n*gyj, (2) 
Ss 


where D is the average level spacing. 

Equation (2) has two factors. The first, 'n/D 
=f, is given by the optical model. The second 
factor is 


Tule 
ee (3) 


n 


F= 


If a level is formed by neutrons with a single l- 
value, then 


(3a) 


Thus, to calculate F, it is necessary to determine 
Ty, D=TIy/f, and the distribution of neutron 
widths. 

2. Ty and D can be determined from thermal- 
neutron experiments. The level density, D,- is de- 
termined experimentally, as a rule, only for neu- 
trons with 1 = 0. Only for Al*® are there data? for 
neutrons with other orbital angular momenta. To 
find the dependence of D on 7 it is necessary to 
make some assumptions about the dependence of 
D on the spin and parity of the compound-nucleus 
levels. 

We assume that D does not depend on the par- 
ity of the level. For excitation energies of the 
order of the neutron binding energy, this assump- 
tion is reasonable. 

The dependence of the level density on spin is 
given by 


2J +1 
(2et)'/2 


p (Eo, J) =p (Eo) 7 


In the statistical theory, a formula can be de- 
rived in which p(Ep, J) is proportional to (2J +1)’. 
Such a formula is correct for spherical nuclei. 
Small deviations from spherical symmetry remove 
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the degeneracy in the internal axis of the nucleus. 
For large excitation, only magic nuclei are spher- 
ical; other nuclei have non-degenerate internal 
axes. 

Hibdon® compared (4) with experimental data on 
Al?® and obtained good agreement. If his results 
are fitted to the distribution 


p(J) = A(2J + 1)Pexp{— (J + */s)?/2ct}, (5) 


it is not possible to fit both J=0 and J=1. In 
reference 4 level densities were measured in W?®?, 
D was found to be 46 ev for J = 0 and 18 ev for 

J =1, in agreement with (4). Moreover, it was 
shown that the strength function for s-wave neu- 
trons is independent of J. Thus, experiment cor- 
roborates (4). 

Let us consider the quantity F for slow neu- 
trons with 1=0. Then (3a) should be used. In 
nuclei far from magic, radiative capture proceeds 
with the neutrons making transitions into a large 
number of different states, making the number of 
reaction channels large in this case. Therefore, 
the radiative width is the sum of a large number 
of widths, one for each channel, and thus does not 
change much from one level to the next. The de- 
pendence of the radiative width on J can be esti- 
mated by using a formula given in Blatt and Weiss- 
kopf:° 


r,~\(E,—E)° ee a ai 6) 


Here the capture y rays are assumed to be dipole. 
If the exponential factor in (4) is neglected (this is 
accurate enough for small J), then the sum over 
J’ in (6), and therefore also the radiative width, 
does not depend on J. The exponential decrease 
of the level density, which is more rapid for the 
final-state energy, leads to a slow decrease in the 
radiative width with increasing J. 

In those cases where the radiative widths in a 
nucleus have been measured for levels with vary- 
ing J(i+o), they have been the same within the 
experimental accuracy. In our calculations, we 
neglect the weak dependence of I, on J in Eqs. 
(6) and (4). For fixed J, [y is taken to be con- 
stant. Then the radiative width can be taken out- 
side the averaging in (3a). 

The average [,/(IT, +Ty) can be obtained if 
the distribution of neutron widths is given. If the 
averaging interval is small compared to the neu- 
tron energy, then the distribution of neutron widths 
is identical with the distribution of reduced neu- 
tron widths T,/E?, since E/? may be consid- 
ered constant. For heavy nuclei and energies 


P. E. NEMIROVSKII 


greater than 1 kev, the averaging interval may 
be taken to be less than the neutron energy. 

For the reduced widths, Porter and Thomas 
give the distribution 


f (x) = (2aP ax) “exp {— x/2Pn}. (7) 


This distribution, however, is not the only one 
which agrees with experiment. In some nuclei, a 
large number of small neutron widths is observed, 
but the statistics are not sufficiently good. The 
simpler exponential distribution 


f(x) =exp(—x/P,)/T, (8) 


6 


is also not in disagreement with experiments. 
It is easy to calculate the quantity 


i i 
=—— oe 9 
ol toe. | is +P. (9) 
For the distribution (8) we have 
ee r 
f (x) Pn 
\ T+P x dx 1-4 = exP (= =e Te): 
0 


For the distribution (7) this integral must be cal- 
culated numerically. In Table I, the second row 
gives a calculated from (8), the third row a@ as 
calculated from (7), as a function of Ty A Dink The 
difference between the distributions is not greater 
than 16%. Thus, the difference in the radiative 
cross section calculated from the two distributions 
will be of the order of 10%, and the energy depend- 
ence of the cross section is nearly independent of 
the assumptions about the distribution of widths. 

For very small energies, where d-wave cap- 
ture can be neglected, the results of Table I cor- 
rectly describe the average for 1=0. For 1=1 
Table I applies only to even-even nuclei; for odd 
nuclei the channel spin can take on two values, 
and the calculation is more complicated. 

For 1 > 0, we shall consider also the spin-orbit 
interaction. Then, for each 1, there are different 
strength functions for the two different values, j 
=T+ ee of the total angular momentum of the neu- 
tron. If the resonant level with spin J can be 
formed by capture of neutrons with both values of 


j, the average radiative capture cross section is 
given by 


J+i 
é 204 
Bie i Lresh a. i 
Here 7 is the parity of the level capturing the neu- 


tron. The statistical factor is independent of j and 
m and the expression to be averaged is 


Ser Qin re), 
i i 


inJI pt 
Li r 


Soe 


(11) 
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TABLE I 
ee 
Eric 0.01 | 0.02 | 0.05 0.4 0.2 0,5 4.0 2,0 10 | 20 
erp 0,969 | 0.952 | 0.916 | 0.880 | 0,842 | 0.808 | 0.809 | 0,830]0.90 | 0.96 
Opt. 0.894 | 0.858 | 0.795 | 0.747 | 0.712 | 0.679 | 0.679 | 0.725 | 0.869 | 0.922 


If the distributions of neutron widths are inde- 
pendent, the averaging reduces to the calculation 
of multiple integrals in which each independent 
width is a variable of integration. a@ increases 
with the number of averagings. On the other hand, 
if the neutron widths are related to each other by 
constant ratios, we obtain a@ from Table I by re- 
placing >)” by ips, The two cases differ by 


not more than 10%. We use the second assumption 
and the results of Table I. 
3. The usual formula for the level density is 


p=cexp(ayV E). 


However, in particular energy intervals, the de- 
pendence may be 


(12) 


p= expia 2). (13) 


But, if the energy variation is within a narrow in- 
terval AE «< E (AE ~1 Mev for E~7 Mev), then 
the level density always follows the law 


p = poexp (DAE). (14) 


The level density in heavy nuclei is well known for 
two energies: in the interval from the ground state 
to excitations of 1.5 —2 Mev, and near the neutron 
»binding energy (from slow neutron reaction data). 
The radiative capture cross section is propor- 
tional to pl';/(f{+pIly). p varies more slowly 
with energy in (12) than in (13), but I; increases; 
with (13) [T, is constant. When Eg xc is equal to 
the binding energy of about 7 Mev, the value of the 
constant is such that the variation of oy with en- 
ergy is roughly the same for (12) as for (13). The 
difference can be as large as 20% for AE ~ 1 Mev. 
4. Inelastic scattering strongly affects the ra- 
diative capture cross section. At the inelastic 
threshold oy changes sharply, since there is a 
jump in its first or higher derivative (depending 
on the difference in orbital angular momentum of 
the ground and excited states). The change is in 
the factor [;/I, since I now contains the in- 
elastic width iM along with the elastic widths. 
The quantity Hy = ri N/D can be calculated 


from the optical model for neutrons escaping with 
orbital angular momentum / and total angular 
momentum j. It is given by the coefficient for 


absorption of neutrons of energy E, by the nu- 
cleus in the state with excitation E)-E,. Here 
we assume that the optical potential in an excited 
state of the nucleus is identical with the optical 
potential in the ground state. Then 


fino (1 ne PY. (15) 
In the calculations, the quantity 
alle +Ta+ 0) Pe PP (16) 


plays an essential role. Since it is natural to con- 
sider the elastic and inelastic widths as independ- 
ent, (16) is calculated by a double integration over 
the distribution of widths. 

5. Recently many measurements of radiative 
capture cross sections have appeared. However, 
they are not very accurate. Nevertheless, general 
regularities can be traced in the data from one 
group of measurements. In our method of calcula- 
tion, we need to know the parameters for slow neu- 
trons, the level density near the ground state of the 
compound nucleus, and the absorption coefficients 
for the various values of J, j. Thus, our method is 
applicable only to spherical nuclei, since there are 
no data on 7d for 1 = 0 in non-spherical nuclei. 

The calculation is most accurate for nuclei with 
high level densities; for this reason we have con- 
sidered odd Z nuclei, in particular the nuclei In, 
Au'®", Ag. For In! a spherical model is satis- 
factory, since in this nucleus Z differs by only one 
from a magic number. For Au!’ and Ag’, a 
spherical model of the nucleus may be somewhat 
worse. In all three nuclei, the positions of the ex- 
cited states are well known up to 0.5 —0.6 Mev 
(Table II). 

The quantities ni were calculated from an op- 
tical potential with diffuse edge and spin-orbit in- 
teractions’ The results of the calculation and com- 
parison with experimental results® for all three 
nuclei are shown in the figures. In indium, the ex- 
periments measure the cross section for formation 
of one of the isomers. The ratio of the cross sec- 
tions for formation of the two isomers has been 
measured by Hughes at E = 1 Mev to be 
o(In!!® J =1)/o(In'®, J= 4) =0.5. We have used 
this ratio for all energies. In the calculations, the 
exponential distribution for the neutron widths was 
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Radiative capture cross sections. The 
dashed curves refer to partial waves. The num- 


bers on the curves indicate the value of / + 1. 
eee The solid curve gives the total cross section. 
The experimental points are: O—from reference 
9; +,x—from reference 8. 


100 1 i Partie Meas = ee 
Agio9 Jnl15 Au? 
TABLE II 

Nucleus Agtoe Init Aut?” 

Spin and parity of target nucleus Vie | SYiae Clee 

Ty, 10 *ey, for E,~ 0 140 | 80 125 
D, ev, for compound nucleus with 

J=j+% for E, ~0 24.5 | 17.4 | 29.7 


D, kev, for compound nucleus, 
E = 1 Mev 25 PISS 20 
Excited states of target nucleus, 


0.088} 0.335] 0.077 
first ae Ve ae 
second a 0.595 oe 
third 0.41 0,279 

5/a- a" 
fourth 0.41 


used. The Thomas-Porter distribution gives cross 
sections which are smaller by 10 — 15%, but the en- 
ergy dependence is the same, and agreement with 
experiment is no worse. For energies from 1 to 
100 kev, the cross sections for all three nuclei 

are essentially the same. In Ag, where p-wave 
neutrons are important, the capture falls as BTV?) 
and in Au it falls as E~°*, However, at 0.1 Mev 
the contributions of the individual orbital angular 
momenta are different: p-waves contribute 50% in 
Au and 75% in Ag; d-waves contribute 20% in Au, 
2% in Ag. At higher energies the cross sections 
begin to differ significantly. The indium spin-¥, 
level is excited only by capture or emission of 
neutrons with / = 2 or 3. The presence of this 
level does not significantly affect the radiative 
capture cross section; starting at 0.4 Mev the 
radiative capture cross section becomes constant, 
and at about 0.6 Mev even increases somewhat. 
The latter behavior is a consequence of the in- 
crease in the level density, which compensates the 
decrease in the cross section for formation of the 
compound nucleus. In Au!®’, the cross section 
falls as E~/? in the interval 0.1 —0.25 Mev, but 
the increase in inelastic scattering around 0.3 Mev 
leads to a sharp drop in the cross section, with a 
subsequent return to E~¥2 at about 0.5 Mev. Simi- 
lar behavior is observed in Ag!®, Good agreement 
with experiment is also obtained for I?", For 
even-even nuclei, there are almost no data on 


pitind 4 1 iil, 
100 1000 


level densities in the resonance region (except in 
u238 and Th??? ), Therefore, one can try to deter- 
mine the level spacing from the radiative capture 
cross section at 0.1 Mev (if the radiative width is 
known). In Mo} a value of D of 2 kev is ob- 
tained for s levels. With such a level density, 
and with D = 50 kev for an excitation of 1 Mev in 
Mo!®!, the cross section is found to be nearly con- 
stant in the interval 0.1—0.5 Mev, in agreement 
with experiment. 

Recently F. L. Shapiro’ and colleagues investi- 
gated radiative capture in Ag and Au in the inter- 
val 1— 20 kev. In Ag, the observed dependence of 
the cross section on energy agrees well with our 
calculations, but in Au the theory leads to a some- 
what sharper fall-off in the cross section than is 
observed. In a recent paper, !° Mossin-Kotin, 
Margolis, and Troubetskoy have also investigated 
oy. Notwithstanding their use of an essentially 
different method, the results they obtain are close 
to ours. 
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It is proved that for some diagrams the solutions obtained by Landau’s method for deter mining 


the position of the singularities are symmetric. 


ly finding the position of the singularities of 
Feynman diagrams by Landau’s method! consider- 
able simplification results for symmetric dia- 
grams, provided the premise is accepted that the 
solutions for the angles and the parameters a ex- 
hibit a symmetry. The diagram should be sym- 
metric under transformations which leave un- 
changed the invariants characterizing the location 
of the singularity. For the four-point function, 
clearly, only rotations through the angle 7 and 
reflections are possible. 

The symmetry assumption is related to the 
question of uniqueness of the solution with respect 
to a for prescribed values of the external inva- 
riants in the Landau system of equations 


L079; oe 0, (1) 


a> 0, g?—m?=0. (2) 


Equation (1), together with conservation laws at 
each vertex, determines the internal vectors q 
as linear combinations of the external vectors p 
with coefficients that depend on a. From (2) we 
obtain a system of / equations 


oman tse) ie = lems, 05 8p tt =) 12,3), (3) 


where / is the number of internal lines in the di- 
agram and P] isa polynomial homogeneous in a. 
For the case of a symmetric diagram, under a 
transformation with respect to which the diagram 
is symmetric the system (3) is transformed into 
itself. If there exists a solution which is not sym- 
metric with respect to a then there also exists 
another solution in which the parameters q@ are 
interchanged. If on the other hand for the given 
values of the external parameters the system of 
equations (3) has a unique solution, then that so- 
lution is symmetric. The symmetries of a and 
of the angles of the diagram are in a one to one 
correspondence. 


FIG. 1 


There exist for symmetric diagrams nonsym- 
metric solutions of the system (3), but all such 
solutions that we were able to find failed to satis- 
fy the requirement that the a be positive. We were 
not able to prove the symmetry assertion for the 
general case, and therefore it is necessary to 
verify its validity for every individual case anew. 

For a number of diagrams it can be shown that 
the requirement that the a be positive leads to 
symmetry. In particular, this could be done for 
those mm-scattering diagrams with asymptotes 
16 X 162, whose singularities were determined 
by Kolkunov et al? (Fig. 1). We will show how 
this can be done on the example of the diagram 
shown in Fig. 2. 

We set the masses of all lines equal to unity. 
From the equation 24) + @7q7 — @gGg = 0, and 
the analogous equations for other contours, we ob- 
tain for pj, = 4;°d, in terms of the a: 


Mor = (02 — 02 — a2)/2atoa,, 


Hog = — (Of — 3 — oF) /2atad%e, » « « (4) 
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From the equality 
191 + Aed2 = %Is — A247, 
we obtain by squaring both sides 
G2 fob? Loy Aoly2 = OF 4 Of — 257M 576 (5) 


Making use of the conservation laws at the appro- 
priate vertices we can express py, and ps, in 
terms of the angles given by Eq. (4): 


Wa = 1 + Hes — Hie, M57 = — 1 — Use — Her- 


After substituting into Eq. (5) and expressing all 
angles in terms of the a we obtain as a result of 
some simple manipulations 


(a, + Og — b, — Obg) [Oty + 2 + As Oy 
+ (ay + ag) (4g + %2)/otg + og] = 0. 
As a consequence of the positive nature of the a@ 


the expression in the square brackets cannot vanish 
and so we deduce that 


Oy + Og = 5 + Ay. 


The consideration of contours obtained from the 
one used by us by a rotation about the central ver- 


tex by 1/2, etc., yields 
Og + Ag = Ag + Og, Og + hq = Og + Ay, 


Oy + Oy = Og + Og. 


It follows from these four relations that 


Oy = gy Oe = A, Os 4 Ay = Og + Age 


Let us take these equalities into account in Eq. 
(4). The conservation law at the central vertex 
gives: 

1 + Her = 1+ ss, = ps — 1 ig 
Upon substituting into these expressions the angles 
from Eq. (4) we obtain 

[42 — (ag — ay)”] (1 /og%, — I /osag) = 0, 

[2? — (ag — o%5)”] (1/asa%— — 1 /orr%g) = 0. 
It is not hard to show that the requirements that 
the a@ be positive leads to the relations 


Ase = Arg, Aghy = AsAle, 
hence 


Op iNe === 1g 
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FIG. 3 FIG. 4 


We note that had we required the a@ to be non- 
negative we would have also obtained the solution 
corresponding to the non-symmetric diagram, 

Fig. 3, which arises on reduction starting from 
one of the lines that enter the central vertex. 

The symmetry of the remaining m7 diagrams 
can be proved in an analogous manner. The sym- 
metry of the diagram shown in Fig. 4 may be de- 
duced somewhat differently. 

To this end we set as; = 1. The condition a> 0 
makes it possible to express uniquely a, in terms 
of a,, and ay, in terms of az: 

Oe = — 4/2 + Zy, ty = — 3/2 + Zz, 
where 
Z,= V1 —302/4 Z3 = V1 — 3037/4. 
Squaring both sides of the equation 
141 + Ada = — (%343 + 49a), 


and expressing all angles in terms of a, and az, 
we obtain after some regrouping of terms 


(ty as) |-3 (a, + 3) 4 : 43 +2-+ 2,2, 
+ 2Z,(14 +) 4 2, (1 ! *)| 
+ 23%, (1 + a) — Zya%5 (1 + a3) = 0. 


For 0 < a4, a@3 < 1 the expression on the left side 
can vanish only if a; = a3. 

The author is grateful to V. V. Sudakov for in- 
terest in this work and advice. 


'L. D. Landau, JETP 37, 62 (1959), Soviet Phys. 


JETP 10, 45 (1960). 
?Kolkunov, Okun’, Rudik, and Sudakov, JETP 
39, 340 (1960), Soviet Phys. JETP 12, 242 (1961). 
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The ee Saye by Kobzarev and Okun’! for determining the sign of the mass differ- 
ence Am of Ky and K mesons is eed with a view to taking into account the finite 
thickness of the plates through which the Ke ozon beam passes. A modification of this ex- 
periment which should lead to an increased Kye meson yield from the plates is suggested. 
Other methods of determining the sign of Am are also discussed. 


l. Kobzarev and Okun’ recently proposed! an ex- 
perimental method for determining the sign of the 
mass difference Am = m, — m, of K? and K$ 
mesons, which are the oscillating odd and even 
components, respectively, of the K® and K° 
mesons: 


= (Ki+ K)/V2, = (Ki— Ks) /V 2. 


The experiment suggested in reference 1 is 
based on the idea of using interference phenom- 
ena occurring during the passage ofa K3-meson 
beam through two plates of different nuclear 
properties. Owing to the difference in the inter- 
actions os the strongly interacting components 
of the Ky wave in the fearemittes undeflected 
beam, there arises K! waves with a non-zero 
phase difference Ag. The decisive role is played 
by the difference in the scattering properties of 
the plates, which results in a difference in the 
forward scattering amplitudes of the K° and K?® 
waves in the plates. This non-zero phase dif- 
ference between the two coherent states also 
makes it possible to determine the sign of Am. 

A diagram of the proposed experiment is shown 
schematically in Fig. 1. 

Kobzarev and Okun”! considered this phenom- 
pon for the case of thin plates, which give a small 
Kee meson yield to me right of plate b for a given 
number of incident Ks mesons. 

On the other hand, it is obvious that for a given 
K-meson beam one can choose the thickness of a 
plate of given material so as to obtain the maxi- 
mum K$-meson yield from it. This is connected 
with the opposite effects resulting from the thick- 
ness factor as regards the ‘‘regeneration’’ and 
‘survival’? of Ky mesons in the plate. 


FIG. 1 


In fact, it can be shown (see below) that the de- 
pendence of the number of KK mesons emerging 
from the plate on its thickness x = vt (Vv is the 
K° -meson velocity, which is assumed to be con- 
stant during the passage of the beam through the 
plate; t is the time of flight) is fundamentally 
given by the expression 


1 — 2cos (Amt / ye 4 eth, (1) 
where 7, is the lifetime of the Ko meson, y = 
1/v1 - (h =c =1). This expression has a max- 


imum at values of x considerably exceeding the 
Kk? range relative to its decay 1 =yt,v. For ex- 
ample, for a meson kinetic energy of the order of 
40 Mey, it is a maximum at x © 3 cm and / = 

ice Cle 

The thickness of the first plate a can thus be 
chosen to be the ‘‘optimum’’ from the viewpoint 
of the K}-meson yield. Of course, the thickness 
of the second plate b should then be comparable 
to that of plate a. 

In connection with the discussion above, there 
is the problem of considering the experiment pro- 
posed in reference 1 with a view to taking into 
account the finite thickness of the plates. Here, 
the question naturally arises as to whether the in- 
crease in thickness of the plates leads to a funda- 
mental decrease in the oscillation effect and thus 
reduces the possibility of distinguishing between 
the signs of Am. 
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It will be shown below, however, that if we in- 
crease the K,-meson yield by making the plate 
thicker, we are able at the same time to determine 
the sign of Am (at least, for large enough Ag). 

In this respect, the situation is no worse than in 
the limiting case of thin plates. 

Moreover, the consideration of plates of finite 
thickness makes it possible to propose a modifi- 
cation of the experiment so as to increase the in- 
tensity of i mesons and provide the possibility 
of determining the sign of Am in the case of values 
of Ag smaller than in the originally proposed ex- 
periment. (Of course, it is still necessary to have 
information as regards the sign of Ag.) 

We shall now consider the problem. 

2. Let a,(t) and a,(t) be the amplitudes of 
the Ky and Ke components of the K° beam at the 
time t. The time variation of these amplitudes as 
the K? beam passes through a substance is de- 
termined by the following equations: 


day _ : 1 n n j= 

iE Ee [ iw, et ikv + Ja ikv 5 Oe, 

d 2 4 . n : j— n 

2 = |— to, — ee iku Ey "|e, + iko2 5 ae (2) 


Here w;,. =(k’ + mj.)'2, 72 is the lifetime of K} 
mesons (hereafter, for simplicity, we shall set 
T, = ©), k is the K°-meson momentum, n(n) is 
the index of refraction of the K°(K°) wave in the 
substance. 

If we introduce into the considerations the for- 
ward coherent scattering amplitude of the K°(K°) 
mesons f(0){f(0)], then we can write 


n=142ak2NF (0), n= 12k =NF(0), (3) 


where N is the number of atoms per cm? of sub- 
stance. 

From Eq. (2) it is seen that the *‘regeneration’’ 
effect is determined by the terms with n-— Qh, i.e., 
by the difference in the complex forward-scatter- 
ing amplitudes of the K° and K® waves. Asa good 
approximation, we can take 


ee Ahi 


This inequality reflects the fact that the Ke 
meson decays predominate over the ‘‘regenera- 
tion’? effects in the substance. 

If we neglect £(0) in comparison with f(0), 
then inequality (4) reduces to the condition 


ee 


vk 5 


(4) 


Qaim N (5 / 40)? < 10, a) 
which is always well satisfied.* Here & is the 
total interaction cross section of K® mesons with 


*Thus, for example, in the case of copper (if we take 
o = 10™’ cm’) the left-hand side of (4’) is equal to 1.7 x 10°. 


5. 5G VEAGT TIN YeAL IN 


nuclei of the substance and m is the K°-meson 


mass. 

In this approximation, the solution of Eqs. (2) 
for the given initial conditions a,(T) and a,(T) 
has the form 


ot (t) = [oy (T) — Roe (T)] exp {— MY (¢ — T)} 
+ Ro (T)exp {— A‘ (t—T)}, 

ay (t) = — Roy (T) exp {— 4M (t — T)} + [a (T) 
+ Ro, (T)] exp {—M (t—T)}. 


In (5) we introduce the notation 


(5) 


ivk (n— n) }2 


Ris iAm/y7 + 12yt ? 


|R|<], 


MO = io, + 1/2yt, — ivk (n + n) W2s 
MO = iw, —ivk(n + n)/2. 

In writing the solution (5), we have neglected, 
in accordance with the condition (4), the terms with 
R2, which we shall also do in what follows. 

If at the time t = T =0 a beam of Ky mesons 
[a,(0) =0 and a,(0) =1] is incident on plate a of 
thickness Xg = Vtg, then a wave propagating along 
the direction of the primary Ke beam will fall on 
plate b of thickness Xp = vtp placed at a distance 
of x9 =vto from the first plate; the amplitudes of 
the K} and K} waves of this beam will be equal 
respectively to 
a (ta + fo) = Ra (exp {— a ta} 

— exp {— Ag” ta}) exp {— (ia + 1/2771) to}, 

Oe (ta to) Sexp{— A per (6) 
Taking these a;(i=1, 2) as the initial conditions 
for plate b in (5), we find the amplitudes of the 

K? and KS waves in the unscattered beam emerg- 
ing from plate b:* 

1 (ta + to + te) = Ra (exp {— Aa? La} 

—exp{oay? expe ey exp {—- [i@, 

+ 1/2] th} + Ro (exp {— Ap’ ts} 

— exp {— Ag” ty)) exp {— AG ta} eo", 


Oe (ta ++ to + ty) = exp {—= AL) t, = Ah eye: (7) 
We introduce the notation 

4 a i 

5 (Ma — Ma) = rae’, (8) 


where, according to (3) 


fq = WN ak™ ([Im (fa (0) — fa (0))]? + [Re (fa (0) — Fa (0))]2)%, 
(9) 


*From (6) and (7) it follows that the discarding of the 


terms with R? in our problem reduces to the neglecting of the 


phenomenon of the production of K° mesons from K{ mesons, 
which is natural. 
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tan @, = Im [fa (0) — fa (0)]/ Re [fa (0) — fa (0)I. 


Similar notation is introduced for plate b. ( We 
note that the rg } introduced here differ from the 
corresponding quantities in reference 1 in that they 
refer to a unit length of substance .) 

With this notation we obtain, after some elas 
lation, the following ae for the number of K} 
mesons N, (per incident Ke meson) traveling 
forward to the right of plate b: 


(10) 


N\= exp {— = [Na (Sa + Gq) ta = No (Sp -- 65) Di 


to + = 
wast 


x {rep (ta) exp [- 
P(t) Qrare [c (ta, ty) cos (Ag - =m (fo + t»)) 


— (tt) sin(g— 22 (5+ 19) exo[— GE} 


27T1 
(11) 
where oj(0;) is the total cross section for the 
interaction of Ky (Ko) mesons with the nuclei of 
plate i (i=a,b), Ag = gg — @p- 
In (11) we have introduced the following nota- 
tion: 


P(t) = [1 — 2cos (= t) exp |— oa 


+exp|— setae) + (ae) | 
GAT 5806 = [1 — cos (am aes: eee ( An ts) ov toler 


aaa 


Am\2 
{eo / 


— cos (Ft at ts)) exp {— 


Flees) ile 

S (ta, ts) = [sin (= 2) XP las 
—sin(A® 5)exp{—5 2} 
— sin (A (ta — te) exp {— 
tara? 


The meaning of the terms in formula (11) is 
clear. Thus, for example, the Breen of the 
factor P(t,) ina product with re is connected 
with we oscillation of the odd Ky mesons into the 
even KY mesons and the decay of the latter inside 
plate a. The occurrence of the maximum for this 
factor also makes it possible to choose the ‘‘op- 


timum’’ thicknesses of the plates. ; 
The exponential Exprceeeu following r4 char- 


acterizes the decrease in Kt mesons between the 
plates and ie the second plate due to decays. The 
term with rf, has a similar meaning. The presence 
of the common exponential factor in (11) is con- 


Gralla | 


(12) 


nected with the attenuation of the beam due to the 
interactions of K’ and K® mesons with the sub- 
stance and is determined by the imaginary part of 
the scattering amplitudes at the angle zero. This 
factor varies weakly with the plate thickness. 

Formula (11), which takes into account the 
finite thickness of the plates, has the property that 
the thickness of the second plate xp = vtp enters 
(11) on an equal basis with the distance between 
plates x9 = vty. This allows us to obtain informa- 
tion on the sign of Am both by studying the de- 
pendence of N,; on x» for fixed plate thicknesses 
and by observing the variation of N, as a function 
of the thickness of the second plate xp (‘‘optimum’’) 
and xq ( which can be taken equal to zero). 

We thus have another way of performing an ex- 
periment to determine the sign of Am: We place 
plates a and b flat against each other and vary the 
thickness of plate b with plate a at the ‘‘optimum”’ 
thickness. 

In connection with formula (11) one should note 
the following. Formula (11) gives the number of KS 
mesons in the beam which have traversed the 
plates without deflection as a function of xg, X9, 
Xp, Am, and Ag. The corresponding wave is the 
result of the coherent superposition of waves 
scattered at a zero angle on nuclei of the substance 
situated along the incident beam. 

Apart from such a ‘coherent’? mechanism lead- 
ing to the ‘‘regeneration’’ of I, mesons in the un- 
deflected beam, one can employ a high-energy KY 
beam to obtain a second mechanism associated 
with the different diffraction scattering of the K° 
and K° waves on the individual nuclei of a sub- 
stance; this mechanism is incoherent in nature. 
The number of K$ mesons ‘‘regenerated’’ by 
means of diffraction scattering does not disclose 
the oscillations associated with the mass differ- 
ence Am and has an angular distribution charac- 
teristic of diffraction, which makes it possible to 
distinguish between these two mechanisms. 

Moreover, the increase in thickness of the plates 
[ within the limits in which the ‘*coherent mecha- 
nism’? is important; see formula (1) ] is also ad- 
vantageous from this viewpoint. It makes it pos- 
sible to increase the value of the difference be- 
tween the number of KS mesons from the “‘co- 
herent’? mechanism and from zero-angle diffrac- 
tion.? 

Before going on to the analysis of the obtained 
formula with a view to choosing the most con- 
venient experimental conditions, we shall introduce 
the limiting values of the functions P, C, and Sin 
the case of small thicknesses tg and tp: 


Ay= tafe 
Z,-3cem 


UG 
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FIG. 2. Dependence of N, on the distance 
between plates x,. Curves 1, 2, and 3 corres- 
pond to thicknesses xp of the second plate 
equal to 3, 2, and 1 cm, respectively. 


P(t) ~vtt = x7 (i=a, b), 


C(ta, te) Y 0%taty = XaX», S(ta, to) ~0, (13, 
so that (11) passes over into formula (12) of ref- 
erence 1, derived under the assumption of very 
small thicknesses. 

3. We now go on to the analysis of formula (11). 
First of all, it is obvious that (11) does not change 
if we change the signs of Ag and Am simultane- 
ously, so that the knowledge of the sign of Ag is a 
necessary prerequisite for carrying out the experi- 
ment. If the sign of Ag is known, the sign of Am 
can be determined in experiments of either type 
discussed in Sec. 2. Increasing the thickness of the 
plates leads to an essential increase in the Ky =me- 
son yield, which preserves the possibility of deter- 
mining the sign of Am. 

In order to obtain graphically the dependence of 
N, on the parameters Xg, Xo, Xh and Ag, we take 
into account the material of the plates and take the 
value of |Am| equal to 10!° sec"! (see reference 
3). By way of example, we take the K°-meson ki- 
netic energy equal to 40 Mev.* We choose copper 
as the material of plate a and graphite as that of 
plate b. Since we wish only to show that it is, in 
principle, possible to measure the sign of Am, we 
neglect in rg p the amplitude f(0) in comparison 
with £(0). Then 


fa, b = Ng, 2 (6e, 5 / 40). 


For 0g pb, we take the expression me AY4 ( Yo = 
1.4 x 10718 em). The data above was used for the 
graphical analysis of formula (11). 

Figures 2 and 3 show the variation of N, for 
Ag=+1/2, +7/4, and +7/8 as a function of the 
distance between plates xy at the “optimum”? 


plate thickness xg = 3 cm and xp = 1, Zand 3 cme 


*The increase in energy of the beam leads to an increase 
in the ‘‘optimum’’ plate thickness, owing to the increase in 
the decay length /. 


In these figures (and in those that follow), the 
solid curves correspond to the same signs of Am 
and Ag, the dotted curves correspond to the op- 
posite signs of Am and Ag. 

Taking the value of 2 cm for x, — somewhat 
below the optimum — with the remaining parame- 
ters fixed, we obtain similar curves with somewhat 
smaller ordinates. Those curves are not shown 
here to save space. 

Figures 4 and 5 show for comparison the corre- 
sponding curves calculated from formula (12) of 
reference 1 for the same values of rg, rp, and 
|Am|. We took the values x, = 0.2, 0.3, and 0.4 
cm and xX, = 0.2 cm. 

From comparison of these figures with Figs. 

2 and 3, it is seen that by taking thick plates we 
have for Ag =+2/2 and +7/4 a gain in the K}- 
meson yield of approximately 5 — 10 times that 
given by formula (12) in the article of Kobzarev 
and Okun’.'! As an example, we point out that for 
xX, =3 cm, X =3 cm, and Ag ==7/2 it is nec- 
essary to have (depending on the sign of Am/Ag) 
approximately 15,000 and 26,000 Ke mesons to 
obtain the experimental point when xp = 2 cm. 

Figures 2 and 3 show that the use of thick plates 
does not essentially diminish the oscillation effect, 
since for Ag = +7/2 and +7/4 the sign of the 
mass difference Am can be determined. As a 
criterion for the possibility of distinguishing be- 
tween the curves, we can take, for example, the 
difference in the ordinates of the curves for va- 
rious x9. If Ag = +7/8, then it is difficult to dis- 
tinguish between curves with opposite signs of Am 
in the case of either thick or thin plates. 

On the other hand, the following important cir- 
cumstance leads to a sharp distinction between 
the groups of curves of Figs. 2, 3 and Figs. 4,5. 
In the case of plates of finite size, the curves with 
opposite signs of Am are most sharply distin- 
guished for x9 =0, while for the curves of Figs. 4 
and 5, this point should not be considered in gen- 
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FIG. 3. Dependence of N, on x. 
1l—x, =3; 2-—x, =2; 3-x, =1cm. 

FIG. 4. Dependence of N, on x, 
for the limiting case of thin plates 
calculated from formula (12) of ref- 
erence 1. Curves 1, 2, and 3 corres- 
pond to thicknesses x, of the first 
plate equal to 0.4, 0.3, and 0.2 cm, 
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respectively. 


eral, since a condition for the derivation of 
formula (12) in reference 1 is x xh ~ Xo- 


The use of thick plates thus allows one to carry 


out an experimental determination of the sign of 
Am with the combination of plates when the thick- 


ness of plate a is chosen to be the ‘‘optimum’’ one 


and the thickness of plate b is varied. Then, as 
seen from the curves of the dependence of N, on 
Xp for xp = 0 in Fig. 6, favorable conditions are 
created for distinguishing the sign of Am even for 
a phase difference Ag equal to +7/8. It is par- 
ticularly significant that, in this variant of the ex- 
periment, the curves corresponding to different 
signs of Am/Ag have a qualitatively different de- 
pendence on xXp- 

We note that the second variant of the experi- 
ment in the case of thin plates would correspond 
to a fixed finite xg (for example xg = 1.5 cm) 
with a variation of the thickness of the thin plate 
b. There would then be a monotonic increase in 
N, with xp for both signs of Am, and the differ- 
ence in the two corresponding curves would occur 
only in the value of the ordinates (negligible for 
Ag =+1/8), where, as seen from the curves of 
Figs. 4 and 5, the K?-meson yield would be small. 


FIG. 5. Dependence of N, 
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Ay=+ 1/8 


The analysis presented thus leads to the con- 
clusion that the most favorable conditions for car- 
rying out the experiment on the determination of 
the sign of Am (for a known sign of Ag) occurs 
in the case of thick plates placed flat against one 
another. Of course, in experimenting with thick 
plates, one should keep in mind the possibility that 
the undesirable neutron background may increase. 

4. We shall consider other possible methods of 
determining the sign of Am. They are connected 
with the change in the number of K° and K® mesons 
after the K}-meson beam traverses the substance. 

We shall find the number of K° and K? mesons 
traveling forward after the initially pure KS beam 
passes through a plate of thickness x =vt ata 
distance x) = vty from the plate. This number will 
be determined by the relations 


Nee= =| (t+ to) + de (t + to) i. 


Na = 4 oy (¢ + to) — og (t+-t0) |, (14) 


where a, and a, are given by formulas (6). 
Using the same approximation employed pre- 
viously, we obtain 


on x, for the case of thin 
plates. 1-x, = 0.4; 2— 
Xx, = 0.3; 3—x, =0.2 cm. 
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FIG. 6. Dependence of N, on the thickness 
xp of the second plate placed flat against the 
first. Curves a, b, and c correspond to values 
of AQ equal respectively to + 7/2, #7/4, and 
+7/8. 


i - exp |— + N(o +6) | 


x {i Ter roan E (¢) sin (9 — an to) 


— x (1) cos (~ — “ to) | ; (15) 
where 
oH (s)he l= : (1 — e271 cos a + an e—t2xt1 sin “| 


x 
re 
an 

Es 
e|3 
Se, 

bo 
- 


(av) | 


Amt | 


2 ab 
ee et ares Nile (16) 

One of the methods of determining the sign of 
Am involves the study of the number of hyperons 
produced in a second plate of small thickness, 
placed at a distance x 9 from the first, as a func- 
tion of x9. This number is proportional to the 
quantity NK, from (15). In the limiting case of 
small plate thicknesses o(t) * x and k(t) * 0, 
which leads to formula (14) of reference 1. 

Another method of determining the sign of 
Am connected with the result (15) involves the 
study of the lepton decays Kis and Kis in the di- 
rection of the incident beam as a function of the 
distance xg to the plate through which the pure 
K} beam passed. 

It is known (see, for example, reference 4 that 
the decays K°— 1 + e*(y*) + v and K°— 7*+ 
e (u~)+¥ are allowed and the decays Ko qt + 
e (pw) +7 and Ko 7 + e* (uw) +» are for- 
bidden by the rule AQ/AS = 1, where § is the 
strangeness and Q is the charge of the strongly- 
interacting particles. By the CPT theorem, the 


allowed decays take place with a total inverse 
lifetime I). Therefore the ratio of the number of 
lepton decays per second at a distance of xq to the 
right of the plate to the initial number of mesons 
in the beam to Ty Nj for decays intoa 7 meson 
and leptons and TNo for decays into a m™ meson 
and leptons. 

A general shortcoming of the methods con- 
sidered in this section is the smallness of the os- 
cillating term in comparison with the basic term 
and the need for very large statistics for the study 
of the rare lepton decays. An increase in the thick- 
ness of the first plate to the optimum value leads 
to an increase in the amplitude of oscillation. 

In conclusion, the author expresses his deep 
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Pontecorvo for valuable advice and discussion of 
the results, to Z. Sh. Mandzhavidze, N. N. Roi- 
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for interest in this work and for valuable dis- 
cussions. 
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The two-particle model was used to find the angular distributions and total cross sections for 
photo-nucleons produced in the reactions He* (yp) H® and He*( yn) He®. The results are com- 


pared with experimental data. 


i Analysis of photonuclear reactions shows that 
for y-ray energies less than the threshold for 1- 
meson production there is only a small probability 
that individual photonucleons be produced by dis- 
integration of a quasi-deuteron. This result is 
especially valid for light nuclei, since in these 

the small number of nucleons makes it unlikely 
that the partner of a photonucleon will be trapped 
by collisions within the nucleus. On the other 
hand, experimentally there is a large yield of in- 
dividual nucleons in photonuclear reactions. For 
example, in the disintegration of a particles by 

y rays of maximum energy 170 Mev, it is ob- 
served that the yield of photoneutrons is 95% of the 
yield of photoprotons, while the yield of nucleon 
pairs is only 19% of the total.! These facts imply 
that there is some mechanism for the interaction 
of y rays with light nuclei other than the quasi- 
deuteron mechanism. 

In this connection it is interesting to consider 
the photodisintegration of the He! nucleus by 
high-energy y rays from the point of view of 
direct interactions. 

He‘ is an interesting nucleus to study for at 
least two reasons: first, there is a large amount 
of reliable experimental data available, and sec- 
ond, in some sense a particle nucleon groupings 
apparently exist in light nuclei, and these must 
play a part in radiative transitions of light nuclei. 
A detailed understanding of the photodisintegra- 
tion of He’ will then contribute to an understand- 
ing of the interaction between light nuclei and y 
rays. 

Theoretical calculations of the photodisintegra- 
tion of helium near giant resonance?‘ have used 
various He‘ wave functions. These calculations 
have not been satisfactory, since it has not been 
possible to choose parameters in the wave function 
so as to fit simultaneously the radius of the nu- 
cleus, its binding energy, the position of the maxi- 


mum in the cross section, and the magnitude of the 
maximum. Gunn and Irving? have made calcula- 
tions in the energy region above the giant reso- 
nance; these also are not satisfactory, since the 
calculated total cross section decreases with en- 
ergy more slowly than does the observed one. 

Barton and Smith® have carried out experiments 
on the photodisintegration of He and Li by y 
quanta of higher energies (150 to 280 Mev); their 
results were in satisfactory agreement with the 
quasi-deuteron theory of the nuclear photoeffect. 
This model is apparently applicable to He‘ for 
energies greater than the threshold for ™-meson 
production. There are no calculations of the 
photodisintegration of helium for photon energies 
between the giant resonance and the threshold for 
meson production. 

The existing experimental data on the photo- 
disintegration of He* in this energy range indi- 
cate, first, that the probability for emission of a 
photo-nucleon drops exponentially with increasing 
y-ray energy, second, that the angular distribution 
of photo-protons is asymmetric, with most protons 
being emitted forward, and third, that the angular 
distribution of photoneutrons is essentially iso- 
tropic. 

These facts suggest that in He‘ the photon can 
knock out a nucleon directly. The He* nucleus 
can be represented by a two particle model, with 
the photonucleon moving in a field due to the resid- 
ual nucleus, He® or H®. If collective motions of 
the whole nucleus were important in the ejection 
of a nucleon, then it would not be very likely that 
the residual nucleus would be left in an unexcited 
state. This suggests that the photodisintegration 
of He‘ be viewed as a two particle process. 

The purpose of this paper is to consider the 
reactions He‘(yp) and He*(yn) at high energies 
(but not exceeding the threshold for meson pro- 
duction), and to do this from the point of view of 
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the two-particle model. Since the dipole approxi- 
mation is not adequate at high energies, we calcu- 
late the photodisintegration in a general way, with- 
out expanding the vector potential of the electro- 
magnetic field in multipoles. 

2. The differential cross section for the proc- 
ess in question can be written in the form 


do = 2nh3c | H' 2 p(E) dQ, (1) 
where 
J 
vara 2ithc> 1 co 3 
ye ee 
1 my=—J o 
1—1/A) M 
p(E)= “Gee (2) 
I, my = DY Os (Fr) VEu, mz (F) de (3) 


S 


Here we have 
— ae 
z f2 


| 3 
V=>)Wi, ®, (r) = 4% ivi) 3 


kr le} 
Berke = — /2 


where J is the total angular momentum of the 
photonucleon in the original nucleus, mg is its 
projection on the z axis, k is the wave vector of 
the photonucleon in the center-of-mass system, 

M and p are the mass and momentum of the photo- 
nucleon, and A is the mass number of the target 
nucleus. 

Since the photonucleon in He‘ is in an S state, 
the potential V must include interactions between: 
(1) the charge of the final nucleus and the vector 
potential of the y ray, W,; (2) the magnetic mo- 
ment of the final nucleus and the magnetic field of 
the wave, W,; (3) the charge of the photonucleon 
and the vector potential of the y ray, W3; and 
(4), the magnetic moment of the photonucleon and 
the magnetic field of the y ray, W4. 

Equation (3) neglects the interaction of the 
photonucleon with the residual nucleus in the final 
state. This is justified by the work of Bransden, 
Douglas, and Robertson,‘ who studied the photo- 
disintegration of the a particle at low energies. 
These authors used the scattering phase shifts of 
reference 6 to take into account the proton-triton 
interaction in the final state. They found that the 
interaction has a negligible effect on the form of 
the total cross section curve at low energies, 
while at energies greater than 30 Mev, the two 
curves, with and without the interaction, practi- 
cally coincide. 

The initial state wave functions are 


Tin p= AR (r)¥o, Wy, p= BR (1) V5, 


R (r) = 2u-y*h exp [— 1/2 (rr)*], 
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where the parameter y is equal to 8 x 10!2 cm“, 


according to Mayer and Jensen.’ 

Our initial and final states are not orthogonal 
to one another, but the error this contributes is 
of the same order of magnitude as the error in- 
volved in neglecting the interaction in the final 
state. 

The result of the computation is that the differ- 
ential cross section of the photodisintegration of 
He’ is 


ds 3 /e2k3 ee \{[s re (= wo ok ane 6) 
dQ 2c~Mw exp | We 1672c? P Agar = ne 


2 


2 r wk ro ee. po a) 
— | exp i Jeg 608 8] sin? 0 + —ya7a— EXP Tea 


3 
x (exp [ in te cos 6| 
oxo [— sts + Sth cos) : 
where 
= a [fo —e— an (ho)? |)" , (5) 


In these equations, € is the binding energy of the 
photonucleon, 7 = 1 or 2 and 6=1o0r 0, depending 
on whether a proton or neutron is ejected, while 
Mn,p is the magnetic moment of the neutron or 
proton in nuclear magnetons. 

Upon integrating (4) over the angles, we obtain 
the following expression for the total cross section: 


Ree (= “ex ee 
lf ® Pie oo ral 


{48a cond Sth — 22 aah 28 
tales =o oa! 

x (cosh = — ee sinh a 

ae a re la | (exp = Toa | sinh aa 

= Qexp | a | Ss ven 

+ exp |- ie | sinh = )} (6) 


3. Figures 1—4 show the results of numerical 
calculations. In Figs. 1 and 2, the solid curves 
show the theoretical angular distributions of photo- 
protons and photoneutrons for y quanta having en- 
ergy 80 Mev, while the dots show experimental data 
obtained by Gorbunov and Spiridonov.! From for- 
mula (4) it is easy to see that as the y-ray energy 
is increased, the maximum in the angular distri- 
bution shifts toward lower angles. This is in ac- 
cord with the experimental data.! 
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FIG. 1. Angular distribu- 
tion of protons (center-of-mass 
system) arising from the reac- 
tion He*(yp)H® for y rays with 
energy fiw = 80 Mev. 
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FIG. 2. Angular distribu- 
tion (center-of-mass system) 
of neutrons from the reac- 
tion He*(yn)He’® for y-ray 
energy = 80 Mev. 
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Figures 3 and 4 show the calculated total cross 
sections (solid curves) and experimental data 
(dots)! for the reactions He! (yp) and He‘ (yn). 
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energy. 
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FIG. 4. Total cross section of the reaction He‘(yn)He’ as 
a function of the y-ray energy. 


From these figures it is clear that 0 (yn)/a (yp) 
~ 1. This agrees with the experimental data of 
Gorbunov and Spiridonov,' and can be explained 
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as follows: For photoprotons, there is an interfer- 
ence term between the interaction of the y ray 
with, on the one hand, the charge of the proton, 
and, on the other hand, the charge of the triton. 
This interference decreases the proton yield. 
There is no such term for photoneutrons. Hence, 
even though the neutron is uncharged, there are 

as Many neutrons coming out as protons. 

From Figs. 1—4 it appears that there is good 
agreement between theory and experiment in the 
energy range 70 to 150 Mev. Below 70 Mev, the 
agreement gets worse, which reflects the inade- 
quacy of the two-particle model at energies near 
the giant resonance. This may be connected with 
the anomalously large binding energy of the last 
nucleon in the qa particle. 

For y ray energies greater than 150 Mev, the 
quasi-deuteron mechanism is dominant, as has 
been shown by Barton and Smith.° 

We should like to thank Prof. V. I. Mamasakh- 
lisov for his constant interest and valuable dis- 
cussions. 
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The inelastic scattering of fast electrons by nuclei is treated for cases in which the scatter- 
ing is accompanied by the ejection of nucleons from the nucleus. The differential cross sec- 
tion for the process is expressed in terms of the correlation function for the nucleons that is 
caused by two-particle interactions. The correlation function obtained from an analysis of the 
data on the capture of neutrons by protons colliding with nuclei is used to calculate an energy 
spectrum of the electrons, which agrees with the experimental data. 


Ie Collisions of high-energy electrons with nuclei 
can lead to inelastic scattering as well as to elas- 
tic scattering. By studying the elastic scattering 
one can obtain information about the dimensions of 
nuclei, about the nucleon density distribution inside 
the nucleus, and also about other characteristics of 
the nucleus in the ground state.! The study of the 
inelastic scattering of electrons gives important 
information about the dynamical properties of 
nuclei. 

Inelastic scatterings can be divided into two 
types. First, it is possible for the inelastic scat- 
tering of an electron to be accompanied by the 
transition of the nucleus into an excited state that 
corresponds to a discrete energy level. The study 
of such a process gives information about the en- 
ergy levels of the nucleus and about their widths 
and other characteristics.! Second, there is a pos- 
sible inelastic process, sometimes called electro- 
disintegration of the nucleus, in which the scattered 
electron knocks a nucleon (proton or neutron) out 
of the nucleus. 

By the study of this type of inelastic scattering 
one can get direct information about the momen- 
tum distribution of nucleons in the nucleus, which 
depends on the spatial correlation between the nu- 
cleons in the nucleus. The securing of such infor- 
mation is important for the further development of 
theoretical ideas about the structure of the nucleus, 
particularly about the nature of the two-particle 
interaction between nucleons, and also about effects 
on this interaction of the surrounding nucleons in- 
side the nucleus. 


The present paper is devoted to the study of in- 


elastic electron scattering accompanied by the ejec- Vir 


tion of a nucleon from the nucleus. 
2. Let us consider the electromagnetic inter- 


action of a fast electron with an individual proton 
of the nucleus. Treating the proton as a nonrela- 
tivistic particle, we can write the energy of this 
interaction in the form 


x (pA-+ Ap) 


V (r) =e@ sap (L + %) cH 


+ qu (1 + 2x) ¢ ([pxE] —[Exp])— zo (1 + 2x) dive, 


alae. 
8M2 

(1) 
where ¢ and A are the Mller potentials, 


4me 


ee Amie 
7 a q? — AE? 


(u’Bu) er, A= — ae 


(u'yu) ef, 


(2) 


and the fields E and H are connected with these 
potentials by the relations 


E = — gradg-+ iAEA, i= curl A; 


q=k-k’ and AE = E-E’ are the momentum and 
energy transferred to the proton by the electron; 

p and o are the momentum and spin operators of 
the proton; and e, M, and « are the charge, mass, 
and anomalous magnetic moment of the proton (we 
are setting h=c=1). 

By using perturbation theory, it is not hard to 
find the probability for ejection of a proton from 
the nucleus by the electron. If we denote the mo- 
mentum of the ejected proton by K, perturbation 
theory gives for the cross section for this process 
the expression 


Pat 256 dk’ 
ds = 2n S}| Hiy |26 (AE + e7 — E,) on = . (3) 


where Hig is the matrix element of the interaction 
energy, 


Z 
= VAG), 
j=1 


q? — AE? 


ae (1 +2x))p 
(q 4- 2iV; +-i (1 + x) [4x3)]) } ue" ;: 


—goapH {1 
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+ oM 


(4). 
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€jf is the change of the energy of the nucleus, and 
Ep is the kinetic energy of the liberated proton. 

When we include the effects of the correlations 
between pairs of particles that appear at small dis- 
tances, the wave function of a system of Z protons 
and N neutrons can be written in the form 


3 


YN) = 


x I Pe, (rp) il Pasay (t7 — rj) 
fo. Hiesiie 


x IT fexoy, (te — te) [] fej, (t7 — tr), (5) 
R<k’ jk 

where g(r) and ~g(r) are the one-particle func- 
tions for proton and neutron and fqp(t) is the cor- 
relation function between particles that are in the 
states a and 8. In Eq. (5) the summation is taken 
over all permutations P of identical particles. The 
function (5) is assumed normalized to unity. 

As the wave function of the final state we take 

LZ, 

Ey(Z, N) = oD Hq (0) Op (tas 

j=l 
where y~x(r) is the wave function of the ejected 
proton with the momentum K and the function 
@f(r,,...; N) is chosen so that 


Ope. Fe Nh) — YZ — 1,8): 


Replacing the quantity ¢j¢ in Eq. (3) by an av- 
erage value €jf that is of the order of magnitude 
of the binding energy Sp of a proton, and using 
the completeness of the functions ¥¢(Z-—1, N), 
we can perform without difficulty the summing 
over the final states of the residual nucleus that 
is indicated in Eq. (3), 


DN Ai = 2) deter’ 
f 


If for the proton with the radius vector r; we 
take into account only pair correlations with other 
particles, we can perform the integration in Eq. (6) 
over the coordinate space of A—2 particles. As 
the result of this integration we get 


Ds] HiglP= Di dre | arbi (2) V(r) as (ta) 


J drat (F1) V (12) W,(Z, N)|’. (6) 


(7) 


where 
hag (F1, 2) = Ya (11) be (2) fap (f1 — fe). (8) 


In the case of a high-energy incident electron, 
for which the momentum of the ejected proton is 
sufficiently large, we can set 

Px (r) = eK. 


In this case the cross section (3) can be put in the 


ety eds everett ny), 
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d 4e4 
C= ean 2 A |) 
~ Sg(q — K) 6 (AE —s,— E,) dk'dK, (9) 
where 
g(q—K) : has! dr, | \ dr,ea—-Kons 
eq Z(A—"1) vg as | re ats tpop (Ti, Te) |, 
(10) 
a) 2__ AF? K 
c= le {a—-"Sa 4 2x) B 
‘i oo (qq—2K +7(14 x) [axo}) 7} w 2, (11) 


The summation in Eq. (11) is taken over the vari- 
ous initial and final spin states of the electron. 

The function g(q—K) has a sharp maximum 
for q=K, i.e., when the momentum of the ejected 
proton is equal to the change of momentum of the 
electron. Setting q =K in Eq. (11) and carrying 
out the summation over the spin states of the elec- 
tron, we find 


S~{I ata 2(1 + x)? tan 
a Ms! aE 


where ¥ is the angle through which the electron 

is scattered. Also performing the integration over 
the proton energy in Eq. (9) by using the 6 func- 
tion, we finally get the following formula for the 
cross section for inelastic scattering of the elec- 
tron accompanied by the ejection of a proton from 
the nucleus: 


4 2 (0/2 2 0 
do = Geeta i rae (1 + x)? tan? > +x] 
x Z(A— 1) g(q—K) MKdE'do’do, 
K7j2M = AE —s,. 


25 4-10 — 2] cose ; 


(12) 


In the case of scattering of an electron by a free 
proton (Sp = 0) we have instead of Z(A-1) g(q—K) 
the function 6(q-—K), and Eq. (12) goes over into 
the Rosenbluth formula 

do = 6p (*%) do’, 


fa[2 (1 +29 tan® 9 4 2]l/402 


op (9) =e" cos? 5 {I 4 
= sin? : ) 
The function g(q—K) that appears in the cross 
section (12) characterizes the distribution of rela- 
tive momenta q—K of the nucleon pairs in the nu- 
cleus. This function will also be involved in the 
cross sections for other direct high-energy proc- 
esses in collisions with nuclei (for example, in 
the cross section for the nuclear photoelectric 
effect at high energies,” in the cross section for 
capture of a neutron from a nucleus by a high- 
energy proton,’** and so on). Therefore the cross 
section for the scattering of an electron together 


(13) 
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with the ejection of a nucleon from the nucleus can 
be directly related to the cross sections for these 
processes. 

3. We can calculate the function g(q-K), 
which depends on the two-particle correlations 
between the nucleons, by taking as the one-particle 
functions the plane waves 


Pa (tr) = Qrhe'Pat 


(Q is the volume of the nucleus). Corresponding 
to the ground state of the nucleus we then have 
values of the nucleon momentum from 0 to a limit- 
ing momentum pF. This choice of the one-particle 
functions means that we are neglecting Coulomb 
and surface effects in the nucleus. Analogous as- 
sumptions are ordinarily made in the theory of 
nuclear matter,°»® and also in the treatment of 
other processes in the high energy region (photo- 
electric effect, pick-up, and so on). 

By introducing the radius vector of the center 
of mass of two nucleons, R=(r,+r,)/2, and the 
relative-position vector of the two nucleons, 
r=r,—Y,, we can put the wave function (8) of two 
nucleons, in the approximation we have adopted, 
in the form 


eins (Fr, 2) = QHePRqy (r), p(t) = Q*elPrf (F), (14) 


where P =p, + py. is the momentum of the center 
of mass and p = (p;—p,)/2 the relative momentum, 
and Pp is the wave function of the relative motion 
of the two nucleons in the nucleus. 

Using Eq. (14), we have 


(15) 


p.P (210)? 


{ drele—K-+PAN wp (r) Fe 


where S denotes averaging over all allowed values 
of the momenta p and P. 

Assuming that the interaction between nucleons 
occurs only in the S state and that the interaction 
is characterized by the presence of a repulsive 
core of radius rc, we can use for the wave function 
Pp(r) the Brueckner function® 

0, ir <P 

p (Tr) =| Te (sine 22 ao ere ee ie (16) 
where A? = 2p /5; this function leads to the cor- 
rect value of the binding energy per nucleon for 
heavy nuclei. By the use of this function it is not 


hard to get for pre « 1 the following expression 
for the distribution g(x): 


he sin xr, x A sinxr,+ cos xr, |? 
(0) = FE (cosxre — ia oe = 
%=q—K. (17) 
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For small values of k (kre «< 1) we have from 
Eqa (17) 
g (%) = 2r2/nQ (A? + %?)?. 


This distribution agrees with the Chew-Goldberger 
distribution’ 


c_c (x) = a/n? (a? + x?)?. (18) 


Figure 1 shows the distribution g (x), normal- 
ized to unity at « = 0. Curve 1 corresponds to the 
empirical formula 


Os) =n vo exp (4/47), o2/2M =14Mev_ (19) 


obtained from an analysis of the experimental data 
on the capture of neutrons from Cc” nuclei by fast 
protons.’ Curve 2 corresponds to the Chew-Gold- 
berger distribution (18) for a2/2M = 18 Mev. 
Curves 3 and 4 correspond to the distribution (17) 
for pF = 1.48 x 1043 cm7! and the respective values 
0.4 x 10-!3 em and 0.6 x 107!3 cm for the radius 

of the repulsive core. 

Equation (17), like the Chew-Goldberger for- 
mula, gives probabilities that are too large for 
large values of the relative momenta of nucleons 
in the nucleus. It must be noted, however, that the 
empirical distribution (19) drawn in Fig. 1 corre- 
sponds to the nucleus C!, to which the Fermi-gas 
model does not apply very well. 
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FIG, 1 


The distribution g(x) for C!* can be calcu- 
lated on the basis of the shell model. Using os- 
cillator wave functions for nucleons in S and P 
states 

Woo (tr) = (v/V a)'e""2, 
tbim (F) = (8¥8/3 V')"Are—""PY im (8, @) 


and neglecting the correlations between nucleons, 
we get 


B(x) = = (VV ny 3 (144 27 /v?) exp (— #?/v?), 


The parameter v that appears in the oscillator 
esl can be related to the value of the nuclear 
radius.” Taking as the radius of the C!? nucleus 


(20) 
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R = 3.07 x 1078 om, we find v?/2M =5 Mev. This He) 
value of v leads, however, to too rapid a decrease 
of g(x) with increasing xk. 
Inclusion of the correlation between the nucleons 
does not lead to much change of the dependence of 
g on x. This may be due to the illegitimacy of re- 
placing the wave function yx(r) of the liberated 
nucleon by a plane wave in the case of the oscillator 
potential. sae 
A distribution close to that found from experi- 
ment can be obtained from Eq. (20) by choosing 


larger values for vy. Curve 5 in Fig. 1 corre- As can be seen, the calculated spectrum of the 


: f 2 a : 
sponds to Eq. (20) with v°/2M = 9.1 Mev. (This electrons agrees well with the experimental spec- 
value of v leads, however, to too small a value trum (¢ = E’/E; pec Mev). 


for the radius of the nucleus. ) 

4. If we use the empirical momentum distribu- 
tion of the nucleon pairs, obtained on the basis of 
a study of the pick-up reaction at high energies, 
Eq. (19), then we can obtain the energy and angle 
distribution of the electrons from the inelastic 
scattering in explicit form. Substituting Eq. (19) 
in Eq. (12) and carrying out the integration over 
the angles of emergence of the proton, we find 


tering angle ¥’ = 90°. The experimental data are 
taken from the paper of Ehrenberg and Hofstadter.? 


We express our gratitude to A. I. Akhiezer for 
a discussion of the results of this paper. 
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scattering of the electron by a free proton and a *H. Ehrenberg and R. Hofstadter, Phys. Rev. 
free neutron. 110, 544 (1958). 

Figure 2 shows the energy distribution of the 
inelastically scattered electrons from scattering Translated by W. H. Furry 
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THE FORM FACTOR FOR Ky; AND Kes DECAY 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1766-1769 (December, 1960) 
A hypothesis is proposed according to which the K-meson and pion 4-velocities enter sym- 


metrically the expression for the matrix element of the interaction between K mesons or 
pions and the lepton current (on which Ky3 and Ke3 decay depend). 


Tue decay of a K meson into a pion and two lep- 
tons can be thought of as the result of weak four- 
fermion interaction with AS=1. In this case the 
decay goes through intermediate states of a baryon- 
antibaryon pair. The K-meson and pion momenta, 
pK and p;, are small compared with the baryon 
masses Mp. One can therefore assume that the 
decisive quantities are the K-meson and pion ve- 
locities. We note that in the K-meson rest system 
the pion velocity may attain 0.87 c. 

For the mathematical formulation, we introduce 
the four-velocity u, with u2 = —1 (we assume 
cr= 1). 

The matrix element of the process is, as usual, 


M =) Vase Vall + Ys) Pv. 


The proposed hypothesis leads to an expression 
for the vector current 


(1) 


The form factor g depends on the invariant product 
of velocities —ugu,.* 

The K meson and pion velocities enter in (1) 
symmetrically. Such an expression does not con- 
tradict the commonly accepted and most general! 
expression 


Vie = (— uKU-) [Uke Sin Ural 


Vi = fi (R*) Pka + fo(R*) Pray = R = PK — Pr. (2) 
Actually, we have 
UKa = PKa/Mk, Ung = (Oxi less 


k? = (pK — px)? = — mg — mz — 2(pxp-) 
= — mx — m2 + 2mKmz (—UuKu). 


Compared with the general expression (2), the 
proposed expression (1) fixes the ratio of the two 
functions f, and f,: 


*We note that in the K-meson rest system the invariant 


UKU7 is equal to the ratio of the total pion energy to its rest 
mass. 


2 2 2 
mh (88) = mafs (&) = @ (— wat) = @ (ASPET) 

(3) 
In addition, it is often assumed that the expansion 
of f; and f, is in powers of k*/M%, so that in 
practice f, and f, can be considered constant. 
From our point of view the dimensionless argument 
of the function (—ugu,) changes from 1 to 2, and 
there are no grounds for assuming that g is con- 
stant. 

We note that the assumption that the divergence 
of the current vector vanishes”? leads to essen- 
tially different conclusions: in the notation of for- 
mula (2), the result of Weinberg, Marshak et al. is 
of the form 


divV = (px — pz) (fipK + feP=) 


fi/fe = (D= — pxp=)/(PK — PKP=) 


= [mz — mgm, (+ uxu-)]/[mMx — msmM«K (— uxUs)). 


(5) 


If the pion is at rest (with respect to the K 
meson) we have —uKu, = 1, so that f, /f, 
=-—m,/mk, i.e., a value equal but opposite to 
that implied by formula (2). 

The authors of references 2 and 3 set the di- 
vergence of the vector current equal to zero by 
analogy with the vector interaction in the usual 
B decay, without change of strangeness. Actually, 
the properties of the vector current in the B decay 
follow by analogy from the electromagnetic inter- 
action.4~® In particular, the electromagnetic in- 
teraction of pions is obviously given by the expres- 
sion j~Aq where Aq is the 4-potential of the 


electromagnetic field, and the current ja is given 
by the formula 


. (2 b.! On; On, 

Ja ae im Ty 3 ack Ox we ’ (6) 
which can be written in the form 

A eTs ‘ 

joa Pi = Pa) =e ( ), (7) 
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The f decay of a charged pion with production 
of a neutral pion, which can be denoted by Te3, was 
first considered by Zel’dovich.’ The matrix ele- 
ment of this process is naturally obtained from the 
expression for the electromagnetic process by a 
rotation in isotopic space:* 


V = const-t, (py + pa) 
= const, (Pat ++ Par) == const-T, (tne + n+). (8) 
The divergence of the vector current is 


div V ~ (Dat — Px) (Pat + Dnt) = Pat — Pre = Meo — meg. 
(9) 


It vanishes only in the approximation in which the 
masses of the charged and neutral pion are equal, 
i.e., in the isotopic-invariance approximation. It 
is known, for example, that the corrections for 
electromagnetic interaction violate the condition 
div V = 0 and change the vector-interaction con- 
stant. 

The application of the condition div V = 0 by 
the method proposed in references 2 and 3, with 
simultaneous allowance for the inequality of the 
m* and 7° masses, would lead to an utterly incor- 
rect expression for the vector current for Te, 
and would completely destroy the entire present- 
day theory of 8 interaction. 

Thus, the proposal of Marshak and his co- 
workers that the divergence of V vanishes, which 
leads to different signs of f, and f,, can actually 
not be based on an analogy with the usual 6 decay 
(AS = 0). 

On the basis of a definite assumption on the 
magnitude of div V, and also on the assumption 
that f,; and f, depend weakly on k”, Gandel’man?® 
drew the conclusion that f, = f,, and connected 
this constant with the probability of the A —p 
+e +v decay. 

In the case of te3 decay, the masses of the 7* 
and 7° mesons are close to each other, and there- 
fore one cannot distinguish between the equalities 
f, =f, and f,/mz* =f,/m7°, i.e., one cannot dis- 


*We note in particular that in comparing mesons of differ- 
ent masses, for example a pion triplet and a K-meson doublet, 
equal coefficients in the interaction with the electromagnetic 
field are obtained if we write the matrix element of the transi- 
tion from one one-meson state to another in terms of the 4-ve- 
locity, and not in terms of the 4-momentum. 

In precisely the same way, for the conservation of the vec- 
tor B constant, the matrix elements of the one-meson transi- 
tions nto nr’ t+et+y, Ponttett+y, K'+K°+et+y, 
and K~ > K° +e* + v have an equal constant for the 7, opera- 
tor only when V is expressed in terms of u, and not in terms 


of p. 
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tinguish between an expression of the type ob- 
tained by Gandel’man, py(k*)(p; +p), and our 
expression @)(—uyU,)(uy + u,).* 

Considering the diagram of 


+ “h\ rs i 
Kt+p+t+aA >pt+ptecty A se i Jay 


in the perturbation theory after Feynman, we ob- 
viously obtain an expression in which the momenta 
PK and pz enter symmetrically, i.e., an expres- 
sion of the form given by Gandel’man. 

The form of the expression proposed in this 
note, wherein the velocities ux and u7, (and not 
their momenta) enter symmetrically, is based on 
the ideas of Fermi, Yang, Sakata, and Markov. We 
imagine the K* meson as a bound system (‘‘nu- 
cleus’’) of a baryon and antibaryon pA, and the 7° 
as a superposition (pp—nn)/V2. The mass de- 
fects of these two systems are extremely large 
(2My —m,7 = 2 x 931-138 = 1724 Mev, My + My 
—-Mx = 931 + 1106 —494 = 1543 Mev), and are 
close to each other. The effective radius of such 
a system is of the order of the nucleon Compton 
wavelength h/Myc. We seek a matrix element of 
the vector operator V which transforms A into 
p. Ifa 7° is at rest relative to a K*, then V, 
=1/V2 and V=0, since the spatial wave func- 
tions of the K* and 7° are similar.t In the decay 
K° — 7~ + e* + v we obtain a matrix element equal 
to V,=1. However, experimentally one can ob- 
serve the Ke3 decay of the long-lived K$ only; 
two modes of decay are possible in this case: 
nm +e*+v, and m*+e +, for each of which 
separately the matrix element V, = 1/ V2 fora 
a at rest. 

If the 7? moves relative to K*, then the wave 
function of the 7° is multiplied by e!P**; how- 
ever, when pz « Myc this is unimportant. Si- 
multaneously there occurs a velocity (not mo- 
mentum ) dependent Lorentz transformation of 
the spinor wave functions of the two fermions of 
which the 7° consists. It is this transformation 
that determines the dependence of V on the rela- 
tive motion of the K meson and pion. 

Problems concerning experimentally observ- 


*The form factors 9,(k’) or ,(-u,u,) can be found by in- 
vestigating the electromagnetic interaction of charged pions 
with virtual quanta (with k? 4 0), i.e., in processes of pion 
scattering by an electron or in the peripheral electromagnetic 
process of knocking out a pion by an electron, p + e7 
=ntat+e, 

tWe note that for me3 the matrix element is V, = V2, cor- 
responding to unity isospin of the pion. Physically one can 
say that the transformation 7+ + pi + 7° = (pp — nn)/V2 can 
proceed either via p>n+e*++v orvia n>p+e*+v. Their 
contributions are additive. 


1234 Ya. 41 Be 


able effects of our hypothesis in Kg3 and Ky; 
decay, the best means for differentiating between 
our conclusions and those of Gandel’man, and the 
experimental determination of the function 

g (—u,u,) will be considered separately. 
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BREMSSTRAHLUNG OF SLOW ELECTRONS DECELERATED BY NEUTRAL A TOMS 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1770-1776 (December, 1960) 


The bremsstrahlung cross section for slow (Eg] < 3 ev) electrons colliding with neutral 
atoms is expressed in terms of the cross section for elastic scattering of electrons on 
atoms. The absorption coefficient of the radiation is determined. The range of gas tem- 
peratures and pressures in which collisions between the electrons and atoms yield the 
largest contribution to the radiation is indicated. 


1. INTRODUCTION 


‘Tue intensity of radiation of a system going from 
state a into state b is given by the following for- 
mula (see reference 1) 


Ae? : he? - 42 (Si VU 
S= ashe ee ae =; pee il 
308 fh : ab 3c8 £ : ab 3c i m,; ab. ( ) 


where the summation over i is over all particles 
of the system; v is the cyclic frequency of the 
radiated electron, hy = Eg — Ep, where Eg and 
Ep are the energies of the initial and final states 
of the system; U is the potential energy of the 
system. 

For an atom together with an incoming electron 
we have 


Se 2 GRU ce 
a] 
Y=— inp) 3 2 ttl (2) 
i=0 i=0 k=0 , 


(Y) is the radius vector of the incoming electron) 
and therefore 


Zs 
SVU = >; Ze*r,/r?, (3) 
i i=0 


since the sum of the internal forces in a system of 
Z +1 electrons is equal to zero. Consequently, 
the last expression in (1) is made up of only forces 
that act between the nucleus and each electron. 

The product of the wave functions VgWp of the 
system is symmetrical with respect to interchange 
of coordinates and spins of any pair of electrons. 
After summing over the spins (for a specified 
total spin of the system), the product becomes 
symmetrical with respect to the interchange of the 
electron coordinates only. Therefore all the terms 
of the sum in (1) are equal to each other and 


3 47266 2 (4) 


aa 3m?c3 ? 


| Todro 
\ Pab —3 
r 
0 


2 
4e> 


\ Pabt oto 
where Pap is a function of rp only, defined as 


pap (Fo) = (Z + 1)| 3) Wo Vader. . .dtz (5) 


Here the summation is over all Z +1 spins of the 
electrons (for a specified system spin), and the 
integration is only over the Z spatial variables. 
At large values of rp, the function of the system 
should go into the product of the wave function of 
the atom x by the wave function of the free elec- 
tron yg, while pap should go into the product 
YalTo) Pp(To) (here gg and gp are approxi- 
mately plane waves). At small values of rp, the 
value of pap is determined by the Schrodinger 
equations with potential (2), the solution of which 
is practically impossible. It is therefore more 
advantageous to calculate in formula (4) the 
matrix element of the dipole moment, which, as will 
be shown below, is determined by the behavior of 
Pab Outside the atom. The calculation of the 
matrix element of acceleration (or VU) calls for 
exact knowledge of the Schrodinger equation with 
potential (2). 

Nedelsky” and Biberman and Romanov’? calcu- 
late <> gp, not for expression (2) but for the 
interaction between the electron and the static 
field —the screening by the nuclear field. This 
means that the fact that the slow electron greatly 
perturbs the atoms is disregarded, as is the fact 
that in this case radiation from the atomic elec- 
trons is present in addition to radiation from the 
incoming electron. (Furthermore, in reference 3 
the wave functions of the incoming and scattered 
electrons are taken in the Born approximation ). 

We shall show that, at least in the classical 
theory, the radiation is due essentially to the atom 
when the incoming electron is at distances on the 
order of the dimensions of the atoms. 


2. CLASSICAL ESTIMATE OF THE RADIATION 
OF THE ELECTRON AND THE ATOM 


In the first approximation the perturbation of 
the atom by a slow electron manifests itself in the 
polarization of the atom. Let the coefficient of 
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polarizability be a. If the natural period of the 
oscillations of the atomic dipole (~ 107'° sec) is 
much less than the time of flight of the electron 
past the atom (i.e., Vey < 10° cm/sec, or Egy 

< 3 ev), then the change in the dipole is adiabatic 
and amounts to 


d=oF = cer/r, 


where r is the radius vector of the incoming elec- 
tron in a system bound to the nucleus. For sim- 
plicity we confine ourselves to a frontal collision, 
when 


d = ae/r’, d = — 2ear/r? + 6aer2/r4. 


The energy of interaction of the electron with the 
induced dipole is U = we’/2r*, and therefore the 
energy conservation law yields (assuming the radi- 
ated energy to be small) 


mir?/2— ae? /2rt ==. 86, 


where €) is the kinetic energy of the electron at 
r=, Taking account also of the fact that mr 
=-— VU, we obtain 


— der = 5a/r? + 6eor/e?. 


This ratio increases both as r— » and as 

r— 0, and passes through a minimum at rmin 

= (5ae/2e, )1/4. Since a is ~107*4 cm? for most 
substances, we have, rmin ~ 3 X 10% cm when €j 
~ 10" erg, and 


ld /ed|-a,_, = (480/e%) (5ae2/e0)'* = (Aeo/e*) rien 


T=l'min 


i.e., this ratio remains on the order of several 
units even at the minimum. Thus, when r is on 
the order of several atomic radii the main radia- 
tion is produced by the induced atomic dipole. 
The case of non-frontal collisions does not affect 
the results in principle. 

This shows that in principle we cannot obtain 
correct results by treating the radiation of a slow 
electron on anatom as a single-particle problem 
through the use of a certain statistical field in lieu 
of the atom in the calculation of <¥>,), if the 
field is determined in the absence of the electron. 


3. CALCULATION OF < r>ap. 
As already indicated, for large values of r we 
have 
Pa (T) = Pa(F) po (r), (6) 


where gg and ¢p are the solutions of the ‘‘free’’ 


Schrédinger equation. Their expansion in spherical 
harmonics has the form 


O07. B.SFIRSOVeandeNie al: 
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pa ene = >) (— 1) 4(2l, 1) Py, (cos 85) fz, Par AD) 
ta=0 

(with similar expressions for yg). Here kg and 
kp are the wave vectors of the incoming and scat- 
tered electrons; 64 is the angle between kg and 
Yr; 0b is the angle between kp and r. The quanti- 
ties pap and <r>gph are expressed in terms of 
the scattering phase shifts, and consequently, the 
exact interaction between the electron and the 
atom will be represented by the phase shifts. At 
small incoming-electron energies we can neglect 
all phases except 69, and 69 itself can be ex- 
pressed in terms of the elastic-scattering cross 
section 


Op (Rk) = 4mk™? sin? 6, (R). (8) 


We furthermore have 
| <r>ab |? =| <Z>a0 |? + | < (% — iy) a8)’, 


where x, y, Zz are Cartesian coordinates, with the 
z axis directed along kg and the x axis in the 
plane of the vectors kg and k,. Straightforward 
but cumbersome integration of the expressions, 
which contain three Legendre polynomials, followed 
by integration over the angle between kg and kp, 
yields 


\ | {Tad he aQ,,, = 647° ra) a |! \ fia (Rar) fi (Ror) redr 


2 ((151) \ fosa (Rar) fi (Ror) r3dr i 


eget an 


Bag |\ Ue (har) + fra (kar) fra (Ror) r8dr 


oh 

(9) 
In this entire sum only the first term, J = 0, is 

of significance, since electrons with momenta 

1 = 2 are far away from the atom at low energies, 

and do not interact with it in practice. In expansion 

(7) we put 


(Ate ee (i= (0); 


lid d\tsi 
filer) == (p) (= a) eee Ae 
since 6, K 69, and obtain finally 
I <r) a5|*d Qn, 
64m )e in (k 
= a8 | \ sin (Rar +65) cos (kyr) — pase | rdr 
a i b 
sie in(é 
a \sin kyr +- 85) [cos (kar) — | rdr ‘} : (10) 
0 a 
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not to 6 (Kab —k), but to the wave packet, ive., 
by the condition 


o0 R+Ak/2 
| ar 
0 


With such a normalization there appears in the in- 
tegrands of (10) a factor (ar)? sintar, where 
a = Ak/2 «<k, which makes the integrals conver- 
gent. 

Simple integration yields 


Aetridk |’ = 1 


kR—Ak/2 


(11) 


(| <t>e0 fd, = — He te a) 


(12) 


where sin? 69 iS expressed in terms of Tp (k) ac- 
cording to (8). The integrals contained in (10) 
and taken over the region 0 < r<a yield a/2, 
even if the wave functions are replaced by unity. 
Comparing this with the minimum value of the in- 
tegral over the region 0< r<o, namely 


2k? sin 89 / (ka — ki)? == ka V op / 


we obtain for op(k) © (6 x 107° em)’, the condi- 
tion under which the integrals (12) are determined 
by the outer region 


Ra < (4357 nat); 


eral 5 110 fatwe put a=—123 %10°° cm, 
which corresponds to an incoming electron of 1 ev 
energy. Since this is an overestimate, we can 
assume that (12) is applicable up to 3 ev in all 
cases. 

Strictly speaking, the integral over the region 
0 <r<a must be calculated not with plane waves, 
but with pap. It can be shown, that pap = VPaaPbb 
where Pag and ppp determine the probability of 
the electron coordinate. Therefore pap can 
hardly be much greater inside the atom than out- 
side, with the exception of the case when a quasi- 
stable system is made up by the electron and the 
atom. But even in such a case, if the lifetime of 
this system exceeds the time of flight of the elec- 
tron through the atomic region by not more than 
two orders of magnitude, the estimate of the inte- 
gral remains valid in the region 0<r<a. 

An analogous expression for the bremsstrahlung 
in terms of scattering was obtained by Shmushke- 
vich‘ for a collision between a neutron and a pro- 
ton. 


4. INTENSITY OF GAS RADIATION 


To obtain the intensity of radiation by a single 
electron per atom in the frequency interval dy, it 
is necessary to multiply (4) by the density of the 
final states of the electron (27) ~*’kp*dkpdQk,, and 
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express k, by means of 
h? (ka — kb) / 2m = hiv. 


Substituting then (12) in (4) we obtain the spectrum 
of radiation of an electron per atom ina cubic 
centimeter 


1073 | (=) eA oe (2— 2) ac). (13) 


To obtain the spectrum radiated by a unit vol- 
ume of gas, it is necessary to integrate (13) over 
the energy spectrum of the electron and to multi- 
ply by the atom density n,;. For a Maxwellian 
electron spectrum we obtain 


6, (0) n 


vee h 
107 heat Q's [4 ae 33 e-hvl® d (hv). 


(14) 


dS =4,5. 


dS (hv, @)=5- 


Integrating this expression over hy within the 
limits 0 < hy < ©, we obtain the total energy lost 
per unit volume of gas, 


(15) 


0 
S$ (8) = 35 - 1073 2) 
€ 


57 Neflat Os. 
m 2 


In all these formulas all the quantities are in the 
cgs esu, while © and E are the temperature of 
the gas and the electron energy in ergs. In addi- 
tion, we assume Op (Ka) = 0p (Kp) = Ty (0), since 
Jp © const for small k. If o, changes strongly in 
the region k ~ @, then the formulas given give 
only the order of magnitude. 

Let us give also the expression for the radia- 
tion cross section 


»(0)V1— hy / E (2 —fiv/ EB) 


dred 
= 3.1. AV/E 


d (hv) : me 


(16) 


We see from the formulas that the dependence 
on the type of substance is expressed through 
Tp (0). Since the elastic scattering cross section 
(0) is not correlated with Z” (Z is the atomic 
number of the substance), the radiation does not 
increase as Z (unlike the results obtained by 
Biberman and Romanov’ ). 


5. COEFFICIENT OF ABSORPTION OF 
RADIATION 


To determine the absorption of radiation by 
means of free-free transitions of the electrons in 
the field of the atoms, we introduce a coefficient 
of absorption a(v, kp), equal to the probability 
per second of absorption of energy of frequengy 
vy by a single electron contained in one cm? of 
gas, and we use the Statistical principle of de- 
tailed balancing. Let the radiation be in equili- 
brium with the gas, and then 
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m ay 


Nef (Ra) dka - Nat (i +b m,) dv 


v2dv 


a(v, Re), (17) 


= nef (ky) dkp + ny 


m2c3 


where ni, are the occupation numbers of the photon 
gas, Nef (k)dk is the distribution of the electrons 
of the gas over k, and do/dy is the cross section 
of bremsstrahlung as defined above. 

Since 


(kta) da | f (ke) dkty = (Ra / ho) e-®, 
and in thermal equilibrium 
fy = [ea/O— 1], 
we have 


ake mc? ds 
a(v, ke) = mk», Mate aa yes 


(18) 


Substituting do/dv, we obtain after a simple trans- 
formation 


a(hv, E) = 5.8 


e6,, (0) (Rh? m\'/2 Vi-+hv/E (2+hv/E) 
m (;, na(F (hv | E)8 
Averaging this expression over the spectrum of 

the electrons, we obtain the coefficient of absorp- 


tion of radiation by a unit volume of gas 


4606, (0) ye h @\—/ / @ \* 
A (hv) = = = netar(z) lav] 


| 30 27/8 \% 
xli+ setae) |: 
All the quantities in these formulas are, as before, 
in the cgs esu system. 

It is seen from (20) that the absorption in- 
creases strongly with decreasing radiation fre- 
quency. However, our calculations are not correct 
for long waves. We have assumed that the elec- 
tron interacts with one definite atom. For this it 
is necessary that the dimensions of the group of 
waves of the electron be less than the average dis- 
tance between atoms Ar < R, which corresponds 
to a momentum uncertainty Ak ~ 1/R. Therefore, 
for photons with energy less than AEg = h*kAk/m, 
all the formulas obtained are incorrect. From 
this we obtain the long-wave limit of applicability 
of the theory: A < 2mcmR/hk. When n = 10! and 
k = 108, we obtain A < 107-2 cm. Emission of pho- 
tons with longer wavelengths should be determined 
by the interaction between the electrons and all 
the atoms. 

The mean free path of the photon is evidently 


A, =c/ A (hv). 


(20) 


(21) 


When © = 1 ev, hv = 1 ev (A= 1p), and ngngy 
= 10"8, we have A, = 104 km. 
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6. COMPARISON WITH RADIATION ON IONS 


Babikov,° using the results obtained by Sommer- 
feld and Maue,® determined the radiation of slow 
electrons on ions. According to his calculations, 
the spectrum and the total intensity of radiation 
emitted per second from one cubic centimeter of 
gas are respectively 


2 Caiesin 
= 10% &. nn; Q2e—hv/Og (iv), 
(137)? @2c2 m’/2 
108 ef n,n; 25), 


(137)? @2c2 m’ 


dS; 


é 


Comparing this with (14) and (15), we get 


dS; /dSat = 11e4n; / Oop (0) [4 + 3hv /O] nat 
= 2.2 - 108n; / @o, (0) [4 + 3hv/O] Nat, 
S; | Sat = 1.5¢e4n; / 6p (0) O?rg¢ = 3002; / 865 (0) nat, 


if © is the temperature in electron volts, and 
Op (0) is in units of 107!6 cm’. The ratio nj /ngt 
can be obtained by the Saha formula, which deter- 
mines the degree of thermal ionization of gas as 
a function of the temperature 

n, (ef te Ne es 5/2” 90 —<,20 
where €j is the ionization potential; © does not 
change substantially if the ratio of the statistical 
weights of the ion and the atom, gj /Sat is set 
equal to unity. If Sj /Sat ~ 1, then the total den- 
sity is n® ng; and 


S; 1,5 + 103 @—/ 


L 


at —€; /20 
ae 5, 0) va : (22) 
Thus, putting Sj/S,;4= 1, we get 
Na4S%, (0) a 
ee ey val 


This function is plotted in the figure for €j; 
= 13.5 ev. It is obvious that at the points above 
the curve the radiation is determined by the ions, 


|-ine(a)} 


— 


as 10 15 20 


and below that by the atoms. Thus, for n= 102? 
and Op (0) = 107% cem?, we get © = 0.7 ev. 


BREMSSTRAHLUNG OF SLOW ELECTRONS 


Thus, for temperatures below 7 or 8 x 10° deg Kk, 
in the pressure range 107>— 10° mm Hg, the radi- 
ation of the gas is determined by collisions be- 
tween the electrons and the atoms. 


Ww Heitler, The quantum Theory of Radiation, 
Oxford, 1954, Chapter V, Section 17. 

*L. Nedelsky, Phys. Rev. 42, 641 (1932). 

eM: Biberman and V. Romanov, Onruxa u 
ciektpockonua (Optics and Spectroscopy ) 3, 646 
(1957). 
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°M. Babikov, CO. ®usuka naa3mbi u npoOsemMbI 
yupaBAeMbIX TepMOAMepHBIX peakimi (Plasma Physics 
and Problems of Controllable Thermonuclear 
Reactions ) Vol. 2, Academy of Sciences Press, 
p. 226. 

6A. Sommerfeld and A. Maue, Ann. Physik 23, 
D891 (1935). 
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The conditions for the production of negative-temperature states by electron-beam excitation 
in a mixture of two gases with identical energy levels are considered. 


JIN of authors have considered methods of 
obtaining negative-temperature states in gases. 
Sanders! and Javan’ have studied the gas discharge 
while Rautian and Sobel’man® have investigated a 
method based on the interaction between monochro- 
matic radiation and a binary gas mixture. 

A number of papers‘ ® have also reported on 
experimental investigations of the radiation from 
a discharge in a mixture of two gases with close- 
lying atomic energy levels. Ferkhman and Frish® 
have studied a discharge in a mixture of mercury 
and sodium vapors. It would appear that negative 
temperatures were produced between excited 
sodium levels in this work. 

Ablekov, Pesin, and Fabelinskii® have observed 
directly the amplification of electromagnetic radi- 
ation transmitted through a discharge chamber and 
have shown that collisions of the second kind be- 
tween atoms play an important role in the produc- 
tion of a negative temperature. 

A theoretical analysis of a discharge in a two- 
component mixture has been given by Javan.” 

This author has noted that if there are two close- 
lying atomic energy levels in the two gases it is 
possible for excitation energy to be transferred 
from atoms of one gas to the other; this process 
can cause a substantial change in the atomic dis- 
tribution over excited states. In the present paper 
we shall consider the conditions for which nega- 
tive temperatures can be produced in a gaseous 
discharge in a binary gas mixture with identical 
atomic energy levels. 

It is well known that the mean kinetic energy of 
the electrons in a gaseous discharge is consider- 
ably greater than the mean kinetic energy of the 
atoms because the atoms are cooled by the walls 
of the discharge chamber. If we assume a Max- 
wellian velocity distribution (electron tempera- 
ture Te and atomic temperature T,), the follow- 
ing relation holds: Te > Ta. 


If-the lifetime of the excited atomic state is 
affected only by collisions of the second kind be- . 
tween electrons and atoms, the number of excited 
atoms is given by the Boltzmann formula, in which 
the temperature is the electron temperature Te 


Nir No i) Y= &4/kT -}, (1) 


where ¢«; is the excitation energy and Ng is the 
number of atoms in the ground state. 

However, the number of excited atoms in the 
discharge is in fact appreciably smaller for two 
reasons. 1) Collisions between atoms result in 
the conversion of atomic excitation energy into 
kinetic energy of atoms. This process causes a 
reduction in the atomic excitation temperature T, 
(the inverse process is also taken into account ) 
so that the T satisfies the inequality Tg > T > To. 
2) Atoms make transitions from higher energy 
levels to lower energy levels by radiation proc- 
esses. Asa rule, the second mechanism is of 
greater importance since it is characterized by 
shorter transition times. 

As a result of the relaxation processes noted 
above, the atomic distribution over excited states 
is considerably different from that given in Eq. 

(1) and cannot be given by some temperature T. 
We shall use the concept of a temperature below, 
however, keeping in mind that it refers only to the 
two levels being considered. 

We consider two gases a and b, with two 
identical excited levels @ = = eb. In accordance 
with the considerations ge ARTEL in the absence 
of any interaction between the atoms in the two 
gases, these levels will be characterized by tem- 
peratures T2 < T, and me < T., where, in general 
De # Te However, for two identical levels the 
interaction cross section may reasonably be ex- 
pected to be of resonance nature so that the trans- 
fer of excitation from a atoms to b atoms (and 
the inverse process) will be strong. This inter- 


1240 


PRODUCTION OF NEGATIVE-TEMPERATURE 


action between levels a and eb leads to an 
equalization of the temperatures of these levels. 
In particular, if initially ce < aah as a result of 
the process indicated above, inet level ay will be 
excited to a temperature Te > T?. Under these 
conditions we can expect the production of a nega- 
tive temperature between the level €; and some 


level q < e, whose temperatures satisfy the 
condition dle at eB / & ) ie 
We now consider in greater detail the condi- 
tions required for the production of a negative 
temperature in a two-gas mixture. The analysis 
is simplest for the case in which the lifetime of 
an atom in level i is much smaller than the transi- 
tion time from state i to state k. 
The time rate of change in the density of the 


a atoms in an excited level of a é is 
dN? od 1 4 ’ 
= N? ( 1 | ) | \ =) 
at ; Dio Vig lap / a © Dos ve (2) 


where 1/69; = noojv is the probability for elec- 
tronic excitation of the atom in collisions of the 
first kind; 1/6j) = nojov is the probability for a 
transition to the ground state in collisions of the 
second kind with electrons; 1/tTj) is the total 
probability for transition of the atom from level i 
(due to all possible relaxation processes except 
for collisions of the second kind with electrons ); 
1/tap = NPGapv is the probability for transfer of 
excitation from an a atom toa b atom; 1/tpg 

= NPopav is the probability for the inverse proc- 
ess; o is the cross section for a given process; 

v is the relative velocity of the particles in colli- 
sions; n, Nj, and Ny are the densities of elec- 
trons and atoms in excited states and in the ground 
states respectively («&=0). The bar above the 
expression ov denotes an average over the kinetic 
energy distribution of the particles. For a Max- 
wellian electron distribution we have 


Oro / 92 = exp {— e:/ kT .}. (3) 
In Eq. (2) we have neglected processes associated 
with radiative transitions from higher states and 
excitation resulting from interatomic collisions. 

The number of particles Nf in the level gf is 
found by an equation similar to (2), with account 
taken of the fact that 1/tap = 1/tpg = 0. 

In the stationary state dN/dt = 0; to have a 
negative temperature between the levels e and & 
we require, in view of (3), 

(1 + O29 / i) Ce ae (849 / 46a) EXP {er / kT }) = 
1+ ,9 1 Tio + (Bin /toa) Nol Ne 

It should be noted that (4) depends on both the 
ratio of the densities of excited atoms and ground- 


exp a (4) 


ee 


STATES 
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state atoms in gas b and, what is more impor 
on the absolute density of gas b. The ratio N; byyb 
can be determined from equations similar to (2); 
however, this ratio and the density of gas b may be 
considered as external parameters upon which the 
inequality in (4) depends. We write the latter in the 
form 


| ef \ee (ef — #f) / AT 3 (1 + Big 1 Ti)—(1 + Bag / Tro) 

kT, 1+ Ono / Tro — (NO/ N2)exp{—e2 /kT,) 

(5) 
Here, the symbols > and < refer to the cases in 
which the denominator of the right hand side is 
positive or negative respectively. 
The inequality in (5) has different meaning in 

different regions of the variables 6j9/Tjg and 
6k9 /Tko, depending on the sign of the right-hand 
(cf. the figure). We may consider the regions I, 
II, III and IV in the plane of the variables 6j9/Tig 
and 649 /Tk 9 which are formed by the two lines 


b a 
Go Voor 


!) Tro NP se aT; 
2) a) = Ono / Tuo + 4 — exp {— (7 — &,)/4T,) 
Ui exp {(e7 — e,) / RT} ; 


In region I a negative temperature is produced in 
gas a even in the absence of gas b because of the 
favorable ratio for the probabilities of excitation 
and transition to the ground state in gas a (as in 
the case considered by Javan’). In this case, 
however, the absence of gas b increases the ratio 
Nj ay Ni, that is to say, the absolute value of the. 
negative temperature between levels é and ef 
is reduced. 

In region II a negative temperature is produced 
because of the presence of gas b; the inequality 
in (5) gives the condition on the absolute density of 
excited atoms of gas b. 

In region III, the addition of gas b worsens the 
conditions for the production of a negative tem- 
perature. This result follows because the temper- 
ature associated with the excitation of level €; in 
gas b is lower than the temperature for level a 
in gas a so that the presence of gas b reduces 
N?, the number of excited a atoms. 
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In region IV a negative temperature cannot be 
produced in gas a. 

It would appear that the conditions considered 
here for the production of a negative temperature 
have been satisfied in the experiments cited 
above.’ ° 


13. H. Sanders, Phys. Rev. Letters 3, 86 (1959). 


2A, Javan, Phys. Rev. Letters 3, 87 (1959). 

3S. G. Rautian and I. I. Sobel’man, JETP 39, 
217 (1960), Soviet Phys. JETP 12, 156 (1961). 

4. A. Butaeva and V. A. Fabrikant, 
"AccaeqOBaHMA TO 9KCNEPMMeHTAAbHOK u TeOopeTMuUeCKONK 


N. G. BASOV and O. N. KROKHIN 


pusuke” namatu I’. C. Jlasgcbepra (Research in 
Experimental and Theoretical Physics, Volume 
dedicated to the Memory of G. S. Landsberg ) 
Academy of Sciences USSR Press, 1959. 

5 A. Ferkhman and §S. Frish, Sow. Phys. 9, 466 
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6 Ablekov, Pesin, and Fabelinskii, JETP 39, 
892 (1960), Soviet Phys. JETP 12, 618 (1961). 
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We show in the framework of superconductivity theory that the transition temperature T, is 

lowered in comparison with that of a pure metal when paramagnetic impurities are introduced 
into a superconductor. We have determined the dependence of T, on the impurity concentra- 
tion. Superconductivity vanishes at a certain critical concentration. We have made a detailed 
study of the thermodynamic and magnetic properties of Superconducting alloys in the concen- 
tration range close to critical. We have found that in that range there is no exponential term 

in the expression for the heat capacity as T— 0. The concentration dependence of the gap in 
the energy spectrum of such a system is determined. It is shown that the gap disappears at a 
concentration n’ * 0.9 ner, while at higher concentrations the energy spectrum of the system 


is continuous. 


Peres number of recent papers are devoted to a 
study of the influence of paramagnetic impurities 
on the transition of a metal into a superconducting 
state. It was observed in experiments by Matthias 
et al.! that rare earth impurities in lanthanum in 
the range of concentrations of about 1% appreciably 
lower the superconducting transition temperature. 
Herring’ and also Suhl and Matthias? have in this 
connection expressed the hypothesis that the oc- 
currence of this effect might be explained on the 
basis of an exchange interaction between the con- 
duction electrons and the impurity atoms. A little 
later Matthias et al.* found also that a small 
amount of ferromagnetic impurities in titanium 
can lead to an increase of its superconducting 
transition temperature. 

The present paper is devoted to a study of this 
problem on the basis of a microscopic supercon- 
ductivity theory. It is well known that the mech- 
anism responsible for superconductivity is the 
formation of bound electron pairs in a singlet 
state. The exchange interaction between electrons 
and spinning impurity atoms leads to nonconser- 
vation of the electron spin, which may affect the 
formation of Cooper pairs. It is most probable 
that the spin of the impurity should inhibit the ap- 
pearance of the superconducting correlation, i.e., 
cause a decrease in Tg. The rigorous calculation 
given in the following confirms this supposition. 

It is well known that the transition temperature 
of superconductors with nonmagnetic impurities 


remains practically unchanged in the region of low 
concentrations, and this was also shown in a paper 
by the present authors.’ The significant change 
in Tg is in such cases caused by the influence of 
the foreign atoms on the basic lattice. One can 
neglect this effect in the low-concentration region 
in comparison with the change in the electromag- 
netic properties of the alloy, which are completely 
due to the scattering of the electrons by impurity 
atoms. After the metal has changed into the super- 
conducting state, there arises a specific interelec- 
tron correlation which acts at distances of the 
order of ) = fiv/27Tc; these distances have the 
physical meaning of the average dimensions of a 
Cooper pair. The scattering of the electrons by 
the impurities decreases this correlation, restrict- 
ing it at sufficiently high concentrations to dis- 
tances of the order of the mean free path. 

In the present paper we shall assume that there 
is a term due to exchange in the interaction be- 
tween an electron and an impurity atom 


0 (r) = uy (r) + u(r) (Ss), (1) 


where §S is the moment of the impurity atom and 

G are the electron spin matrices. The Hamiltonian 
of the interaction between the electrons and the 
impurity atoms is in the second quantization repre- 
sentation of the form 


Hine = (p'Vp) = (pt Dd) 0 (r — 1a) ¥). 


1243 


1244 


1. THE DEPENDENCE OF THE TRANSITION 
TEMPERATURE ON THE IMPURITY 
CONCENTRATION 


We consider first the problem of the dependence 
of the transition temperature on the impurity con- 
centration. To do this we note that one can de- 
scribe a superconductor by means of two Green’s 
functions @(x, x’) and %*(x, x’) as was shown 
by one of the authors.® In the thermodynamic ap- 
proach the equations for the Fourier components 
of these functions are of the form 


(im, + y?/2m-+ p) Guten) — VG. (r, t’) 
+ A (r)Gs(r, 1) = 8(r —1'), 
(i@, — y?/2m—p) Fa(r, + VSO(r, 1) 
+ A*(r) Ga(r, ') = 0, 
Via =Veu, Oa = (2n+ 1) aT. (2) 


We used the fact that in the constant field of the 
impurities the functions 6 and }* will be func- 
tions of the difference between the ‘‘time’’ vari- 
ables T= 7, — T2 only, and we have performed a 
Fourier transformation with respect to this differ- 
ence. In particular, 


(ys Nel ve ew): (3) 


Unlike reference 7, we have written Eqs. (2) in 
matrix form as far as the spin variables are con- 
cerned, and the product VG, for instance, indicates 
a matrix product. Since A (r) and A*(r) are ex- 
pressed in terms of averages over ww or ~*y* in 
one point, 


Aus (r) = (px (x) a (x)>, Aap (r) = Capa (x) ve (x)>, (4) 
it is clear that the relation 
Aga (t) = — Aga (r), (5) 
and also 
Aas (t) = — Age (1) (6) 


are always valid. When the metal is in its normal 
state with T > T,, Eqs. (2) do not possess solu- 
tions with non-vanishing §* and A. The tempera- 
ture To, at which the transition into the super- 
conducting phase occurs, is determined by the 
fact that at T = Tg there exist for the first time 
solutions of Eqs. (2) with non-vanishing, though 
arbitrary small, §* (and A). Retaining in (2) 
only the terms which are linear in §* (and A) 
we get 
(i@_ + V2 /2m +) G(r, r') —V (r) Ga (r, r’) =d(r—1’), 
(ia, — V2 / 2m —p) §a(r, rv’) + V! (r) Fa (r, v’) 

A(t) Go ir, 1) = 0. (7) 
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The first of these equations determines the Green’s 
function Gt, (Yr, Yr’) of the normal metal when there 
are impurity atoms present. One checks easily 
that the Green’s function ©, (¥r, r’), on the other 
hand, also satisfies the equation 


(io, + V?/2m + p) Go (r, r) — Go (Fr, ’) V(r’) =S(r—1’), 


where the prime on the V? indicates that the dif- 
ferentiation is with respect to the coordinates r’ in 
6, (4r, x’). Comparing this last equation with the 
second of Eqs. (7) we find that @{,(r, r’) can be 
expressed in terms of A* as follows 


(85 (F, eae = )OLova (8, 1) Ain (8) Gore (8, r') ds. (8) 


Substituting this expression into (3) we get an 
equation for the function A*(r). The temperature 
at which this equation has for the first time a 
non-vanishing solution is just the transition tem- 
perature Tc which interests us: 


Ai (t) =|g|T \ Gora (8, 1) Ava (S) Gang (s, 1) ds. (9) 


We must average this equation over the positions 
of the impurity atoms. We developed in reference 
5 a method which enabled us to perform such an 
averaging (see also reference 7). If on the dia- 
grams for the Green’s functions or for the other 
quantities we designate the scattering by an im- 
purity atom by a cross, we see easily that to each 
such cross there corresponds a factor v (q) edeta 
where q is the momentum transferred and rag the 
position of the impurity atom.* The average over 
Yr, vanishes when q ~ 0 unless this diagram con- 
tains at least one scattering at rg with q’=—q. In 
the latter case the result of the averaging will be 


n|v(q)/’, (10) 


where n is the number of impurity atoms per unit 
volume. It thus turns out that the averaging over 
the impurity-atom positions can be put in the form 
of a special diagram technique, by joining two 
identical atoms on the diagram with a dotted line, 
and this corresponds to a factor (10) in the matrix 
elements. 

When taking the average of Eq. (9) one can in- 
dependently take the average of A*(s) and of the 
product of the two Green’s functions on the right- 
hand side. One can directly check that this is 
correct. It can, however, also be seen from the 
fact that A*(s), which is a constant when there 


*We use here the Born approximation for the scattering of 
the electrons by an impurity atom. The physical results are 
independent of this approximation and we can therefore replace 
everywhere the Fourier component of the impurity potential by 
the corresponding scattering amplitude. 
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are no impurities, is only changed near the im- 
purity atoms while 6,)(r, 8) is a fast oscillating 
function. The result is 


a= |gIT > \ An © ae (s, Fr) Goaa(s,r) ds. (11) 


The product of the two Green’s functions 6’ in 

(11) is depicted in Fig. la. The averaging over the 
impurity positions leads to the diagrams of Figs. 
1b, c, andd. In this case, however, the dotted line 
no longer corresponds to a factor (10), but toa 
factor 


NVap (q) Oy = q), 


since the electron —impurity interaction contains, 
according to (1), an exchange part. 

Apart from averaging over the impurity-atom 
coordinates, we must still average over the orien- 
tation of their spins. We assume that the spins 
are oriented arbitrarily relative to the lattice and 


that there is no correlation whatever between them. 


Therefore 


S=0; SS,=+S(S +1) 6x. 


We shall discuss later on the basis of such an 
assumption. Assuming that the averaging sign in 
(11) includes also an average over the orientation 
of the spins of all impurity atoms, we shall let 
each dotted line in Fig. 1 correspond to a factor 


n (| us (q)?-+ 5S (S + 1) | Ue (q) |? Sapsya)- (12) 
It was shown in reference 5 that diagrams such as 
the ones of Fig. 1d, which contain intersections of 
dotted lines, and also any diagrams in which a 
dotted line includes a vertex with a momentum 
transfer of an electron line of the order of py, 
give a small contribution ~ 1/pol, where 7 is the 
mean free path, and can therefore be discarded. 
Dotted lines such as the ones of Fig. 1b which join 
two crosses on the same electron line give a con- 
tribution to the averaged Green’s function 
6, (r, r’) [we bear in mind that here 6% (r, r’) 
refers to the normal metal]. One can easily check 
that in complete analogy with the result of refer- 
ence 5 the sum of all such diagrams leads to the 
Green’s function 


6.(r, Fr’) = Go (e— f= Ga (t — 1 )exp (— jr —r’|/21,), 
(13) 
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where 6,)(r —Y) is the Green’s function of the 
normal metal when there are no impurity atoms. 
The Fourier components of the function 


Cm (r—1) = (2a) \ Go (p) e? (§—") 3p 


are equal to 
6. (p) = [ion — EF, (14) 

where 

m =1+ 1/21, |o), § =u(p— Po), v= py/im, 

4 | 

= Got le @D 2 +12 ZS(S+ Uh do, bh =o. 
The evaluation of the average of the product of the 
two Green’s functions in (11) can thus be reduced 
to a summation of the ‘‘ladder’’ diagrams depicted 
in Fig. 2. In those diagrams the averaged electron 
Green’s functions (13) and (14) occur as electron 
lines. 


It follows from (5) and (6) that Aap is of the 
form 


Ave = A’ gap, ef == (oy Oy (15) 


where gog is the covariant metric tensor in spinor 
algebra.® We can now cancel the constant A* in 
(11). We introduce the symbol Kwag (Pj, P2) for 
the Fourier component of the expression 


G_wya (S, F) Za Gora (S,r’) 
= (2m)* \ Kap (Pi, P2) Xp {ips (s — r) 
+ ip; (s — r’)} d®p,d*po. (16) 


The sum of all diagrams of Fig. 2 can be obtained 
by solving the following obvious integral equation 


K was (Pis Ba) = Ge (P1) Go (Pa) [Gas + Gaye \ [IF 
+ $S(S + 1)| us|? (62250) | Krew (Pus Ps) 4°‘, 


Pi — Pi = P2 — Pz. (17) 
It is clear from this that Kyag is proportional to 
Sap: One verifies easily by using spinor algebra 
that 


gtsig = —6. (18) 
If Kwog( Py» P2) = Kw (Pr P2) Sag» we have thus 
Ko (P1, Pz) =6; (Px) 6_« (p2)[ =H anit (lI ui? 


= SEE) 5°] Ka (Pi Psle*P'|- (19) 
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We are, according to (11), interested in the values If p > 1, i.e., if Te/Tey «K 1, we have 
for pj = — Py. Substituting Eq. (14) for Gy, (p) T2 = (6 /n212) In (xT cots / 27) (24) 
into (19) and denoting the integral on the right-hand es 
side of this expression by L, we find At a certain critical concentration which is deter- 
~ ~ [1+ Le] (20) mined by the condition 
Ko (P, 4 — P) = Ga (P) Go (q — p) [1 + Lol. 
; Tscr = Papa We (25) 
For Ly, we get the following expression 
4 4 J 4 superconductivity vanishes at all temperatures in 
bo 27201 a ea ~ Brean, ’ sae a system with paramagnetic impurities. The ? 
‘critical mean free path”? lg gr = VTgcr ~ 10°4cm. 
ee One should, however, bear in mind that the magni- 
= 4 fs ° . : ° ] s 
: = a iI! uy poem Seiler P| do, tude of the exchange interaction u, in (1) is alway 
Pym ie less than the non-exchange part so that the value of 
Deg y Or DS ee I, is roughly two orders of magnitude longer than 


the mean free path which is determined, say, by 


Substituting the expression for Ly) into (20) 
js % the conductivity of the normal metal. Thus, lg 


and then substituting Ky) (py, Pp) into the kernel 


a, mer ance 
of Eq. (11) we get, if we use (21), the following ~ 10 “cm corresponds to 1 LO lee GU eo tegam 
ps te impurity concentration of about 1%. 


le|T m/m The experimental data of Matthias, Suhl, and 

= Saye 3 \ = 24 dp; @, = (2n + 1) NT. Corenzwit! indicate apparently the linear depend- 
ig Visa ence of the change in the critical temperature of 

a solution of gadolinium in lanthanum. If we use 
the slope of their straight line to construct the 
theoretical dependence according to Eqs. (23) and 
(22), the disagreement with the experimental data 
is nowhere more than 10%. One must regard such 
an agreement as good. At the same time there 
exists another paper by the same authors‘ in 
which they report that for titanium with several 
ferromagnetic elements as impurities the transi- 
tion temperature increases with increasing number 
of impurity atoms at comparatively low concen- 


The sum and the integral over d’p in this expres- 
sion diverge for large w and &. In the papers by 
Bardeen, Cooper, and Schrieffer® and Bogolyubov!” 
this divergence was removed by cutting off the 
electron energies at |&| = wp. It is convenient to 
subtract from the right-hand side of the relation 
which we have obtained the term that does not con- 
tain 7. The remaining difference can be integrated 
over & Putting 1/|g| = (mp)/2m’) In (2wpy/TT 9), 
where Tg is the transition temperature of the pure 
superconductor, we get 


Ce pa ea 4 ; trations (1 — 5%). This result is in direct contra- 
20 T, aT Ts On +t) Cat 1+1/t,07,) diction with the results obtained in the foregoing. 
We can express the expression on the right-hand The reason for this is not clear at the present 
side in terms of » (x), the derivative of the logar- time. Ofcourse, one must note the well-known dif- 
ithimectithe Wofunction ficulties of experiments with alloys particularly 
Ta ee { in connection with the poor solubility of elements 
In Tes 1) (5 a 5) et (=). (22) of the iron type in titanium.* Moreover, the con- 


centrations used in reference 4 were of the order 
of several percent. 

Generally speaking, the theory given in the 
foregoing contained an expansion in terms of the 
order a/l, where a is the interatomic distance 
and J the mean free path, and it should therefore 
be valid at sufficiently low concentrations when 


where p=1/mtgTc. The shift in Te is thus con- 
nected only with the exchange part of the interac- 
tion and depends on the parameter 1/Tg > 0. In- 
troducing f, and f_, the scattering amplitudes of 
an electron with total angular momentum S + ¥/, 
and S — , we can express 1/tg in the form 


LM nmpy S(S +1) Wi en, the presence of impurity atoms should lead solely 

ae ei BESTE 1) i rs to the scattering of the conduction electrons. It is 

If p <1, i.e., if the impurity concentration is possible that the increase in To observed in ref- 
low, we have erence 4 is a secondary effect caused by different 


theo interactions between the impurity atoms which are 
c= Ty —n/ 41s. (23) important at the concentrations studied. In any 
At low impurity concentrations the transition tem- 


perature decreases proportionally to the concen- 


*The authors are grateful to A. I. Shal’nikov for drawing 
tration. 


their attention to this fact. 
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case, the actual nature of the impurity atoms was 
inessential for our consideration. 

Let us now consider in more detail the possibil- 
ity of averaging over the orientation of the spin of 
a separate atom. There have appeared recently a 
number of papers!’" in which the existence of 
‘‘impurity’’ ferromagnetism was detected ina 
number of alloys and, in particular, it was asserted 
in reference 11 that in some cases it was possible 
that there existed simultaneously superconductivity 
and ferromagnetism caused by paramagnetic im- 
purities. If, indeed, some ferromagnetic ordering 
of spins were possible, the averaging over the spin 
orientation which was used by us should be com- 
pletely unfounded. In that case it would, in general, 
not be possible to consider the spins on separate 
impurity atoms to be independent. In the frame- 
work of the model considered here, however, we 
see no positive basis whatever for such an order- 
ing at low impurity concentrations. 

Ruderman and Kittel!” have considered the in- 
teraction between two paramagnetic atoms caused 
in a metal by the exchange of conduction electrons. 
The fact that the long-range part of this interac- 
tion oscillates over distances of the order of 
atomic distances, is typical of this interaction. At 
low concentrations, where the distances between 
the impurity atoms are sufficiently large, this in- 
teraction will thus vanish on the average for all 
atoms and, even if it leads to a ferromagnetic 
transition, this will occur with an exponentially 
small Curie temperature.* As far as the direct 
dipole interaction between impurities is concerned, 
this is also too small. 

On these grounds, our averaging over the spins 
is fully valid for low concentrations. Apparently, 
this is precisely the situation with the experiments 
by Matthias et al.! from which one can see that for 
low concentrations the dependence of the ferro- 
magnetic transition temperature on the concentra- 
tion is not at all linear. The crossing of the ferro- 
magnetic and the superconducting transition tem- 
peratures of an alloy, which was observed in ref- 
erence 11, occurred when the concentration of one 
of the components was about 6%. Such a concen- 
tration is no longer low and all that has been said 
in the foregoing is inapplicable to it. As far as the 
nature of impurity ferromagnetism is concerned 
for such a system, it is probable that this is caused 
by the above-mentioned exchange interaction be- 


*We feel in this connection that the attempt by Brout'* to 
explain impurity ferromagnetism by a model where the Hamil- 
tonian contains a constant term proportional to =S;S,, where 
S; are the spins of the impurity atoms, is incorrect. 
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tween impurities, which is due to the conduction 
electrons. 

We must draw attention to the fact that order- 
of-magnitude estimates of all the quantities lead, 
as was shown in the foregoing, to the conclusion 
that the whole phenomenon breaks up in the con- 
centration range on the order of 1%. The magni- 
tude of the interval in which Te changes with the 
impurity concentration as determined from our 
theory depends thus strongly on the nature of the 
effect studied or, to be more precise, on the mag- 
nitude of the exchange interaction u, in (1). The 
larger u), the faster will the Tg corresponding to 
the superconducting transition decrease and the 
lower the concentration that corresponds to the 
critical value Tg ey of (25). It follows in any case 
from (23) that for low concentrations Te must 
decrease linearly with increasing concentration. 
As we have said already, the fact that this was not 
observed in reference 11 shows that it is necessary 
to study those alloys at even lower concentrations. 


2. THE THERMODYNAMIC AND ELECTROMAG- 
NETIC PROPERTIES OF ALLOYS NEAR THE 
CRITICAL CONCENTRATION 


We now turn to a study of the properties of 
alloys with paramagnetic impurities. Of most in- 
terest will be the results obtained in the concen- 
tration range where the temperature of the super- 
conducting transition is small compared with Tg 
of a pure superconductor, i.e., when Tg © Tger- 
In that range the quantities A and %* are small 
(ATger K 1). We write Eqs. (2) in yet another 
form, including in them an additional magnetic 
field 


eer 2 eos 
[lon ser -- eA) aL Hy 6. (r, r’) —VGao (rr) 


+A(r) Sor, 7) =6(r—r’), 


+ A’ (r) 6, (r, r’) = 0. (26) 


In the region under consideration we can expand 
Eqs. (26) in terms of the quantity A. The corre- 
sponding calculations are similar to the deriva- 
tion, by one of the authors,’ of the equations of the 
Ginzburg-Landau theory’! near Tg for supercon- 
ducting alloys. 

Introducing the Green’s function 6%,(r, r’) of 
the normal metal, which satisfies the equation 


{ion + (2 — ieA) -- p} Gis, eo) = VGa (r, r’) 


= 6 (r —r’), 
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we can use it to write for oe and 6, up to terms 
of the third and second order in |A| respectively 


toa (r,t) = | Shane (s, r) Ary (8) Gana (Ss, 1) d?s 
2a (| Seer (s, 1) Adv (S) Give (Sy 1) Ans (1) Genet (m, 1) 
x Ayy (m) Gave (m, r’) d’md*ld’s, 

Gong (T, ¥’) = Goas (Fr, r)—\\ Gin (r, 0) Ane (1) ©’ —cet 
x (m, 1) Axe (Mm) Goo (m, 1’) dmd?1. (27) 


Substituting Eq. (27) for %* into (3) we get an 
equation to determine A*(r) 


Asa (t) =|g!T D){\ ora (s, 1) Ais (s) Gans (S, 1) ds 


=! \ \ \ Gora (s, r) Ady (s) Gavk (s, 1) Ani (1) Geox (m, 1) 
EN (m) Gaye (m, r) d'md°ld's|. (28) 


As far as the dependence of the Green’s function 
Gag (8, Yr) on the magnetic field is concerned, 
it was established in reference 7 that since the 
screening radius of the electron in a magnetic 
field is large compared with the mean free path, 
one can write it in the form 


Gap (Ss, t) = exp {iec*(A, s—r)} @oaa(s,r), (29) 


where {9g (8, ©) is the Green’s function of the 
normal electrons when there is no field. The con- 
centration range n ~ Ney is characterized, as we 
have seen, by the quantities 1/tTg ~ Tgp. As has 
been stated above, the magnitude of the exchange 
interaction is appreciably less than the non-ex- 
change part in (1). The normal mean free path 1 
is thus in that case appreciably less than the cor- 
relation parameter ¢ ~ hv/27T gp. 

It is natural to assume that under those condi- 
tions a localized situation occurs, i.e., that the 
function A(r) and the field A(r) change over 
distances which are larger than the characteristic 
distances in the integrals of Eq. (28). For this 
reason we can in the third-order term neglect the 
dependence of A(r) on the coordinates and that of 
the functions 6’ on the field, as is confirmed by 
the final result, and in the second term we can as 
far as this dependence is concerned expand in a 
Taylor series about the point r, limiting our- 
selves to terms of the second order in |r — 8|. 
Using (29) we get as a result 


Teh Wr) gen = A" (r) OY 
+ (jp + eA ()) A'(r) Qs + Beg! ACH) PACH); 


QE = TS Gone (S, 1) Ea» Gos (s, 1) d%s, (30) 


A. ABRIK OS OVeand Slee) 


GOR’KOV 


QY=T S| |r —sP Lara (s.r) gv Gle (1) as, Bap = T 


a 


Sd \\\ Oo oral; r) Lrv Govk cS 1) Sri Gre (m, 1) Er Gove (m, r) 


@ 


x d’md?ld*s. (31) 


As before, the bar indicates averaging over the 
impurity atom positions and over the orientation 
of their spins. The first two coefficients QuB and 
Qe can easily be connected with the kernel 

Kwa (Pt: P2) of (16). Indeed, we have 


Qh = a Kos (p, — p) dp, 


@ 


a ia U1) pad — 4 
Qus = — “Gap ai op eee Bae 


To find them we must thus solve Eqs. (19) and (20) 
up to terms of second order in q. 

The product of four ©-functions in B is sche- 
matically depicted in Fig. 3a. It follows from (20) 
and (21) that we average over the impurity atom 
positions first by replacing the lines in Fig. 3a by 
averaged Green’s functions Gy (p), and by re- 
placing unity in the vertex by the ratio n,/ns. 
Moreover, the averaging gives rise to the two new 
diagrams of Figs. 3b and c, in which a dotted line 
joins two Green’s functions with the same frequency. 
One verifies easily that all other diagrams are 
either equal to zero, (because all the poles lie in 
one half-plane) when integrating over = v(p — po) 
or contain intersecting dotted lines and their con- 
tribution can be neglected for the reasons given at 
the start of this paper. The actual determination 
of the coefficients QM), qQcr and B requires ele- 
mentary, but somewhat cumbersome algebraic 
calculations which we shall omit here. 

As in (18), it is extremely essential to maintain 
the correct order of the spinor indices in the cal- 
culations. If we assume that in (1) the exchange 
part of the interaction is small compared with the 
non-exchange part, we get the final form of Eq. 
(30) in the temperature range T K< Toy and range 
of concentrations |n — ney| «K nop 
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2 2 at 2 | A (P * (6) 5 
{x (T Te) + Sta +2($-+2iea) A’y? 0, 
° (32) 
where 7Tty is the ‘‘transport’’ collision time, which 
enters in the conductivity of the normal metal 


6 = Ne*t, /m. 
In the approximation considered we have 


f _ nm = 
Tip 


When there is no field 


ee | fa (1 —cos8) do. 


OES ee 


To determine the thermodynamic characteris- 
tics of the system we use the well-known formula 
for the variation of the thermodynamic potential 


(33) 


6Q/dg =o (Him). 
We get from this’® 


| g\ 


=\s(i/igl) A 


0 
Using the relation 6 (1/|g|) = — (mpg/2m7)6T @o/T eg 
and Eq. (32) we get 


2.—, (34) 


(72 =? ¥. (35) 


The critical field, defined in the usual way, is 
equal to 


ye ae 


We find from (35) the ratio of the heat capacity in 

the superconducting phase to the heat capacity in 

the normal phase at T= T, 

CC. i Tt c. / TACT TSF ) 
= ee AT 1 og) (2 eo olf Te): 


(36) 


When there is a field one must add to Eq. (34) the 
equation of the electrodynamics of superconduc- 


tors. To do this one must substitute in the defini- 
tion of the electromagnetic current 

en ( te Les Kio ae eo. 

i) ={2.0,—W) 6 (x, x) + BO ox, x} 


the expression (27) for the Green’s function. We 
shall not dwell on the calculations since they are, 
apart from the existence of spin at the impurities, 
similar to the calculations in reference 7. Per- 
forming the averaging and restricting ourselves to 
the first non-vanishing terms in A and A, we get 


4e2 NT,Tz, 
i={F (0% Salar} See. en 
Equations (32) and (37) together have the same 
form as the set of equations in the phenomenologi- 
cal Ginzburg-Landau theory.'* The origin of the 


AN, 


aie 
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doubled elementary charge in these equations has 
a distinct physical meaning. It is related to the 
existence of pair correlations in present-day 
Superconductivity theory. 

In contrast to the case of pure superconductors, 
and also to the case of non-magnetic impurities,’ 
these equations are applicable here in the whole 
temperature range of the superconducting phase. 
The temperature dependence enters into the dif- 
ferent characteristics of the system through the 
factor 1 — Te in Eq. (32). In particular, we 
get for the penetration depth of a weak magnetic 
field in superconductors 


ca (mm) 


Te 207 1 T2 —"/s 
iat| Tx ('— Fe) 


For Eqs. (32) and (37) we can construct one dimen- 
sionless constant 


1603 Nerr stele 
me? 


(38) 


% = 2 V 2eH8?/hic = ec (ny)2/40, 


where y is the coefficient in the linear law for the 
electronic part of the heat capacity of the normal 
metal. It is worth noting that as in reference 7 k 
depends only on the parameters of the normal 
metal, while the dependence on Tg disappears. 
The most interesting result is that there is no 
exponential term in the heat capacity (36) as 
T— 0. This indicates that there is no gap in the 
spectrum of such superconductors. This conclu- 
sion is confirmed also by the absence of a thresh- 
old in the absorption of electromagnetic radiation 
at T=0. We can, namely, obtain by a method 
which we have used before® the following expres- 
sion for the dielectric constant of paramagnetic 


alloys 
e(@) = (39) 


We study this problem now in more detail. 


— C7/w?S? + 4nio/o. 


3. THE DEPENDENCE OF THE GAP IN THE 
SPECTRUM AT T=0 ON THE IMPURITY 
CONCENTRATION AND THE HEAT CAPACITY 
AT LOW TEMPERATURES 


Migdal and Galitskii!® have shown that when 
w > 0 the imaginary part of the Fourier component 
of the electron Green’s function 
G(x, x’) = —icT (p(x), W (*'))> 


can at absolute zero be written in the form 


Im Go (Pp) = Syon(p)6(@— Om), (@ > 0), 


where pn(p) is some real spectral function, and 
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Wn = En — Ep is the difference in energy between 
the n-th excited state and the ground state of the 
system. When there are impurities present the 
system has no single-particle spectrum, which is 
determined from the poles of the function G,)(p). 
All the same, however, if the first excited state is 
separated from the ground state by a gap, the mag- 
nitude of the gap is determined by the value of the 
frequency w at which the Green’s function has a 
non-vanishing imaginary part for the first time. 
One can show in the case of a superconductor 
that the same holds for the function iF,,(p), 
where F,)(p) is the Fourier component of 
Moor ) = <7 ((x), d(x" )) >, or for the func= 
tion iFR,)(p), which is the Fourier component of 
the so-called retarded anticommutator of the two 
~*(the two functions are the same at T=0 for 
w>0). Bearing in mind the further calculation of 
the heat capacity, we consider the function 
FR (p). Its characteristic property is its direct 
connection with the temperature-dependent func- 
tion j&py(p).- Using methods similar to the ones 
used in reference 17, one can show that in the 
upper half-plane iF pc) (p) is an analytic function 
that coincides with Sip(p) in the points wy 
= imT(2n+1) (when n>0). We have solved the 
equations for the temperature-dependent Green’s 
functions in the limiting case where A and %* 
were small. These equations can be obtained in 
the general case by the same method as was used 
by us for the case of normal superconductors.® A 
new aspect is here the occurrence of two relaxa- 
tion times T; and T, and the dependence of the 
quantity A* = |g| 3*(x, x) on the concentration 
of the paramagnetic impurities. The functions 
Gwyn and §® obtained in this way are of the form 


- On+t *, a, 
Gon (P) Eager oe On +& + a2 ’ 
where (40) 
~ 4 Un 4 { 
On = On = ’ An =A = ) 
eee ea 2% Vu? +1 
Pe (41) 
_ n 4 4 
Beck ot = Un (1 TA Fe (42) 


One can obtain similar equations using the tech- 
nique applicable at absolute zero. We can deter- 
mine the function FR w (P) which interests us as 
follows. If we cane replace Wy by — iw and 
at the same time ®y by —ia, Un by —iu, and 
Se by A we get for u the following equation 


@Q 4 4 
raul se — 


(42’) 
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The radical must be defined here as the analytical 
continuation of the positive square root + y1 — uv? 
for real u and |u| <1 in the upper half-plane of 
the variable u. (One can verify that this definition 
is correct by comparing these formulae with the 
results obtained by the usual technique at the ab- 
solute zero. ) 

In actual fact we need for the following not the 
whole of the function FRy(P) but only some of its 
properties. It follows from Eq. (42’) that when 
Ts > 1 and when w is sufficiently small there 
exists a real solution for u, with |u| <1. The 
connection with the limiting case 1/Tg —~ 0 shows 
that in our case we must also choose just that 
solution. Studying the right-hand side of (42’) one 
sees easily that it has a maximum for 


iy = (= Ay 


op Al iy es (43) 


and that therefore all solutions of Eq. (42’) are 
complex when w > w 9: 

Since we must take the real solution of Eq. (42’) 
when w is small, it follows that u becomes com- 
plex and FR,,(p) acquires thereby an imaginary 
part when w>wW . The quantity wy thus determines 
the size of the gap. When the concentration is in- 
creased, the value of wy) diminishes and tends to 
zero when 1/tgA= 1. The magnitude of A is 
thus not at all equal to the gap in the energy spec- 
trum for paramagnetic alloys. 

We find now the dependence of A on the im- 
purity concentration. The definition of A* 
= Vell t (xx) yields the se 


Seley 
=a War 


Since we are interested in the case T = 0, we can 
change from summation over n to integration, 
using the formula 


OF +P ae ey 


T i (2x) \ dQ 


After this it is convenient to add and subtract 
under the integral sign the expression A,/(Q? + ¢? 


+ Aj) (Ap is the value of A for T=0). The re- 
sult is 
Apin= =\ dala : 
LWVut tt Vf a?/at+4 


(Ago is the value of Ay for a pure superconductor). 
It is convenient to use Eq. (42) and change in this 
integral the integration over dQ to one over du. 
The result is 
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A At 1 
In— = . i 
Noo 4T Avg T, as 
A eS) = we 
In —* = tl y (Ts 0) 
00 1 Tv, iav 
ec 5 4 , 
i =x | saz (Ugg) Oe k. are sin ThalNay 
Sisn0) 
i 
ee (45) 


We have 1/Tg ey = TT 9/2 = Ago /2. When tgA, 

= 1 we have Ay =e"“*A,). From this it is clear 
that there is some value of the concentration which 
is lower than the critical one for which the gap in 
the energy spectrum (43) vanishes 


if See ee SA OOM ialerse 


(46) 


The fact that there exists a superconductor 
without a gap needs some explanations. We started 
from Eqs. (2) in our derivation. The possibility of 
describing a superconductor by such a set of equa- 
tions for the functions 6 and * is based upon 
the hypothesis that several pair formations of 
electrons show a Bose condensation.*® In a pure 
Superconductor such formations are Cooper pairs, 
which are condensed in a state with total momen- 
tum equal to zero [ 3*(x, x’) depends only on the 
difference between the coordinates]. Since the 
number of such pairs in an infinitely large system 
is arbitrarily large, the creation or annihilation 
of such a pair would not change the ground state 
of the system. This fact is indeed reflected in the 
existence of non-vanishing averages 


Bt (x — x’) = (T (¥* (x), Ht (%’)>. 


We have shown that when n is larger than the n’ 
given by (46) the functions §* are non-vanishing 
and finite, which confirms the validity of the as- 
sumption of a Bose condensation; the change in the 
gap in the spectrum (46) shows, however, that we 
are dealing here with a more complicated situa- 
tion than in the case of a pure superconductor. 
There remains something obscure in the overall 
picture. 

It is of interest to trace how the vanishing of 
the gap with increasing impurity concentration 
affects the temperature dependence of the elec- 
tronic heat capacity in the range T « Tg. We 
first transform somewhat Eq. (34) for the thermo- 
dynamic potential. We subtract from (34) the ana- 
logous equation for a metal in which a different 
value for the coupling constant has been taken, 
| g,| > |g]. This leads to 
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We use the equation for the gap, which we write in 
the form 
A — 1glmpo fr (A), 


27 (37) 
and we change from an integral over |g| to one 
over A. Clearly 
Ai 
up, Y 
2,2, = — 5880 thw) y — fr Wl dy. 
A 


We now subtract from this relation its value for 
=O); 
We assume that A,(0) > A(0). In that case 
Q¢54(T) — Qg1(0) > 0. We get thus 
A, 
2. (TF) — 2, (0) = — SP {\ tft (y) 9 — fr (wh dy 


2504 
A 


AL 


= [fo (y) y — fo (y)l dy! ; 


Ja 00 
Ao : 
where Ay = A(0) and the fy(y) are the values of 
the corresponding functions at T= 0. At low tem- 
peratures we can write 


ir (A) = fo(A) + Sfr (A), 


the additional temperature-dependent terms are 
small compared with the values at absolute zero. 
Using Eq. (47) we can express 6A(T) in terms of 
6fqt(A): 


A = Ay + 0A (T); 


SA (T) = Agdfr (A) / (fo — fo Ao). 


Substituting this into the equation for the ther- 
modynamic potential we find 


co 


25(T) — 25 (0) = Ze. dfx (y) ay. 


12 
Ao 


(48) 


It is thus sufficient for us to find merely the tem- 
perature-dependent addition to the right-hand side 
of Eq. (44) for A. 

We start with the simplest case TgAy <1. We 
note that the expression under the summation sign 
in (44) is symmetric with respect to a change in 
the sign of n. As before we go over from a sum- 
mation to an integration but we now take into ac- 
count a correction term using the well-known 
formula 

T S\e (on) > oe {\ 9 (2) 42 —5F 9 (co) — 9 OI}. 

n>0d 0 
The first term here is temperature-independent 
and the correction is proportional to T°. After 
the necessary calculations we get 


Sfp (A) = — Tx, /6V (1 / tA? — 1. 


When substituting this into (48) we must take into 
account (vide infra) that the region where 6f ~ T? 
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extends only to A= 1/Tg and furthermore that 
this function depends exponentially on T, i.e., it 
tends to zero, even when we take terms in Tinto 
account. The integral over A must thus only be 
taken up to that limit. As a result we get for the 
heat capacity 


C,=+ mp, Sa es (49) 


When AjTs << 1 this formula is the same as (36) 
in the limit T <= Te; 

In the case Apt, > 1 the method given here can 
not be applied, since it yields only an extra term 
which is quadratic in T in the thermodynamic 
potential and which is not present here. If we 
were to apply this method to the case we are now 
considering, we would only get the result that 
there is no such extra term. This is not surprising, 
since the presence of a gap in the energy spectrum 
compels us to assume that when AjpTg > 1 the ex- 
tra term will be exponential. Because of this we 
shall apply another method. 

If in Eq. (44) we change to a summation over 
positive n only, we can replace this sum by a 
contour integral. Theright-hand side of Eq. (44) 
will be of the form 
ep 
| Boe o(— %, 8). 


—® fp 


-- = \ do tanh oF 
The contour of integration is given in Fig. 4. We 
now distort the contour and take it along the real 
axis. This is possible since it was shown that the 
integral over w can be considered to be the inte- 
gral of the function iFp,)(p) which is analytical 

in the upper half-plane. For real w which are 
such that | w| < wy this function is real and sym- 
metric with respect to replacing w by —w. From 
this it follows that the real part of iFpRw(p) on 

the real axis is symmetric with respect to a change 
in Sign in w while its imaginary part is antisym- 
metric. All that remains of this integral is there- 
fore 


o) Py 


(dehy xe A | 
\ ant Ome if 


D2 2 rae 2 
ont S10) aE -- A 


lin 1\ do tanhs- 
0 Sp) 
From the foregoing it follows that the imaginary 
part of the function iFR,,(p) appears only starting 
with w= wo. If T « wy we can thus replace 
tanh w/2T by 1 -—e7-#/T. The term 1 gives a con- 
tribution to fp(A) which is independent of the tem- 
perature. dfy7(A) is thus determined by substi- 
tuting —2e-“/T for tanh w/2T. The integral over 
€ and w is then formally convergent and we can 
first integrate over &. In this way we find 


(ae) 


, ae —w/ 1 | 
ofr (A) = a\e 7m | | do 


Wo 
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The /1 — u2 under the integral sign must be de- 
fined, as a function of w, as the analytical contin- 
uation of its real positive value with a cut w < WW 
through the upper half-plane. Because of the pres- 
ence of an exponential factor the most essential 
part of the integral will come from the neighbor- 
hood of the point wy. Expanding Eq. (42’) ina 
power series in u — ug and taking the definition of 
1 — u2 for w > wy into account, we get 
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‘Substituting this into the integral for édfp(A) we 


find 


dfr (A) = — V = Tes (Apts) herent 


Substituting this expression into (48) and integrat- 
ing over A we can find the temperature dependent 
extra term in the thermodynamic potential. We 
get for the heat capacity 


Ce a 


<M exp {— 7 (at — ey. (50) 
One sees easily that this formula does not go 
over into the formula for the pure superconductor 

in the limit as Tg ~ ~. This is connected with 
the fact that the possibility of expanding Eq. (42’) 
in powers of u — ug imposes a restriction on the 
region of applicability of Eq. (50). The latter is 
obtained when one estimates the next term of such 
an expansion. This gives 


TS haa 


At low concentrations this condition is stronger 
than the condition T « Ay which is necessary to 
separate off the exponential region of the heat 
capacity. The connection between Eq. (50) and the 
equation for a pure superconductor could be ob- 
tained by considering the case TgAy > 1, T K Ay, 
but we shall not perform here the appropriate cal- 
culations as we are interested in the basic influ- 


ence of the vanishing of the gap in the spectrum on 
the heat capacity. 


FIG. 4 
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It follows from Eq. (50) that when the impurity 
concentration increases the absolute magnitude of 
the exponent decreases while it does not vanish at 
AojTg = 1. In the point Ay = 1/T, itself, where the 
exponential and the linear dependence come to- 


gether one finds from calculating it that Cg ~ 74/3, 


In view of the fact that this single point is not of 
great interest we shall not give the corresponding 
calculations or write out the coefficients. 


In conclusion we express our gratitude to Acade- 


mician L. D. Landau for many useful discussions 
of this paper. 
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The ground-state energy of matter at very high densities is calculated. 


In contrast to the 


assumptions made in references 1—3, it is shown that the ions form a crystal lattice. The 
moduli of elasticity and the oscillation spectrum of the lattice are determined. The destruc- 
tion of the lattice at extremely high densities is discussed. The electron-ion correlation 


energy is calculated. 


(Seuu-MANN and Brueckner! and also Sawada? 
have considered the ground-state energy of highly 
compressed electron gas, accurate to terms con- 
taining the zeroth power of interatomic distance 
(logarithm and constant). In addition, Gell-Mann? 
determined the rate of excitation on the Fermi 
boundary (or, what is the same, the coefficient 
in the linear expression for the specific heat) ac- 
curate to terms of order (V/N)¥”%e2m/h2 com- 
pared with the ground state. 

The model used in references 1 — 3, however, 
differs substantially from real matter in that it is 
assumed to contain not ions, but a certain positive 
charge distributed in space with uniform density. 
The disadvantage of this model is quite obvious 
when the ions form a lattice. However, it differs 
appreciably from the Gell-Mann and Brueckner 
model also when the substance is a liquid. 

The present investigation is devoted to a study 
of the properties of strongly compressed matter 
(single element) at T= 0 under the assumption 
that the nuclei form a crystal lattice. 


1. LATTICE BINDING ENERGY 


We first introduce the following notation. All 
the energies and the distances will be expressed 
in the final formulas in atomic units, equal to 
e‘m/h? = 2 Ry for the energy and h*/e’m for the 
distances. The atomic volume, expressed in these 
units, will be designated by the letter v. In all the 
calculations we assume v <1, but at the same 
time so large that the electrons can be considered 
nonrelativistic. We shall establish more accurate 
criteria later on. The energy of the ground state 
will be referred to one atom. 

In the case v « 1, the greatest contribution to 
the ground-state energy is made by the kinetic en- 


ergy of the electrons, the value of which is 


ie 


A Ss (ee ; 
N oe aa Faw Tomek (Po/h = (30®ZN/V)*), 


where N is the number of atoms in the lattice, 


pp is the limiting Fermi momentum. In atomic 
units we have 


(Lat) 


aZ ( 3n2Z i: _ 9.87 ies 
Te ols 
where Z is the atomic number. 

The next in order of magnitude is the value of 
the Coulomb energy (see reference 4). It com- 
prises the energy of interaction between the ions 
themselves, between ions and electrons, and be- 
tween electrons themselves, the latter including 
both the direct and the exchange energies. The 
ion-ion interaction energy is 


Ze wO 1 Ze? wo 1 
“2N_ a ee cate 


n=m R=0 


1 
Ei? = 


where the last sum is taken over the coordinates 
of all the ions, with exception of the one ion chosen 
as the reference. The energy of interaction be- 
tween the electrons and ions is of the form 

72 


| 1 N (¢ dv 
ye | ee 


The non-exchange electron interaction yields 


>(1) TIES WEE all? 
VD 5) 7 \ aS 


Each of the foregoing three energies diverges by 
itself, but their sum is the convergent expression 


Ze? 4 N ¢ a 
ED Sb ide We 2 \ ) 
; (2 R Vole 


which must be considered as the limit of the ex- 


(1.2) 
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pression calculated for a finite volume. 
The exchange energy of the electrons has been 
calculated many times, and its value is 


Z N pide, om dep, CT iP Pel 408Nht * 
=e (153) 


The energy (1.2) is due exclusively to the for- 
mation of the lattice. Calculation shows that this 
energy, at least for the most symmetrical struc- 
tures, is negative. This means that the lattice is 
certainly produced. 

The energy mete taken with the minus sign, de- 
termines the binding energy of the lattice. It is in- 
teresting to note that it contains Z as a factor. 
This means that all elements have perfectly iden- 
tical lattices at sufficiently large pressures. The 


binding energy of such a lattice should be maximum. 


For practical calculation of the binding energy, 
it is most convenient to start with the Fourier 
transformation. This yields 


pt) 402%? dk 4 #N yw 4 
a es — \ Que ke Vo Ke}? 
|k/<P 0<|K|<P (1 4) 


where the sum is taken over the non-vanishing re- 
ciprocal-lattice vectors. This expression con- 
verges more rapidly than (1.2). 

The lattice with the greatest binding energy 
should, in all probability, be among one of the 
most symmetrical types, cubic volume-centered, 
cubic-face-centered, or hexagonal of the ‘‘close- 
packed’’ type. In the latter case the ratio of the 
fundamental period along the hexagonal axis to the 
perpendicular one is not governed by symmetry 
considerations, and should be obtained from the 
maximum binding energy condition. Unfortunately, 
the energies of different lattices can be calculated 
only with limited accuracy, and since the difference 
between them amounts to merely several percent, 
the question of the choice of the most stable lattice 
remains unsolved. We shall consider henceforth 
only cubic lattices. In the case, however, when 
accurate calculation leads to preference of the 
hexagonal configuration, suitable changes can be 
readily made in the results that follow. 

Expressing the exchange energy (1.3) in atomic 
units, and adding it to the binding energy (1.4), we 
obtain 


EY — —y—h(0,74 2" +. 1,3 22), (1.5) 


Comparing (1.5) with (1.1) we can obtain a more 
accurate criterion for the applicability of the ex- 
pansion in powers of v3 namely 


ghee 7 (1.6) 
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According to (1.1), this corresponds to pressures 
greater than 10° atm. We give here a criterion for 
the applicability of the nonrelativistic approxima- 
tion. From the condition* py/m «ec we get 


vA Ss 0.02 2”. (1.7) 


2. ELASTIC MODULI 


Going over to a study of the elastic moduli, we 
note first the appreciable difference between the 
bulk compressibility and the shear moduli. The 
compressibility is determined essentially by the 
electrons, the kinetic energy of which makes the 
main contribution to the total energy. The shear 
moduli, on the other hand, are determined by the 
Coulomb interaction of the nuclei, i.e., they are of 
the order v’/? relative to the bulk compressibility. 

Differentiating twice with respect to the volume 
the expressions for the kinetic energy of the elec- 
trons, we obtain the bulk compressibility 


a (Qa) 


mw Re i ZN VJs 
7) 


3m a 
To calculate the shear moduli let us consider 
the change in the lattice energy accompanying 
small atomic displacements that are almost 
homogeneous in space (a|du/dx|<«K |u| «a, 
u is the displacement of the atom and a is the 
lattice period). During the course of the calcula- 
tion we assume the displacements to be purely in 
shear, i.e., we put divu=0. The potential energy 
of the lattice ions 


4 ; N aI 1 
Zee | dV eG 
Re Ri | V UTR 


a sy 


tek 


expanded in powers of the small ion displacements, 
is of the form 


x 3 (Rjp (U4; — 4))? 


5 
i¢k Rep 


Ze? (u; — 4,)° 


R? 


th 


| (2.2) 


In spite of the fact that the displacements of the 
neighboring atoms differ little from each other, we 
cannot make in this expression a substitution of the 
form uj—U_ — Rik, 9U/dxq, for in this case we 
obtain divergent sums over Rj,. It is easy to show, 
however, that the divergence of these sums can be 
eliminated by subtracting the terms containing 
div u, i.e., the terms that vanish in accordance 
with our assumption. Let us consider the expres- 
sion 


*The condition that the relativistic correction be small Oy 
2, 
of the form v% > 10Z”* for the energy and v* > 2 x 10~*Z* 
for the pressure. 
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div u (r) div u(r’) 
Ir—r'| 


Z2e2 


3} 


(+) | dV dV’ (2.3) 
Integrating twice by parts and discarding the 
surface integral, which is of no interest, we get 
2 / / Sap 
(AE) § av av’ ta (r) wa (0) = 


_ =P). ea | 
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ae! 
a V 
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(u(r) — u(r’)? 
pea Tale : 
After subtracting this expression from (2.2) we 
can now make the substitution 


Ug (R;) —— We (Rr) = RpOUa/OXp, 


where Rg = Rikg, and go from summation over 

i =k in (2.2) to integration over dV and summa- 
tion over R. The value of the energy is found to 
be (in the case of one of the cubic lattices ) 


Ze? NN 3{ av du, du, (5 R,RgRYRs N 
He We Ox, OXs . Re V 


4 du, \* { NC a 
\WV (a) (22 A aie 
For the sake of symmetry, we add to the inte- 

gral fav (dug /8xg)° the expression 
J (dug /axg) (dug /dxq)dV, which, accurate to 
a surface integral, is equal to J (div u)2dv = 0. 
The energy will then contain only the combination 
Wag = 4 (8uq/dxg + dug/dxq). Writing this in 
the form Aggydsuaguys, we obtain 


Fela lbs 
if 


av) 


Kon EH o( BREE — Bt 
— 5 (Bardps + 823651) (2 z-+7\ >) (2.4) 


Finally, it is necessary to discard the ‘‘longitud- 
inal’’ part in the tensor NBs: For this we break 
it up into parts 


Napys = Adapdys + Mapyss 


where Naayd = 0. 

The ‘‘transverse’’ tensor Aapyd differs from 
the expression written above for Aqgys in that the 
bracket with the 6 symbols contains also the term 
ah S@poys. The expression for the ‘‘transverse’’ 
part of the density of potential energy of the ions 
then assumes the form 
4Nxy xy (U2, + U2, + UP.) 1H hexex (U2, + uy + we, 

— Uxyllyy — Uyyllzz — Uzellyr). (2.5) 


Making the Fourier transformation, we obtain 
for the shear moduli the expression 


A Ay ABRIKOSOWV 


aacy JN F i! dk 
Nexxy = 8nZ2e2 — lim E \ a 
Vee pees 8) 
|k|<P 
N + iY =] 
Se > Cre Ke) | 


(2.6) 


where the sums are again taken over the recip- 
rocal-lattice vectors. 

The coefficients ’ are approximately the same 
for a body-centered and face-centered cubic lattice, 
equal to 


ee (2.7) 


heyy 0.16 Ze? (N/V). 


As to the coefficient Axxxx, we can merely state 
that it does not exceed 0.1 Axyxy- The low compu- 
tation accuracy does not allow us to make a more 
rigorous estimate. 


3. SPECTRUM OF OSCILLATIONS 


The great difference between the modulus of 
compression and the shear moduli brings about 
very curious features in the oscillation spectrum. 
It is readily understood that one of the branches 
of the spectrum in the vicinity of long waves, 

A > a, will correspond to oscillations with almost 
completely longitudinal polarization (the deviation 
from longitudinal is of higher order in v'/*). By 
virtue of the orthogonality of the natural oscilla- 
tions, the remaining two branches will be almost 
completely transverse. The corresponding veloc- 
ities of sound are determined by shear moduli and, 
consequently, are much smaller than the velocity 
of propagation of the longitudinal oscillations, 
which is determined by the compressibility. 

Let us proceed now to a more detailed analysis 
of the spectrum. The rate of propagation of longi- 
tudinal sound is obtained from formula (2.1) 


a-VE- 
It is easy to see, however, that the linear disper- 
sion law w] = cjk is true only for the longest waves, 
namely when A > pp, where pp is the Debye ra- 
dius. In the case when A < pp, the change in the 
electron density begins to lag the change in the ion 
density; the frequency of the oscillations begins to 
determine more and more by the Coulomb interac- 
tion of the ions, and thus, dispersion of the longitud- 
inal oscillations sets in. 

To determine the complete dependence w (k) 
for the case > a we can proceed as follows. 


m/s Zls (N/V) 
31/6 (mM)? 


(3.1) 
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Taking it into consideration that W] > Wt, we Can, 
in first approximation, disregard the shear moduli 
completely. This means that only longitudinal os- 
cillations remain, i.e., oscillations connected with 
the change in the charge density. We can there- 
fore, in the same approximation, replace the forces 
acting on a given ion displaced from equilibrium by 
a certain effective electric field. In view of the 
fact that the matter is electrically neutral in the 
absence of oscillations, the potential of the elec- 
tric field g satisfies the equation 


Ag = — 4m (Sp. + dpi). 


The change in the electron charge density, ob- 
tained by applying the Debye theory to the Fermi 
gas (see reference 5), has the form 


dp, = 


The change in the charge density of the ions is 
dp; = — ZeV"N divu(r). 
Thus we have 
Ag — x*p = 4nZeV"N divu(r), 
where k = 1/pp = V4e’pym/z . 


The equation for the ion oscillations will be 


(3.2) 


N Ou 


N 


Assuming that g and u depend on the coordi- 
nates and on the time as exp{i(k-r—wt)}, we 
obtain 


(3.4) 


* oes Re \4/e 
= Ce ay er 
When k « xk the expression (3.4) becomes 
wy = czk, and when k >> x, w 7 tends to the constant 
limit 


@) = (4nZ2e2N/ MV)". (3.5) 


The remaining (transverse) branches of the 
vibrational spectrum do not experience dispersion 
when k ~ 1/pp. This follows at least from the fact 
that the differences between the sums and the inte- 
grals in Eq. (2.4) for the shear moduli converge 
over distances on the order of the lattice period 
and are not affected by the Debye screening. The 
transverse oscillations have a linear dispersion 
law 1,2 = Ct1,2k. The velocities of sound Ct14,2 
can be determined from the shear moduli (2.7) 
(see reference 6). Obviously, ct ~ (va/NM )¥2 
~ (Zv)¥8 ez. 

In the region of short waves, i.e., when k ap- 
proaches values on the order of t/a, where a is 
the lattice constant, all the frequencies are of the 
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order of wp» (3.5). Therefore the foregoing method 
of calculation, which is based on the separation of 
the longitudinal and transverse oscillations, can 
no longer be used here. To obtain the oscillation 
spectrum in this case it is necessary to solve the 
general problem, and obviously, except in a few 
special directions, the oscillations will in general 
be neither purely longitudinal nor transverse. 


4. POSSIBILITY OF DESTRUCTION OF THE 
LATTICE AT HIGH COMPRESSION 


The type of lattice-vibration spectrum obtained 
in the preceding section leads to an interesting 
consequence. Let us estimate the zero-point os- 
cillation energy 


h 
Eel one 5) (k, s), 
k,s 


(4.1) 
where S=1, 2, 3 denotes the numbers of the natu- 
ral oscillations, while the summation over k is 
confined to the unit cell of the reciprocal lattice. 

It is easy to see that the values of |k| of order 

of the upper limit, i.e., of order m/a, are signifi- 
cant in the integral with respect to k. Here we 
obtain (in atomic units ) 


By ~ZV mii oh. (4.2) 
Comparing this with (1.5) we note that at suffi- 
ciently small volumes the positive zero-point 
oscillation energy exceeds the negative Coulomb 
energy, and this leads to a destruction of the 
crystal lattice. 

It is of interest to determine the transition 
point more accurately. This is difficult because 
of the complications involved in the accurate cal- 
culation of the spectrum, and we shall use the fol- 
lowing estimate. We know that there exist in na- 
ture two transitions from a solid to a liquid state 
under the influence of the zero-point oscillations. 
These are the transitions of the helium isotopes 
He! and He®. One can assume that in transitions 
of this type the amplitude of the zero-point oscil- 
lations is always a fixed portion of the interatomic 
distance ay = Qa. We know that ay = vh/Mw. 
Since the values of the wave vector near the upper 
limit are significant in this case, the frequency 
will be of order c/a, where the ‘‘velocity of 
sound’’ c is chosen to be the combination c 
=ct(1+ ct /2c1)"'. Regarding the constant Q 
as universal, we obtain the conditions 


Aca = const == (Aca) aes, 


where A is the atomic weight. 
The elastic moduli of solid helium are unknown. 
We therefore make use of the fact that for most 
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solids the Poisson coefficient o is close to 0.35. 
This enables us to express Cyye4 in terms of the 
compressibility. For lack of other data, we use 
the value 4 x 107? atm7! (reference 7), obtained 
by taking the derivative along the melting curve 
in the vicinity of 30 atm. This is apparently justi- 
fied because, in any case for liquid helium, the 
temperature expansion in the low-temperature 
region is practically zero. Thus, we obtain c 

=~ 170 m/sec. Putting ae! = 3 x 10° (see refer- 
ence 7), we get 


Aca = 2-1078. (4.3) 


~ 
~~ 


For a strongly compressed lattice, c = cy. But 
since the velocity c; is highly anisotropic, we take 
for c a certain average, which can be calculated 
from the longitudinal velocity of sound, but only 
with the ‘‘lattice’’ part —1.3 Z*v-/3 of the energy 


E®) [see (1.5)]. Thus, we get 
c= 0,76 —— 


e (N \1/ 

VM (7) 
From this we obtain with the aid of (4.3) 

a~5-1074/Z2A cm. 


Ms 


(4.4) 


The corresponding expression for the specific vol- 
ume assumes the following form in atomic units 


NONE TE (4.5) 


Comparison of (4.4) and (1.7) shows that at so 
strong a compression the relativistic effects in the 
motion of electrons become appreciable. This 
leads to no changes whatever in formula (4.4), since 
the zero-point oscillation amplitude is independent 
of the electron spectrum in the approximation con- 
sidered here. It is seen from (4.4) that the inter- 
atomic distances at the transition point are greater 
than the nuclear dimensions only for the lightest 
elements, hydrogen and helium. Thus, such a tran- 
sition can take place only in these two elements. 


5. SECOND-ORDER CORRECTIONS TO THE 
GROUND-STATE ENERGY 


Gell-Mann and Brueckner! determined the cor- 
rections, of zero degree (in v), to the ground-state 
energy, for a model with a diffuse positive ion 
charge. As we have seen earlier, the presence of 
an ion lattice leads to additional energy terms. In 
first order, this is the ion binding energy (we as- 
sume the zero-point oscillation energy to be small). 
We now consider the additions introduced by the ion 
lattice to the terms of zero degree in the volume. 

For this purpose we must determine the energy 
of interaction between the electrons and the ions 
in the second order of perturbation theory or, in 
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other words, the electron-correlation energy. 
Considering that the matrix element of the inter- 
action energy of a given electron with all the ions 
is of the form 


N 


V 


41 


(Vei)p-+na/2, p—hal2 = — Ze? e (551) 


za 


where K is the reciprocal lattice vector, we obtain 
the energy per atom 


; es N oceuet ioe ean 2m 
E® = 2 (4n)2Z?e4 vT » K \ (20h)3 AK \? AK \?’ 
IK|>0 C= —(p+->) 
(5.2) 


where the summation is over all the vectors of the 
reciprocal lattice, and the integration is over the 
domain 


|p —AK/2[< po, |p + #K/2| > po- 


Let us call attention to the fact that the expression 
is not divergent, unlike the term due to the electron- 
electron correlation,! and therefore needs no cor- 
rection by allowance for the next approximations. 

Carrying out the integration over d’p and going 
to atomic units, we obtain (for cubic lattices ) 


Bg (etn 


where q is the modulus of the reciprocal-lattice 
vector in units 27/a, a is the edge of the cube, 
vy =a3/v, i.e., v=1, 2, and 4 for the primitive, 
body-centered, and face-centered lattice, re- 
spectively, and a = (27)7! (37°Zv)1h, 

The limiting values of (5.3) for large and small 
@ are 


2a+ 9 | qo) , (5.3) 


2a—q 


/ 


( —v?Z8x-4 > q-§ ~ — 0,073 Z3, 
iq\>0 
ED = | 


a<d 


aX . (5.4) 
BisylsZ log "/s ¥ q-4§ z= —0,4 Zh, 
\qi>o 


ois su ls 


The case a@ <1, naturally, is not realized; we 
give here the corresponding formula only to ex- 
plain the character of the function. The numerical 
values pertain to the body-centered and face- 
centered cubic lattices. 

The energy of the electron-electron correlation 
isinthis case the same as in the model with the 
diffuse positive charge. The value obtained by 


Gell-Mann and Brueckner! can be written in the 
form 


Eg = Z(0,0104 In(v/Z) — 0.1108}. (5.5) 


Expressions (5.4) and (5.5) yield all the energy 
corrections of order v°, 

As noted earlier, the calculation of the zero- 
point oscillation energy is difficult. It is therefore 
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natural to inquire under what conditions will not 
only E®) but also E®) be greater than the zero- 
point oscillation energy. A comparison of (5.4) 
and (4.2) shows that this will take place when 


vs m/MZ*. 


We see that under these conditions the parameter 


of the energy expansion, v'/?, still remains small. 


In conclusion I take this opportunity to thank 
Academician L. D. Landau for a discussion of the 
work. 
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The energy spectra, angular distributions, and polarizations are calculated for the neutrons 
produced in the direct process of u capture in the nuclei C™, Ne2°, Si28, and S°*. The cal- 
culations are made on the basis of an effective Hamiltonian for » capture that takes into 
account first-order (v/c) effects for the nucleons, including ‘‘weak magnetism’’ and the 
effective pseudoscalar interaction. The state of the protons in the nucleus is described by 
the nuclear shell model with jj coupling; the interaction of the emerging neutron with the 


nucleus is taken into account by the use of the optical model. 


with the experimental data. 


‘Tue study of the angular distribution and polari- 
zation of the neutrons emitted from nuclei in the 
Pmcapwure reaciionyprocess is) Pi Nay sissone 
possible way of establishing the type of coupling 
and the magnitude of the constant for the weak in- 
teraction between mesons and nucleons.!** For- 
mulas for the angular distribution and polarization 
of the neutrons, calculated in nonrelativistic ap- 
proximation for the Fermi and Gamow-Teller 
types of interaction and in first approximation in 
vn/c (vn is the speed of the nucleons) for the 
pseudoscalar type of four-fermion interaction, 
have been published in earlier papers.*** The for- 
mulas were obtained by using the nuclear shell 
model with jj coupling to describe the protons 
bound in the nucleus and the optical model to take 
into account the interaction between the emerging 
neutron and the nucleus. These papers*** also 
give the results of numerical calculations for pu 
capture in the nuclei O'® and Ca!?, 


1. BASIC ASSUMPTIONS AND FORMULAS 


In the present paper we shall take as the basis 
for the calculations the assumption of the theory 
of the universal Fermi interaction, that the inter- 
action of ‘‘bare’’ fermions is described by the V 
and A types of four-fermion coupling.®»® Starting 
from this assumption and including all relativistic 
terms of first order in vy/c, we have the follow- 
ing expression for the effective Hamiltonian Heff 
that describes the process of capture’ (h =c = ge 


The results are compared 


Here = = —=¢9) >) ER (14 — 
=i 
Je E, 13. 
ae Gs — Pu am) oo, + (gh) — gi) — gi) a oy 
Op; 3,P; 
aC oy eg exc rv) (1) 


In Eq. (1) we have used the following notation: 
operators that have the index i act on nucleons, 
and those without the index i on leptons; Ta is 
the well known isotopic operator; o and oj are 
Pauli matrices; v is the unit vector in the direc- 
tion of emission of the neutrino, and E, is the 
energy of the neutrino; M is the mass of the nu- 
cleon, and $j = —ihVj is the momentum operator 
of the i-th nucleon; gy ) and gi!) are the coupling 
constants of the vector and axial-vector interac- 
tions for u gcapture, and aa is the effective coup- 
ling constant for the pseudoscalar interaction 
caused by the presence of virtual 7 mesons. 

It is assumed that the neutrino emitted in p 
capture is polarized antiparallel to its direction 
of motion. 

In the theory of the universal Fermi interaction 
with conserved vector current®»® we have the fol- 
lowing estimates’ for the quantities oo and p: 


ey = 0.972 o?),  p=itppopyes7h. 2) 
where gl) is the Fermi coupling constant for the 
B decay of nucleons, and up and uy are the anom- 


alous magnetic moments of proton and neutron in 
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Ce of the nuclear magneton. For the quantities 
g re and gi? we have the relations? 


gi) = 0.999 g®, git) = 8y16), (3) 
(B) 


where ga is the Gamow-Teller coupling constant 
for the B decay of nucleons. 

The formulas given below do not include contri- 
butions from the last two terms in the effective 
Hamiltonian, which contain derivatives of the nu- 
cleon wave functions. It is obvious that the order 
of magnitude of the matrix elements of the opera- 
tors pj/Mc is h/McR, where R is the radius of 
the nucleus, so that for the nuclei considered here 
(R~ 4x 10-8 cm) the omitted contributions 
amount to about 5 percent. There are contribu- 
tions of this same order of magnitude from the 
other relativistic corrections to the nonrelativ- 
istic matrix elements for the vector and axial- 
vector interactions that remain in Eq. (1) if we 
set gh) =0 and p=1. 

Numerical estimates show, however, that rela- 
tivistic corrections of this kind change the values 
of the u-capture probability and the asymmetry 
coefficient in the angular distribution of the neu- 
trons calculated in the nonrelativistic approxima- 
tion by not more than 10 percent, and have prac- 
tically no effect on the value of the longitudinal 
polarization of the neutrons. At the same time, 
as will be seen later, the expected large values 
of Se and yp have the result that the relativistic 
terms proportional to gE, /2M and wE,/2M 
decidedly alter the value of the asymmetry coeffi- 
cient in the angular distribution of the neutrons. 
Therefore it can be expected that omission from 
Eq. (1) of the terms that contain derivatives of 
nucleon wave functions will lead to errors that 
do not exceed a few percent. 

Using the Hamiltonian (1) and Eq. (9) of refer- 
ence 3, we get the following expression for the 
probability of emission of a neutron from the nu- 
cleus with kinetic energy in the interval (EN, EN 
+ dEn) and direction in the solid angle dQy at the 
angle @ with the direction of polarization of the p~ 
meson: 
dW (Ey, 0) = GW, (Ew) UI (En) 

+ P,K, (Ey) cos 6] dEydQy/4x, (4) 


I (Ey) = (1 + 342) + 2[1 + 2ap — 02 (x — 1D] 11 (Ew) 

4 [2Qp? + 02 (% — 1)? + 1} 12 (Ew); (5) 
K, (Ey) = — ((— 1 + 4”) Bo (Ew) + 2[—1 + 2ap 

+ 2 (x — 1)] Bi (Ew) %1 (Ew) 

+ [2u? — A? (x — 1)? — 1] Ba (Ew) Y2 (Ew)}, (6) 


where 
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Gg!) — gi). 1049 erg} cm, 


N= — gpg, = gh/ew, 
and Py is the degree of polarization of the yu~ 
meson in the K orbit of the mesic atom at the in- 
stant of capture. The kinetic energy of the neutron 
is measured in megavolts. Here and in what fol- 
lows, notations not defined are the same as those 
used in reference 3. 

We recall (for details see reference 3) that 
all the formulas considered in the present paper 
are for neutrons from the direct process, which 
are emitted from the nucleus immediately after 
the absorption of the 4~ meson, and thus with 
omission of the stage of the compound nucleus. 

In Eq. (4) and the formulas given later for the an- 
gular distribution and polarization of the neutrons 
no account is taken of effects of the hyperfine 
structure of the mesic atomic levels, which should 
be taken into account in the treatment of yw capture 
in a nucleus with a nonzero spin that is due in any 
part to protons (for details see references 3, 10, 
and 11). 

Using Eq. (4), we can write the angular distri- 
bution of the neutrons emitted from the nucleus in 
the capture of polarized u~ mesons in the follow- 
ing form: 


q(En, 8) =1-+ Pio, (En) cos 6, (7) 
oy (Ew) = Ky (Ew)/I (En). (8) 


Recalling the results of a previous paper by one 
of the writers* [Eq. (6c)], we get the following ex- 
pression for the longitudinal polarization of the neu- 
trons emitted on the absorption of unpolarized p~ 
mesons: 


PX (Ew) = Ly (Ew)/I (Ew), (9) 
Ly (En) = — 2 {4 (A + 1) Bo (Ew) 
+ A [2(u + 1)— *] Bi (Ew) 11 (Ew) 


+ [y? — A(x — 1)] Bo (Ew) Y2 (Ew)}- (10) 
Equation (9) also describes the longitudinal polari- 
zation of the neutrons emitted at an angle 9 = +7/2 
in the capture of polarized 4~ mesons. 

Equations (4), (7), and (9) are for neutrons with 
the fixed energy En. If we integrate over the neu- 
tron energy En, we get formulas of entirely analo- 
gous forms with the functions Wo(En), B (EN), 
and y,(En) replaced by the corresponding con- 
stants Wo, By, and Y,. 


2. NUMERICAL CALCULATIONS 


The numerical calculation of the coefficients 
Wy, bk» Yk that appear in Eqs. (4), (7), and-(9) 
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TABLE I 
ee 
Energy levels of protons in nucleus, Mev 
gis Un, Up, Mev a 
Nucleus | 10'ro, cm Mev le E | fe | iy | ie 
7 - 7 
Ge 1.45 42 40,7 28.4 | AGEOR -- te 0.077 
Ne? (as 42 49.6 3On9 30.0 — TAO 0.154 
Si28 1.45 42 36,6 28.9 Pi ANS 0 0,240 
S32 1.45 42 Bed 28,7 Zea 8,85* 0,287 
*Data on energy of removal of protons taken from reference 12. 
TABLE II 
a ESC) ed) |S 
ba- Ratios of specific | Total e 
7 ities oe Tyee probabilities (per | proba- | = 
® ture in the indi- proton) of 4 cap- | bility - 
alee, Biles mulerges vidual shells ture in the indi- _jof direct| & 
Nucleus} ¢ Re bs ON 1B vidual shells process, ~ 
= (sailed) dd | 25a Ase edn | idl 2s sero swine ES 
SS | insec™! | (5 
; Z 3 4 5 6 | \ 7 8 | 9 10 
O 14,70,0.17410.43810,192) 4 | 20.9 = 0%5 — me) nas 
C2 |—0.10/2,7110.416)0.43410.189] 4 |32,9) —| —]} 4 |16,5| —| — BAO | 72) 
—0.15'2.35]0.500}0.434)0,189} 1 | 34.4 =i | 4) ale — Paless) Neyai 
0 183.910.38810.440/0.195| 4 |245 | — |1200) 4 |741.7) — |1200 | 96.3 | — 
Ne20|—0.10]41 .0/0.578|0.441/0.196| 4 |444 | — | 8741) 1 |47.0) — | 871 | 47.0 
—0.15/32,110.644|0.44110.196] 4 |105 | — | 673] 1 |35,.0] — | 673-| 36.8 |; — 
0 |187 |0.045]0.457/0.209} 1 |188 |1730| — | 1 |62.7|577| — | 214 27.5 
Si28 |—0.10)45,7|0.366,0.451/0.204] 1 |444 |831) — | 4 |37.0}277) — Ho, OMe OS 
—0,15137,410.441|0.451|0.204) 1 |78.2/590| — j 1 |26.1)197) — Boil || Gels 
0 |216 |0.273/0.463/0.215} 4 |58,8}890|982| 1 |19.6) 297} 982 | 250 18.0 
S32 |—0.10/413 10.515/0.465/0.217) 1 |58.2)632|}964| 1 |19,4) 211) 961 | 130 9.4 
—0.15]93.210.590/0.465/0.217| 4 |50,5|483|752| 41 |16,8|161) 752 | 108 Tes 
Ne20| Pew. |467 |0.183]0.355|0.128] 1 | 2.52] — j0,68} 1 |0.42]) — |0.34 | 526 — 
has been carried out on the ‘‘Strela’’ computer where m 


of the Moscow State University for the nuclei C', 
Ne*?, si2®, and S*2, on the following assumptions: 

1. The state of the protons in the nucleus was 
described by the nuclear shell model with jj coup- 
ling; the spin-orbit splitting of the proton levels 
was neglected. The potential for the shell model 
was taken in the form of a rectangular well of 
radius R=r,A¥? (A is the mass number). 

2. The interaction Vyn(r) of the neutron with 
the nucleus was described by a complex rectangu- 
lar weil 

eae ay (aletas mire 
os = | 0, Py (11) 
with the same radius R as for the protons. The 
calculations were made for three values of ¢: 
¢ =0 (there is no absorption of neutrons in the 
nucleus), ¢=—0.10, and ¢ = —0.15. 

Unlike references 3 and 4, the present work 
takes into account the coordinate dependence of 
the wave function 4, of the u~ meson in the K 
orbit; Py was taken to be the solution of the 


Schrodinger equation in the Coulomb field of a 
point charge Ze: 


t= Va | xe", ies LIne (12) 


is the mass of the » meson. The pa- 
rameters used for the proton and neutron potentials, 
and also the values of a, are shown in Table I. 

The results of the calculations are shown in 
Table II and in Figs. 1 and 2. The quantity Wy 
shown in column 3 of Table II is the value obtained 
by integrating the quantity W)(En) over the en- 
ergy of the emitted neutron. W (Ey) as a function 
of the kinetic energy Ey of the neutron is shown 
in Fig. 1, from which we see that W)(EN) reaches 
a maximum at Ey ~ 5—10 Mev and decreases 


sharply for Ey 2 20 Mev. The calculations show 
that to accuracy 1 —3 percent 


%1 (Ev) = EV" 2Mc, —-¥ (Ev) = [71 (En) 2, 


where EQUt m,,c* — eQit_ Ew is the energy of 
the neutrino emitted together with a neutron of 
energy Ey in the absorption of the u~ meson by 
a proton of the outer shell of the nucleus, which 
had a binding energy «9H. 

Since for any reasonable choice of the quanti- 
ties A, u, and « the terms proportional to ¥1(En) 
and y.(En) in the formula for I(EN), Eq. (5), 
are small in comparison with the constant term 
independent of Ey, and furthermore in the energy 
range En XS 20 Mev the fractional changes of 
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1? Wy (Ey), Mev sec™ 
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10° Wo(Ey), Mev sec™ 
08 
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10° Wo(Ey), Mev-t sec 


FIG. 1. Dependence of the quantity W,(En) i 
on the neutron energy Ey for the nuclei C’?, 
Ne”, Si?*, S*?. Curves 1, 2, and 3 are for the 
respective cases €=0, €=-0.10, and 
Ge wis, 


10 15 20 0 


0? W, (Ey), Mev? sec} 


20 
7 


¥,;(En) and y2(En) do not exceed 20 percent and 
40 percent, respectively, the curves for W)(En) 
describe the shape of the neutron energy spectrum 
with good accuracy. 

It follows from Table IJ and Fig. 1 that inclu- 
sion of the absorption of the neutron in the nucleus 
(¢ #0) decidedly diminishes the probability of 
the direct process and smooths out the energy 
spectrum of the neutrons. The calculations show 
that the quantities B, and £, differ from fy) by 
not more than 1—2 percent. Therefore the func- 
tions K,;(Ey) and L,(En) [Eqs. (6) and (10)] can 
be represented to good accuracy by the formulas 

Ky (Ew) = Bo (Ew) K (Ew); (13) 


L, (Ew) = Bo (Ew) L (Ew), (14) 


K (Ew) = — ((— 1 + 42) + 2[— 1 + 2a 3 (x — 1) 11 (Ew) 


Sa Nee — 1) — New), (15) 
L (Ew) = —2{0A(A+ 1) +A [2(u+ 1)— x] 11 (Ew) 
+ [p? — 0 (x — 1)) v2 (Ew)}- (16) 


Thus the formulas for the angular distribution and 
the longitudinal polarization of the neutrons take 
the forms 


0 eG Z 
Ey,» Mev Ey, Mev 

q (En, ®) = 1 + PyBo (Ew) & (Ew) cos 8, (17) 

Pw (Ew) = Bo (Ey) P" (Ey), (18) 


P! (Ey) = L(Ew)/1 (Ew). 

(19) 
Equations of analogous forms hold for the quanti- 
ties averaged over the neutron energy, q(@) and 
Bl. 

We note that when we make the substitutions 
¥(Ey) — Vy = 0.053 and y2(Ey) — yi = 0.0028 
the quantities a@(Ey) and P!l(Ey) go over into 
the angular-asymmetry coefficient ay and the 
longitudinal polarization Pt, of the neutrons pro- 
duced by » capture in mesic hydrogen, as calcu- 
lated with neglect of effects of the hyperfine 
structure of the mesic atom. 

The dependences of the quantities a(Ey) and 
Pp! (Ey) on Ey are weak,* so that in the neutron 
energy range Ey < 20 Mev they can to good accu- 
racy be replaced by their average values a@ and 
p!l, The energy dependence of the angular-asym- 

*For example, for A = 1.25, y = 4.71, k =8 the difference 
between (Ey) and a does not exceed 5 to 10 percent, and 
P" (Ey) is practically identical with P". 


a (Ey) = K(Ew)/1 (Ew), 


Bo (En) ne? 
08 


BolEn) 
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20 
Ey, Mev 


FIG. 2. Dependence of the quantity 8,(En) 
on the neutron energy Ey for the nuclei C’’, 
Ne”°, Si7®, S°?. The curves 1, 2, 3 are for the 


cases €=0, €=-0.10, and ¢ = -0.15. 


o 10 15 20 
Ey, Mev 


metry coefficient and the longitudinal polarization 
of the neutrons is thus determined by the quantity 
By)(EN). As has been shown in reference 13, the 
quantity B)(EN), which takes into account the in- 
fluence of the nucleus on the angular distribution 
and polarization of the neutrons, has a simple 
physical meaning, namely 


Bo (Ew) = —|F (Ew, 8)cos8d2, | F(En, 8) dQ = 1, 


(20) 


where f{(En, #) is the neutron-neutrino angular 
correlation function, which depends on the angle 3 
between the directions of emission of the neutron 
and neutrino and the neutron energy Ey. For p 
capture in mesic hydrogen f = (27)7!6(1+ cos #) 
and £) = 1; in the case of a nucleus ‘‘localized at 
a point’? f=1/47 and £)=0. For an unlimited 
nucleus, described by the Fermi-gas model, in 
virtue of the law of conservation of momentum 
and the Pauli principle we always have cos # < 0, 
and consequently 8B) >0. For a real nucleus 
(yee ty Real 

For a concrete nucleus the absolute value and 
sign of By are determined by two factors: the 
character of the momentum distribution of the 
protons in the nucleus and the form of the inter- 
action between the emerging neutron and the nu- 
cleus. A comparison of the results of calculations 


{ — 
15 20 
Ey. Mev 


made with neglect of the interaction between the 
neutron and the nucleus (see below) and of calcu- 
lations with various values of the imaginary part 
of the optical potential shows that both of these 
factors are important. Furthermore it follows 
from an analysis of the results of calculations in 
the Born approximation for the neutron that proton 
momentum distributions that fall off monotonically 
with increasing momentum lead to positive values 
of B)(En), but nonmonotonic distributions can 
lead to values B (En) < 0. The quantities 8) and 
Bo( En) are shown in column 4 of Table II and in 
Fig. 2. 

Comparing the values of £) for different values 
of the coefficient £, we see that inclusion of the 
absorption of the neutron in the nucleus (¢ = 0) 
makes a considerable increase in the angular 
asymmetry and longitudinal polarization of the 
neutrons. This fact can be explained qualitatively 
in the following way. Using quasi-classical argu- 
ments, we can say that an increase of the imagi- 
nary part of the complex potential leads to a rela- 
tive increase of the probability of emission of a 
neutron with a large ‘‘impact parameter’’ and to 
a decrease of the probability for a small ‘“‘impact 
parameter.’’ Because of this the contribution 
from s neutrons, which are always emitted iso- 
tropically from the nucleus, is decreased in com- 
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parison with the contributions of p, d 


try of the angular distribution. From analogous 


considerations we can also understand the increase 


of the longitudinal polarization of the neutrons with 
increase of ¢. 

It must be noted that in the optical model for 
describing the scattering of neutrons the quantity 
€ is a function of the neutron energy Ey; accord- 


ing to reference 14, as Ey varies from 3 to 20 Mev 


the quantity ¢ changes from about +0.05 to about 
+0.20. Therefore the values ¢ = —(0.10—0.15) 
are reasonable average values in the energy range 
we are considering.* It can be expected that in- 
clusion of the energy dependence of ¢ would not 
cause much change in the results obtained in 
this paper, especially since, as can be seen 
from Table II and Figs. 1 and 2, the results 

of the calculations for the two different nonvanish- 
ing values of ¢ are very close together. Clearly 


more detailed calculations using an energy-depend- 


ent parameter ¢ would make sense only after the 
accumulation of sufficient experimental informa- 
tion. 

In columns 7 and 8 of Table II we present the 
ratios of the probabilities for direct emission of 
neutrons in » capture from the individual nuclear 
shells. These results show that it is practically 
only the outer shells of the nucleus that contribute 
to the probability of the process in question. The 
last two columns of Table II give the total proba- 
bilities W of the direct -capture process and 
the ratios W/Wexp, where Wexp is the total ex- 
perimental probability of uw capture in the nuclei 
considered.f The quantity W is given by the for- 
mulat 


W=G6"" I, (21) 


where T is obtained from I (En) by replacing 
yk(EN) by YK. We see from these results that the 
probability of 4 capture with direct emission of a 
neutron, for ¢=0, is ~5—10 percent of the total 
probability of 4 capture. In order to get the frac- 
tion of the total number of neutrons emitted on yu 
capture that are neutrons from the direct process, 
one must divide the values of W/Wexp given in 


Table II by the average number of neutrons emitted 


per p-capture act. 


*As was pointed out in reference 3, in the case of produc- 
tion of neutrons the sign of ¢ must be negative. 

tThe values of Wexp are taken from a paper by Sens." 

tThe calculations of W were made with the values of the 
constants that are most reasonable according to present ideas 
about p capture: 


G™) == 1,37, r= 1.25, p=4,71, %=8. 


oe DCULLONS: 
which of course causes an increase of the asymme- 
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FIG. 3. Values of W,(En) and 8,(En) as functions of the 
neutron energy Ey, calculated for the nucleus Ne”° by using 
the Born approximation for the neutron. 


Control calculations for the nucleus Ne?’ have 
shown that inclusion of the radial dependence of 
the wave function of the ~~ meson in the K orbit 
changes the coefficient By) by not more than 2—3 
percent, while the probability of the direct proc- 
ess is decreased by 20 — 25 percent. For heavier 
nuclei the decrease of the probability must be 
even larger. 

To determine the influence of the interaction 
between the neutron and the nucleus on the effects 
under consideration, numerical calculations have 
been made for the nucleus Ne”, by the use of the 
Born approximation for the emitted neutron, i.e., 
by taking the wave function of the neutron to be a 
plane wave (p.w.). The results of this calculation 
are shown in the last row of Table II and in Fig. 3. 
They differ sharply from the results obtained for 
Ne? when the interaction of the neutron with the 
nucleus is taken into account (see Table II and the 
corresponding curves in Figs. 1 and 2). Inclusion 
of the nuclear interaction of the neutron leads to a 
decrease of the probability of the process by sev- 
eral fold, a relative increase of the number of 
neutrons with smaller energies, and a consider- 
able increase of the asymmetry coefficient and of 
the longitudinal polarization of the neutrons. More- 
over, in the Born approximation the contributions 
of the various shells to the probability of the direct 
process in pw capture are comparable, and the 
probability of the direct process is much larger 
than the total experimental probability for absorp- 
tion of ~~ mesons by Ne?’ nuclei. Thus in treat- 
ing the phenomena discussed in this paper it is 
necessary to take into account the interaction be- 
tween the emitted neutron and the nucleus. 


TABLE II 

p x or Pit a W 
4,74 8 —0.45)—0.99|—0,41] 4.0 
4 8 —0}33 | —0,99|—0.30)} 0.8 
aA 0 —0.23 | —0.99 —0,21| 1.2 
1 0 == (509i (=O 299) — 0209) AO 
nonrelativ- 
eee 0.40) =0, 0910 A01L 0.9 
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FIG. 4. Dependence of values of %y on 
A= -g)/g. The first number in paren- 
theses near a curve is the value of p, and 
the second is the value of k. 


FIG. 5. Dependence of obs on X. The 
notation is the same as in Fig. 4. 
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3. COMPARISON WITH EXPERIMENT 


The quantities a and P!! [Eqs. (17), (18)] de- 
pend on the constants A, p, and x contained in 
the Hamiltonian of the weak interaction between 
mesons and nucleons. Table III shows the val- 
ues of the mesic-hydrogen asymmetry coefficient 
@y, and polarization isle Bor AX = 1.25 and four 
different combinations of values of » and x. For 
E Ten aenae we show also the values of Qy and 


y Obtained with the nonrelativistic approximation 


cc the nucleons. 

The value of A for » capture is not known ex- 
actly, but from experiments!® on yw capture in C!?? 
we can draw the conclusion that | Ay capture/ 

XB decay | * 1, and the experiments of the Telegdi 
group!’ show that A> 0. Therefore the value of 2 
used for Table III was the value for B decay: 

AX =1.25. The quantity ay does not differ from 
the asymmetry coefficient a, averaged over the 
neutron energy, for the nuclei considered here by 
more than 10 percent, and pl and Pll agree to 
within about 1 percent. The values of @ and Pll 
remain practically unchanged from nucleus to nu- 
cleus, since the values of Vk are almost the same 
for the various nuclei (see Table II). As an ex- 
ample we show in the next to last column of Table 
III the values of @ for the nucleus S**. The last 
column gives in relative units the total probabili- 
ties of » capture with direct neutron emission. 

The data shown in Table III show that for » 
= 1.25 the angular asymmetry coefficient of the 
neutrons depends fairly strongly on the presence 
or absence of the effective pseudoscalar coupling 
and the weak-magnetism term in the Hamiltonian 
for the interaction between mesons and nucle- 


FIG. 6. Dependence of the quantity %,, on k= gp (H)/ ge) 


for \ = 1.25 and two values of p. The Peruana value is 
yy) = 1. 


FIG. 7. Dependence of 
ee on x. The asymptotic 
value is Py (oo) = 0. 


ons. At the same time the longitudinal polariza- 
tion of the neutrons remains constant in all of the 
cases considered, and the total probability of the 
direct process does not change by more than 20 
percent. 

Figures 4 and 5 show ay and er as functions 
of A for 1 =1 and 4.71 and x =0 and 8. The 
dependence of ay and Pi, on k for X=1.25 and 
these same values of » is shown in Figs. 6 and 7. 
As can be seen from Figs. 5 and 7, Pi, = 1 for 
0.755 AS 2 for all reasonable values of uw and 
k. Because of this it is possible to get values of 
Bo directly by measuring the longitudinal polari- 
zation of the neutron, Pll = = BoP!! = = ByP |. Com - 
parison of values so obtained with the calculated 
values of Bo will make it possible to judge the 
applicability of the model we have adopted and the 
correctness of the choice of the parameters. 
Knowing oy one can use the experimental value 
of the asymmetry, a= PuBoe, to determine @ 
and obtain information about the quantities A, yu, 
and xk. 

When the possibility of absorption of the neu- 
tron in the nuclear matter is taken into account 
(¢ #0), one finds for the nuclei considered in 
this paper f ~ 0.4—0.6. Therefore it is to be 
expected that the longitudinal polarization of the 
neutrons will be Pll. ~ 0.4—0.6. If we use for 
P,, the values obtained by Ignatenko and others® 
(Py ~ 0.15 —0.20), then in the case that is most 
probable from the point of view of the present 
theory (A =1.25, p = 4.71, x = 8) we get for the 
total angular asymmetry coefficient a the value 

~ —(0.03—0.05). For other values of » and 
kK (see Table III) there will be correspondingly 
smaller values of a. 

At present there are two papers on measure- 
ments of the asymmetry of the angular distribu- 
tion of the neutrons emitted from nuclei in yp cap- 
ture (there have been no experiments so far on 
the polarization of the neutrons from wu capture). 
Astbury and others’? have studied the anisotropy 
of the neutrons emitted in p capture by Ss") The 
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experimentally observed angular distribution of 
the neutrons is of the form 1 + Py Bya® cos 6, 
where the factor ® allows for the presence of an 
isotropic background of evaporated neutrons. For 
the quantity Boa the authors give the value 
Boae = = —0.30+ 0.12. Since 6 <1, this number 
is an upper limit for Bod. 

According to Table II we have for the nucleus 
s** with ¢ = 0 the value Bo =~ 0.5—0.6, so that 
according to our calculations the upper limit for 
@ is max * —(0.5—0.6) + 0.2. Of the cases 
shown in Table III the one that comes closest to 
this upper limit is that with » = 4.71 and k =8. 
For all the other cases in Table III the theoret- 
ical values of @ differ from the average value of 
the upper limit by more than the experimental 
error. A crude calculation of the quantity ® 
(@ ~ 0.7)! leads the authors to the estimate 
Boe ~ —0.4, which is also closest to the value of 
@ predicted by the theory of the universal Fermi 
interaction with conserved vector current when 
one includes an effective pseudoscalar interaction 
with coupling constant gf) = = sg). 

Baker and Rubbia?’ have measured the asym- 
metry in the angular distribution of the neutrons 
with energy Ey > 5.5 Mev emitted in yp capture 
in magnesium. The value found for Ba is 
+ 0.15 + 0.11, which differs both in magnitude and 
in sign from the results of Astbury and others" 
and the expected theoretical values. Although we 
have not made numerical calculations for uw cap- 
ture in magnesium, it is to be expected that the 
coefficients By and yk for Mg’‘ are close to the 
corresponding values for Si?*, since these nuclei 
are very similar in structure and the binding en- 
ergies of the outer protons are almost identical. 
Therefore it is hard to explain the results of Baker 
and Rubbia from the point of view of present ideas 
about pw capture. 

In conclusion we express our sincere gratitude 
to Professor I. S. Shapiro for a discussion of this 
work. 
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Mandelstam’s method for the calculation of the scattering amplitude! is extended to the case 
of two interacting neutral scalar fields describing particles with masses m and M subject 
to the condition mV3 > M > mV2. The anomalous singularities of the amplitude which appear 
as a consequence of the indicated relation between the masses are taken into account. Con- 
ditions for the extension of the method of the present paper to more complicated cases are 


indicated. 


1. INTRODUCTION 


Manprisra M’S method of calculation of the 
scattering amplitude! appears to be very promis- 
ing at the present time. It is interesting to extend 
it to the case where the amplitude has anomalous 
singularities. This is connected with two diffi- 
culties. First, the Mandelstam representation of 
the scattering amplitude must be generalized. 
Second, the unitarity conditions do not determine 
the discontinuities of the scattering amplitude along 
the cuts coming from the anomalous singularities. 
The first difficulty can be overcome with compara- 
tive ease if the anomalous singularities are of the 
simplest kind. In the present paper we consider 
just this case on the example of two interacting 
scalar fields. Methods for dealing with the second 
difficulty have been pointed out in the papers of 
Mandelstam? and Cutkosky.? 

We shall use the method of Cutkosky,® in which 
the expressions for the discontinuities along the 
above-mentioned cuts are obtained from an analogy 
with perturbation theory. As a result, we obtain 
certain integral equations that are solved by ex- 
panding in powers of the coupling constant. This is 
equivalent to summing a certain class of Feynman 
graphs. This class includes the same graphs that 
are accounted for in the Mandelstam method in the 
absence of anomalous singularities.‘ It can be 
easily seen from the subsequent considerations 
under what conditions the results obtained can be 
extended to more complicated cases. 


2. MANDELSTAM-TYPE REPRESENTATION FOR 
THE SCATTERING AMPLITUDE 


Let us consider a system of two neutral scalar 
fields describing particles with masses M and m. 
We shall denote these particles by the letters a 
and b, and represent them in the graphs by means 
of straight and wavy lines. In order that the scat- 
tering amplitude have anomalous singularities, we 
subject the masses of the particles to the condition 


M>myV2. (1) 
On the other hand, the method explained below is 
applicable only if 
mV3>M. (2) 
To simplify the derivations, we assume that the 
even more restrictive condition 
2m sin 50° > M (3) 
is fulfilled. The meaning of inequalities (2) and (3) 


will be explained below. 
The following reactions can take place in this 


system: 


at+ava+a, (1) 
ataa-+b, (II) 
a+a7b+6, (II) 
B07 OE} (IV) 
b+ b> b+- 8. (V) 


The other possible reactions are obtained from (I) 
to (V) by interchanging the initial and final states 
of the particles. 
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We can easily see from a consideration of the 
graphs of perturbation theory’® that only the am- 
plitudes of the processes (I) to (III) contain anom- 
alous singularities under the conditions (1) and (3). 
These singularities correspond to the graphs 
shown in Fig. 1 and to graphs obtained from the 
former by interchanging the single external par- 
ticles. It is evident that the graphs obtained from 
those mentioned above by replacing the vertices 
by arbitrary graphs also contain anomalous sing- 
ularities. Graphs of this type will be called deriv- 
ative grapns. 


Yi 


My d 


FIG. 1 


We shall make the basic assumption that only 
the graphs enumerated above contain anomalous 
singularities.* The correctness of this assumption 
can be easily verified for all graphs of the ‘‘tri- 
angular’’ and “‘quadrangular’’ type.f It can also 
be justified for other graphs of the simplest type 
(in particular, for the graphs shown in Figs. 5 and 
6, see below). This assumption plays the same 
role as the assumption of the validity of the Man- 
delstam representation in the case when the sim- 


plest graphs do not contain anomalous singularities. 


It is known that the Mandelstam representation 
for the amplitude can be preserved in the presence 
of singularities in the graphs of Fig. 1 b, c, andd 
and their derivatives, if the lower limits of inte- 
gration are changed.’ We shall call the resulting 
representation a Mandelstam-type representation. 
The only singularities not accounted for by this 


*We shall call anomalous all those singularities which are 
not taken care of by the Mandelstam representation with the 
usual limits of integration. 

tThe class of graphs of the ‘‘triangular’’ and ‘‘quadrangu- 
lar’’ type also contains those graphs in which one or several 
sides consist of an arbitrary number of parallel lines (e.g., the 
graph of Fig. 2b below). 


Vin cA eee AY NUS 


representation are the proper singularity* of the 
graph of Fig. 1 a and the corresponding singulari- 
ties of its derivative graphs. These singularities 
appear only in the scattering amplitude of process 
(I). Using the results of Cutkosky,? we can separate 
out of this amplitude the term which contains these 
singularities, and calculate it exactly. It is easy to 
do the latter by estimating the magnitude of the dis- 
continuity along the cut coming from the proper 
singularity of the graph of Fig. 1a. Each of its 
derivative graphs gives a contribution to this dis- 
continuity. According to the results of Cutkosky, 
this contribution is equal to 


Fm = Sas i\ dal (43, qa) Ly (44; 91) 


4 
XT (qas go) Pm (ges 9s) I] 8 (92 — m*), (4) 
r=1 
where Tj (djs q,) are the contributions to the cor- 
responding vertex parts from the graphs substi- 
tuted for the vertices in the graph of Fig. 1. 

The internal momenta q,. in formula (4) must 
be expressed in terms of the external momenta 
pj; and the momentum q; with the help of the 
conservation laws. 

Here and in what follows we assume that the 
solution of the system of equations q?. wnt 0) 
(in terms of the components of the vector q,) 
gives a contribution to integrals of the type (4) 
also in the case when the roots of this system are 
complex. In this case we must regard expression 
(4) as the analytic continuation of a similar inte- 
gral in terms of the masses of the particles from 
the region where the corresponding roots are 
real and satisfy the conditions q? > 0, qy9 > 0. The 
roots satisfying the inequalities q? aU aig 00 
are not taken into account. 

The total magnitude of the discontinuity along 
the cut is obtained by summing expressions of the 
type (4) for all derivative graphs formed from the 
graph of Fig. 1 a. This magnitude is evidently also 
given by formula (4) if each of the functions Jj is 
replaced by the full vertex part I’. Since the argu- 
ments of the functions I in the integral (4) always 
correspond to the physical values of the masses 
of the particles, we can set 


Ni Tia (5) 


where 7; is the renormalized constant of the 


*A singularity is called the proper singularity of a given 
graph if it does not appear in the graphs obtained from the 
former by the addition of arbitrary vertices. 


tThe scattering amplitude is normalized in the same way 
as in reference 1. 
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coupling of a single particle a with two particles 
b.* This leads to the following formula for the 
total discontinuity along the cut: 


4 
Fe — — itt, \dtqn IL 8 (q2— me). (6) 
T=1 
Thus the discontinuity is determined only by the 
graph of Fig. la with the renormalized coupling 
constant. The contribution of this graph as well 
as of the two others that are obtained from the 
former by interchanging the external particles 
can be calculated exactly. Let us denote the sum 
of these three contributions by a. Then the quan- 
tity Al _ a, where Al is the scattering amplitude 
of the process (I), fulfills the requirements of the 
Mandelstam-type representation.t 
We note that, if we disregard condition (3) while 
keeping condition (2), a similar subtraction must 
be made for the process (II). This is due to the 
circumstance that the graph shown in Fig. 2 a in- 
troduces a proper anomalous singularity. If we 
also discard condition (2), anomalous singulari- 
ties from the graph of Fig. 2 b will appear, which 


— 


ve ° 
ee \ 
a a ne b 
PIGa2 


cannot be separated by the described method. 
Returning to the case where condition (3) is 
satisfied, we can write for the amplitude of the 
process (I) the Mandelstam-type representation 
aia ii 
A’ ($1, Sa, 3) = @ (81, Sz, $3) 4 2 ia > Wie 


Hal 
+ 


s (( ae (s, 0’) ds do’ (7) 


i,k y's Cer aL, 
0 °0 
Si PPI PP EE 


Here the A are certain spectral functions which 
satisfy e (0, 0’) = Ane (o’, 0); Yoq and y39 are 
the renormalized constants of the coupling of two 
particles a with a single particle b and of three 
particles a among themselves. The variables sj 
are given by 


*Here and in the following we use coupling constants de- 
fined in such a way that the coefficient of the interaction 
term in the Hamiltonian is equal to yj,/i!k!, where i and k 
are the numbers of identical operators in this term. 

+We note that the derivative graphs of the graph of Fig. la 
do not contain proper singularities, as can be easily verified 


by the Landau method.° 
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Sy = (Pp: + p)?, So = (py + pa)’, 


Ss = (~1 + Ps)”, (8) 


where the pj are the momenta of the interacting 
particles (see Fig. 1 a). The quantities S; are 
connected through the relation 


S; +S, + ss = 4M?. (9) 


The integration limit sg in (7) is determined by 
the anomalous threshold of the graph of Fig. 1 b, 
and is equal to 


So = M? (4m? — M?) | m’. (10) 


Here and in the following, we shall, for simplicity, 
not carry out the subtractions necessary for the 
convergence of the integrals in formulas of the 
type (7). These subtractions can be performed in 
the usual way. We note that all functions Al, are 
equal to each other by virtue of the symmetry 
conditions. 

Formulas of the type (7) without the term a can 
also be written down for the amplitudes of the pro- 
cesses (II) to (V). Here the usual Mandelstam repre- 
sentation is valid for the processes (IV) and (V). 


3. INTEGRAL EQUATIONS FOR THE SPECTRAL 
FUNCTIONS 


In the following we shall require functions that 
are defined by 


L 2 
AW (s:, 8;) = AS (si, 8;, Se) = Al? (s:, 5), 4M? — s; — 5;) 
co 


{ A‘) (s;,,9) AS? (s,, 9) 
=+ \ [ / pee ac. (11) 


ye 


The values of the indices i, j, k are obtained by 
cyclic permutation of the numbers 1, 2, 3; the in- 
dex I takes on the values (I) to (V) which denote 
the type of reaction. For the reactions (II) to (V) 
the quantities 2ia(?) are equal to the discontinui- 
ties of the amplitude on the cuts in the planes of 
the variables s;. The functions 2ial are equal to 
the corresponding discontinuities of the quantity 
me — a. 

For the derivation of the integral equations we 
must express the functions A}"’ in terms of the 
amplitudes of the different processes. We shall 
consider these expressions only for the discon- 
tinuities of the amplitude Al. The relations for 
the other amplitudes will have an analogous form 
with a number of simplifications due to the absence 
of the term a(sj, So, S3). Let us consider first of 
all the discontinuity along the cut in the s; plane 
from So to 4m”. We note that only two graphs have 
a proper singularity at s,; = So: the graph shown in 
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Fig. 1 b and the graph obtained from the furmer by 
the interchange of particles p,; = ps, Py = Py. 
All graphs derived from these two graphs give a 
contribution to the discontinuity along the cut 
coming from this singularity. According to the re- 
sults of Cutkosky,? the contribution from any graph 
derived from the graph of Fig. 1 a is equal to 


1e 
FR) = — On \ d*q,0; (Gis G2) Pe (Gas 9s) 
3 


* Bi (41s 93» P1) lI ) (q? = m*). 


r=1 


(12) 


Here the IT; have the same meaning as in (4), and 
Bj is the contribution to the vertex part connecting 
four particles from the graph substituted in the 
graph of Fig. 1 b in place of the corresponding 
vertex. We regard the internal momenta q; as 
being expressed in terms of the external momenta 
pj and the momentum q, with the help of the con- 
servation laws. 

Repeating the considerations leading to formula 
(4) and noting that the total vertex part B connec- 
ting four particles is equal to the scattering am- 
plitude AU! for values of the arguments correspon- 
ding to the masses of the real particles, we obtain 
the equation 


I 
Aj (81, S2, 83) + Gy (S4, Sz, S3) 


ee. 
1Yi9 


3 
a ee | \ d*g,A™ (Sy, Ses en) ll 6 (q? a m?) 
t=1 


3 
+ \atq.a™ (s,, 82,83) I] 8(q2— my]. (13) 


i) 
Here 


S, = (Pa — 9s)”, S, = (Pa-+ 91)", 


Ss, = (pit qs, S3 = (pi — 41); 


2ia, is the discontinuity of the quantity a(s4, Sy, 83) 
along the cut in the s, plane. The quantity s, lies 
between the limits sy and 4m’. The second term 
on the right-hand side of (13) comes from the graph 
obtained from the graph of Fig. 1 b by interchanging 
the particles. By following the path of the cuts we 
can verify that the complex conjugate value of Alll 
must be used in this term. This has been accounted 
for in formula (13). 

Using a representation of the type (7) for the 
amplitude All and the relation (11), we can write 
this amplitude in the form 

3 


3 
Au (Sinss, Se) = Ss ie 5 ia 
Nf) Peed) 2433 se m — G | ry ie 8) 


lee) 
\ 4 ( ae (G, Sy) 
a 8 | 6 ——So 


4m? 


Al (6, s1) 
: ~|ds, (14) 


Cy —at) 
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Let us substitute this result in (13) and let us con- 
sider the various terms of the resulting expression. 
The terms coming from the poles of A™~ in the 
variable s, give a contribution only to the subtrac- 
tion terms, which we do not write down explicitly. 
The poles of AUI at $5 = m, $3 = m?, and sy = m?, 
s¥ =m? give rise to a term which cancels the term 
a1(S4, So, S3), aS can be easily verified. As a re- 
sult we obtain the formula 


All (51, Sa, 83) = 272,12, [9 (Si, Sei. M?) + 9 (81, 88; M?)] 


by 22) F 
+ U8 ( (CAP (6, 51) + A” (6,81) © (6u 825 9) 
4m* 


+ (AB (6,51) + As” (5, 81))9 (81555; 9) ]do, (15) 
where 
(Si $235) = — 
. 5 (gi — m®) 8 [(q1 + ps)? — m?) 6 [(q1 + Ps + pa)? — m?) 
x\ we (q1 — P2)®—s 


(16) 


The function 2ig is equal to the discontinuity of 
the Feynman integral corresponding to the graph 
of Fig. 3 along the cut coming from the singularity 
at S, = So. 'One of the masses of the internal par- 
ticles in this integral is equal to Vc. As has been 
shown by Cutkosky,? the function g has a singu- 
larity which coincides with the proper singularity 
of the graph in Fig. 3. The discontinuity of the 
function 2ig along the cut coming from this sing- 
ularity is the same as the discontinuity of the 
above-mentioned Feynman integral and is equal 
to 


— 4F (Si, 93 0, m®) = — i dtqy8 (q8 — m*)8 ((q, + 5)? — mI 
< 8[(91 + Ps + pa)? — m?] 6 (91 — pa)? — s]. 


An explicit expression for the function f was ob- 
tained in references 1 and 3. 


(17) 


Ds p, 


FIG. 3 


The singularities of the graph of Fig. 3 are 
shown in Fig. 4. The region in which the function 
f is different from zero is shaded (simple and 
double shading). For comparison, the boundary 
of the corresponding region in the case when there 
are no anomalous thresholds is indicated in the 
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FIG. 4 


same figure by a dotted line. It should be empha- 
sized that the graph of Fig. 3 has no singularities 
which violate the Mandelstam-type representation, 
since owing to condition (2) 


Vso>s,>M. 


The singularities of the graph of Fig. 3 have been 
analyzed in detail in the paper by Tarsky.! 

On the basis of the preceding considerations we 
can write 


(18) 


o, (s1) 
, A 
9 (Si, S33 5) = x \ 


3, (si) 


f (si, 95 er) gen 
6’ — So 


(19) 


where the integration goes over the region in which 
the function f is different from zero (doubly 
shaded region in Fig. 4). 

Substituting (19) in (15), we find, for so < s; < 


4m? 
oy (S1) 
1 Be CSD (Sn SD 
Aj (S1, Se, $3) = a ds [ S = A — |, (20) 
o, (S1) 
Quit (9’, 51) = QS? (0’, 81) = 2vi2%af (Si, 05 M?, m*) 
Ye 
2 * 
car \ (Ae (es) A, (6, 5) 
4m? 
=e AL (s, ae: boat (6, S,)] f (S1, 6°; 6, m?) do. (21) 
B Perle of the symmetry conditions, eo nee 8,;) = 


Au Yio; s;). This has been used in the derivation 
of formulas (20) and (21). 

Comparing (20) with (11), we conclude that for 
Sq < 8; < 4m? 


Al (Se, S1) a OG, S1), (22) 


Aa (S3, S1) = a (S3, S1)- 


Let us now turn to the discontinuity of the am- 
plitude Al along the cut in the s,; plane from 4m? 
to ©, which is determined by the unitarity con- 
dition. As usual, we shall consider in this rela- 
tion only intermediate states with two particles 
and that part of the contribution from the remain- 
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ing intermediate states which is necessary to 
satisfy the conditions of crossing symmetry. In 
this case we have, for 4m? < s, < ~, 


I 
Ay (Si, Ss, S3) = Gi (Si, Se, S3) ale D} (si, So, S3), 


I I ( yvi* aN tet 2 OS 
Ci (S1, S25 83) = &1 (51) \ A’ (Su, 52, 8) A” (51, 55 89) 


(23) 


II II* BN Be Il 2) eR ra} 
St (s)\ A (Si, Se, $3) A (1, So, Se) 


+87 (5,)( AU (a, 5h, 59) AM 


non dn 
(Si, Se, Ss) An 


— Gy (Sy, Sg, 83) + A’, (51, So, S3); (24) 


I I * , , ” we 
D, (81, S2, 83) = &} (81) \ [a (51, 82, $3) A(S1, Se, S3) 


* , , I ” ” 
+4 (51, S2, 83) A” (S1, Se, $3) 
"1G Hil Cr 1A Ie 


I* , , s 
tA” (S14 SanS5) ak MIN WUT 9 (25) 


Here 


Pe => A! —— CL, So == (Da Fe Gs)", Se —— (Pa ie qi), 


Se == (Pps gs) ss == (Pi gay} 


q; and qs are the momenta of the particles in the 

intermediate state; dn is a surface element of the 

unit sphere in the space of the momenta q, in the 

center-of-mass system, A’(sj, S2, S3) and A”(s, 

Sj, S3) are the included parts of the contribution 

of intermediate states with more than two particles. 
The quantities ll (s;) are equal to 


eG) = Ia ee SV (5, — Ss” VlOmv s), (26) 
where 
vy} #5 vill a 2 ms el 1 si pa sane 0, 
eee Tit). s| =4M?, si = (M i tN Sat = 4m’. 


Expression (24) for cl can be transformed in the 
same way as in the case when there are no anom- 
alous thresholds.'~* We shall consider only the 
third term of this expression, subtracting from it 
the quantity a;(s4, So, S83). After this subtraction 
the eon ue) of this term to the spectral func- 
tion A3, is equal to* 


Gy (Sg, $1) = Qyioval (Si, Se; M?, m?) + sof (Si, S23 M?, M?) 


se i | do[ Al" (s, s:) + Aa” (6, 81) 


at: 


*Our function f is related to the function I’, used by Ter- 


Martirosyan* by 
4 
f (si; So; 6’, 6”) = 167 Ty (’, Gas Se, $1). 


The amplitude Al in our work differs from the amplitude used 
in reference 4 by the factor (1/32)z. 
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AMG sy As, (6; SiN) (Sr Son, mt) 


+ a ( dol Ai(s, 1) + As" (6, 81) + Aa (6, 51) 


5 
4m? 


BO Aya (Os sa)lt (619925013) 


CO co 
fr ‘ IIM 
+ sez \ \ do'do” [A2™ (9’, 81) Aa” (0", 81) 
ZI" A 
am? am? 
Peas (e None (64 8x41) (oi, 82100. (27) 


Comparing (27) and (20), we easily see that (21) 

is the analytic continuation of (27) into the region 
Sy < S;<4m?. Here we must take account of the 
fact that in this region only the terms containing 

£( Sy, So; Mu, m?) and f(s, S93 0, m? ) are differ- 
ent from zero. Thus the discontinuity of the func- 
tion A! — a on the cut from Sy to 4m? in the s, 
plane is treated correctly if we continue expres- 
sion (27) into the region where the corresponding 
functions f are different from zero. The same 
result can apparently be obtained by analytic con- 
tinuation in the particle masses of the correspond- 
ing relations derived under the assumption that 
there are no anomalous thresholds. This procedure 
has been pointed out in the paper by Mandelstam.” 
The result does not depend on the specific model 
that we have chosen. It holds in all cases involving 
anomalous thresholds connected with graphs of the 
triangular type (Fig. 1 b, c, d), while the proper 
singularities of the graphs of quadrangular type 
are excluded. 

Returning to the consideration of the spectral 
function A,,, we note that the expression (27) must 
be supplemented by terms deriving from the uni- 
tarity condition for the second channel (where sy» 
is the energy ).* The common contribution to the 
spectral function from the third term of (24) and 
the analogous term entering in the unitarity condi- 
tion for the second channel, is equal to 


Mlle Ill 
Way (Sa, $1) = Qa (Se, $1) + ok (S1, Sg) 


a Yaoi (Si, So} M?, M?), (28) 


III : ; ate 
where Qj) (Sy, S2) is obtained from the unitarity 
condition for the second channel in the same way 


as (27) is obtained from (24). By virtue of the sym- 
metry conditions 


Or (a ne N= Ost (a'hs6"): 


In a similar way, but without the complications 


(29) 


*In formula (24) the corresponding terms are included in the 
quantity A‘(s,, s,, s,). The problem of accounting for these 
terms has been discussed in detail by Ter-Martirosyan.* 


Vivek. FRANK E 


connected with the freee ak ee we can 
find the quantities wi Sj, 5.) and Wi (sj, Sx), 
which represent the contributions of the first and 
second terms of expressions of the type (24) to 
the spectral Fup Chey Aik: The total contribution 
of the quantity ch Sj, Sg, S3) to the spectral func- 
tion is given by the formula 

Ill 


Ch (Si, Sr) — > wy? (S;, Sa). 


i=I 


(30) 


Let us now consider the function phi S14, Sy, S3), 
which is given by formula (25). In correspondence 
with (7) and (11), we write Aly S;, Sg, S3) in the 
form 


3 9 3 2 
aes T 
Bi 21 30 
A (Ss, S23, Ss) 24) fy, os M2—s; 
co I I 
1 A, (6, 1) | A3(6, si) | 
+4) (48+ SS |e bee 


Let us substitute this expression in (25). Under the 
integral sign we have 
d d4 2 

£1 (S1) =~ = a OG — 
where q, and q3; are the momenta of the interme- 
diate particles. As in the derivation of formula 
(15), the poles at s,; = m? and S;= M? in the am- 
plitude A’! give a contribution only to the subtrac- 


tion terms, which we do not write down explicitly. 
As a result we obtain the formula 


M?) 8 (q3 — M?), (32) 


I 
Dj (81, S2, Ss) = Pz (S1, Sa, $3) 
aI Wer [1 (S1, Se, S33 17") +- Py (Sy, Se, S33 m?)] 


alin Ys (9: (S1, Sg, $3; M?) + @1 (Si, Se, $3; M?)] 


+ ae ds {{A3(6, 81) + Aa(9, Si)1 91 (S15 Sey $55 9) 


So 


+ [Ab (6, $1) + As (6, 51)] G1 (Si, Se, $35 6)} 


=e Ay (Si, Sa, Ss); (33) 


itis Sp» $3) 8 (af — M?) 8,(q3 — MP) 


1 (S1, Se, S33 6) = Snt sory d‘q,, 
(34) 
{ i Foe ay 
G2 (Si, So, Ss) = 1672 \a (Si, So, S3) a(S, S2, Ss) 6 
x (qi — M?) 6 (q3 — M?) d4qy. (35) 


Here we have used the same notation as in for- 
mulas (23) to (25). 

As pointed out earlier, the quantity a repre- 
sents the sum of three Feynman integrals. These 
integrals correspond to the graph of Figs lea and 
two others which are obtained from the former by 
interchanging the external particles. Taking this 


METHOD FOR COMPUTATION OF SCALE ERING AMPLITUDES 


P3 9) 


1275 


1 
Y3 
c 
Py Pa Ps My Pr Py 
Ps Y 
raf 
l 
Vo 
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into account and using the results of Cutkosky,?® 
we readily conclude that the function 2ig,( $j, So, 
S3) is equal to the sum of the discontinuities of a 
number of Feynman integrals on the cut coming 
from the singularity at s, = 4M’. Five graphs give 
a contribution to this sum: the three graphs shown 
in Fig. 5 a, b, and c and the two graphs obtained 
from the graphs of Fig. 5 a and b by interchanging 
the external particles. Analogously, the function 
212( S14, Sp, S3; ©) iS equal to the sum of the dis- 
continuities of three Feynman integrals along the 
cut coming from the singularity at s, = 4M’. These 
integrals correspond to the graphs shown in Fig. 

6 a and b and the graph obtained from the graph 

of Fig. 6 a by interchanging the external particles. 
The dotted line in this figure represents a particle 
with the mass Vo, where Vo > m. 

By the method proposed in the paper of Landau® 
we can verify that, in accordance with our initial 
assumption, the graphs of Figs. 5 a, b, c and6 a, b 
do not contain singularities that are not accounted 
for by a Mandelstam-type representation. We can 
therefore write down such a representation for the 
above-mentioned Feynman integrals. According to 
the results of Cutkosky,? on the other hand, all 
singularities of the functions gy; and g, are 
simultaneously singularities of any one of the 
above-mentioned Feynman integrals and lie in 
the region s; = 4M’. The discontinuities of the 
functions 2ig, and 2ig) along the cuts coming 
from these discontinuities are equal to the sums 
of the discontinuities of the corresponding Feyn- 
man integrals. 

Repeating the general considerations leading 
from formula (7) to the equalities (11) and (31), we 


P Pe 


readily conclude that the functions gy, and g, can 
be represented in the form 


P1 (Si, S2, $33 6) 


co 


=e He (s1, 9’, 9) i (S1, 5’, 6) ' 
alan \ (= + So |as “ (36) 
(2m+ Vo)? 
4 Pio) — @6uo)7,, 
2 (S1, So, Ss) = | 5 Gas |ae 4 (37) 


16m? 


Since fi. and i are expressed in terms of the 
discontinuities of definite Feynman integrals, 
they can be computed without any principal diffi- 
culties (in any case, by numerical methods ). 

Substitution of (36) and (37) in (33) leads to the 
equality 


co 
1 F ait Ww f. V ie 
Di (Sy, S2, S3) = \ do ees 2 - af =! | 
% (S1) 

aE NG (Sty SatSe)) (38) 
Vas (Si, 51) = he (Si, Si) ie (ie (Si, Sie) 

a Ge cum ieee (Gr on ee) 

+ fi? (Si, 55 MY] 

‘ acl : * 

— =\ ds ((A2(9, 81) + Ad(s, 51)) fi?” (Si 815 9) 

DMCA, (6; Si) As (on5i)ife (Sy sho) (39) 


WheLemIlE——Z role 

The functions Vj,(8;, 8;) are different from 
zero only for s; > 9m?, ee 4M’. If we add to 
expression (38) the terms obtained from the uni- 
tarity conditions for the other channels, we find 
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that the contribution from Di Si, Sy, S3) to the 
spectral function A9;(S»2, 8,) is equal to 


Dot = Voy (S2, $1) + Vie (S1; S2), (40) 


where Vj. is obtained from the unitarity condi- 
tions for the second channel in a similar way as 
in the case of V2; (Sq is the energy). By virtue 
of the symmetry of our problem 


Vai (65 6 == Vig (6 po ). (41) 
The total value of the spectral function ie is, ac- 
cording to (30) and (40), equal to 


Ill 
AN Gas) = Ve Desi, (42) 
= 


where wh?) and ph, are defined by (28) and (40). 
Similar expressions can be found for all spectral 
functions of each of the five scattering amplitudes. 
Together, these expressions form a complete 


system of integral equations for all these functions. 


In conclusion we note that for the extension of 
this method to any more complicated cases it is 
necessary and sufficient that all graphs of the type 


Vi oA EDGR A INU Ts 


of Fig. 2 b (quadrangles with sides consisting of 
several parallel lines) have no singularities which 
cannot be dealt with by a Mandelstam-type repre- 
sentation. All anomalous singularities of graphs 

of the quadrangular type with sides consisting ofa 
single line can be separated out of the amplitude 
and be accounted for in the manner described above. 
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Expressions for all coefficients characterizing polarization phenomena in the Compton effect 
have been derived in terms of form factors that enter in the scattering amplitude. Relations 
derived from the invariance of the scattering amplitude under time inversion and also from 
crossing symmetry are established between these coefficients. The relations derived have a 
relativistically invariant form. The results obtained are employed to compute the polariza- 
tion of recoil electrons produced in the scattering of unpolarized photons on unpolarized 


electrons. 


INTRODUCTION 


A study of the polarization in the Compton ef- 
fect makes it possible to determine experimen- 
tally the scattering amplitude or to compare with 
experiment the amplitude calculated, for example, 
with the aid of the dispersion relations. For this 
purpose it is necessary to express various quan- 
tities, which characterize the polarization phe- 
nomena, in terms of the form factors that enter 
in the scattering amplitude. These quantities will 
henceforth be called polarization coefficients; 
they are defined by the formulas in (6). 

Expressions for the simplest polarization co- 
efficients (a, 1, and cl in our notation) in terms 
of the form factors were obtained by Lapidus! and 
Lapidus and Chou Kuang-Chao,’” who used non- 
covariant notation. It was also shown that in scat- 
tering of unpolarized particles the expressions for 

polarization of the nucleons and photons in the 

final state coincide with the expressions for the 
contribution made to the cross section by the po- 
larization of the corresponding particles in the 
initial state, this being a consequence of the inva- 
riance under time inversion (T invariance). In the 
non-covariant form, the question of the connection 
between the polarization phenomena, which follows 
from the T-invariance, was investigated in general 
form by Shirokov’ and by Belen’kii et Ailing 

In Sec. 1 of the present paper we obtain ina 
relativistically-covariant form all the relations, re- 
sulting from T invariance, between the polariza- 
tion coefficients for the Compton effect, including 
those obtained earlier in reference 1. We also in- 
vestigate the relations that follow from the cross- 
ing symmetry and charge conjugation. In Sec. 2 


we obtain expressions, in terms of the form fac- 
tors that enter into the scattering amplitude, for 
all the polarization coefficients, some of which 
were known before.!*? In Sec. 3 the formulas ob- 
tained are used to calculate the polarization of the 
recoil electrons in scattering of unpolarized pho- 
tons by unpolarized electrons. 


1. CONNECTION BETWEEN POLARIZATION 
PHENOMENA 


The matrix element of the Compton effect on the 
nucleon will be written in the form 


Sip = ney 2 (p') Spy 4 (p). 
Here and henceforth we shall use the following no- 
tation: ey — polarization vector; k — photon mo- 
mentum; p— momentum; E—energy; M— nucleon 
mass. The primes denote the final state. The po- 
larization of the nucleons is characterized by the 
density matrix? Py: 


Py =*/a(1 + 2Z)n™ (p); 


: M — ip 
Dp = 175 ps 


n (—) =e te 


We 


where Z,, is the 4-vector of nucleon polarization 
and 7‘*) is the operator of projection on a state with 


positive energy. 
The polarization of the photons is described by 
the following density matrix® 


py = 1/,(1 + §*), 


where gl are Stokes parameters and 7! are Pauli 


matrices. 
The polarization matrix of the density of the 


final state has the form 


1277 


1278 


(P; ua 
(M — ip’) S,, 1+ &t)yg (1 + BZ) (M— ip) Sag (M — ip')te 
2E‘Sp {S,, (1+ &t)yg (1 + BZ) (M— ip) Sg, (M — ip’) (1) 


here Sigg = yaSqpy4: | 
It will prove to be more convenient to rewrite 
(1) ina more symmetric form, using the equalities 


(M — ip)? = 2M(M—ip), 
(1 + 32) (M— ip) = (M— ip) (1 + 22). 


We then obtain the following quantities for the va- 
rious polarization phenomena: the differential 
cross section 


ds/dQ ~ R = Sp {((M — ip’) Sy, (1 + Es)va (M — ip) 

x (1 -- BZ) (M — ip) Sp, (M — ip’)}; (2) 
the polarization of the scattered photons 
&7 R = thy Sp ((M — ip’) Syy (1 + §t)va (M — ip) 

x(1 + 2Z) (M— ip) Spa (M — ip’)}; (3) 
the polarization of the recoil nucleons 
Z;,R = Sp (2a (M — ip’) Suv (1 + &s)og (M — ip) 

(1 + 2Z) (M — ip) Sa, (M — ip’)}; (4) 
and the polarization correlation 
Qi R = th, Sp {E, (M — ip’) Say (1 + Bs)vp (M — ip) 

(1 + 3Z) (M— ip) Spa(M — ip’)}. (5) 


Let us rewrite (2) — (5) by introducing several 
polarization coefficients: 


R = a'tc ES + DeLee Ue 25, 

EPR= fl + he + on Z, +B Za, 

Zeeman im Eat tine Leck (Gin e Las 

OR yO Be MeL ct Uric k’ Zu: (6) 


The formulas that determine these coefficients 
follow from (2) —(5). The experiments by which 
these coefficients are measured are also clear. 
In order to obtain the relations between the po- 
larization coefficients we make use of the inva- 
riance of the scattering amplitude. Inasmuch as 
the time-inversion operation is equivalent in the 
case of the Compton effect to the product of the 
crossing-symmetry and the charge-conjugation 
transformations, ° we Shall henceforth take T in- 
variance to mean the invariance of the scattering 
amplitude with respect to the product of these two 
transformations. We therefore have® 


Spy (PD, joke k, es) = Sa (p, p —, he), 
Ge (p, p, k, k’) = Sa3 (p, p’, —Rk’, —k); (7) 


GV 2 PRO sO-V. 


Suv (p; p's By B') = CSav(— P, = Py Ry RV EM, 

San'(p, Picky B= CSea = pe ae Cameo) 
Sus (Di) fy ky B= CSux( 2, By a a) ae 
Spa (p, p', ky k’) = CSip(—p’, —p, —k', —k)C*. (9) 
The superscript t denotes transposition over the 
spinor indices, and C is the charge-conjugation 
matrix. Inserting (9) in the explicit expressions 


for the polarization coefficients, we obtain the re- 
lations between them due to the T invariance 


asa, b= lowe Siew OS fm, 
a= + i AY — 4h, Nrx = Tschs 
f= tol, sya eeek gaat guetta emen(LO} 
Here 
B(p, p, ky R) = Beas Pe ee) 


where £ is any polarization coefficient. The plus 
sign corresponds to an even multiple of two among 
the Latin indices pertaining to photon polarization, 
while the minus sign corresponds to an odd num- 
ber. It is seen that T invariance relates the co- 
efficients that are symmetrical with respect to the 
principal diagonal in (6). 
With the aid of (7) or (8) we obtain 


(== Oh. On = (Dx. Lae Ce 
f= fs ht = hh", Mg. == Mas tem ts 
ij ode ry oe i) Lleol 
vy, = + Uy, Xin = Xxur5 Grn = Qur> Yrun= Yur; 
(11) 
in, ag (12) 
where 


B(p, ies k, R’) = B(p, p; ie, =i 
B(p, p’, k, Rk’) =B(— p’, —p, k, k’); 


B is any polarization coefficient. The sign rule is 
the same as in (10). 

In most cases the crossing symmetry and the 
charge conjugation yield relations between coef- 
ficients which are already related through T in- 
variance. Therefore the relations between the co- 
efficients obtained with the aid of crossing or 
charge symmetry, are equivalent to additional 
limitations imposed on the coefficients. Formulas 
(11) are written in a form that highlights this fact. 
The novelty compared with (10) lies in relations 
(12), which have, however, a different character 
than (10). By virtue of the conservation laws, the 
scattering is characterized by two invariants, 

K, and kK, 


M*x, = 2pk = 2p'k’, = Mx. = — 2p’k = — 2Qpk’. 


POLARIZATION PHENOMENA 


The invariants do not change under the sub- 
stitutions k<~-—k’ and p= —p’, whereas the 
Substitutions k —~ -k’ or p= —p’ results in 
an interchange x, — Ky. Consequently the equa- 
tions in (12) relate, for example, gl and ay 
whenever the arguments of one of these quantities 
are in the non-physical region 


2. FORMULAS FOR THE POLARIZATION 
COEFFICIENTS 


Considerations of T invariance and gauge in- 
variance cause the most general expression for 
Suv to have the following form:§ 


PuPy PP, ik NAN, NN, ik 

Suv == A; vi As = i - As oe A, Ae = 
A , A R 
+ spas (Puy — NuP.) its — gpaga (PuNy + N,Py) Se. 


(13) 
Here the form factors A; are functions of the 
invariants Kk; and xk, only; 
ae = Ry, aa Rs 


Ky =*/s(Ra + R,), 
/ ! i ‘ K r 
Py, = "To (Pp ee) — PFO kK, 
Ne enone eee. 
The vectors K, P, Q, and N form an orthogonal 


system. The unit photon-polarization vectors are 
chosen as follows: 


= €: = [kxk’]/|[kxk’]], e, = [kxe,]/|k|, 


e, = [k’xey’]/|k’|. (14) 


With the unit vectors so chosen, the Stokes 
parameter é” is related to the probability of cir- 
cular polarization of the photon, while the para- 
meters gt and &° are connected with the prob- 
abilities of linear polarization along axes that 
make an angle of 45° (reference 5). Substituting 
(13) in (2) —(5) and using definitions (6), we obtain 
explicit expressions for the polarization coeffi- 
cients in terms of the form factors: 


a = a; (|A,|? + |As|?) — 2o2 |A5|? — %1%2 (|Aa|” + | Aal?) 
+ Doty | Ag|? -+ 20g Re (Ar As + As Ai), 

d= C= fh = f3! = fh? = h* = 0, 

c? = oy (|Ag|? — |Ai|?) — %1%8 (|Aal? — | Aa]”) 
oe. he 7 An As Ay) 

hil = — 2 {a, Re Ay As — %1% Re Ao Aa + a2 | As)? 
+ ag | Aol? + as Re (Al Ay + AeAs)}, 

hi? = 21m (0,A,A3 — Uy AGA, “fF Os (A, Ag ac AzAs)); 
b= ft = 4N> IA, As AA Ae, 


IN THE COMPTON EFRECT 
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d= iim (AAA A)ero.(A,A, A4,) 
=0g(A74;— Ald; + A.A, -— AGA.) 
— 2G) Im {04 (Ay Ag + Ag As) — o% (A,A; — Ay A;) 
+ a3 (Aas + AgAs)}, 
dh = F, Re {0 (AsAs — A,As) — 4 (A, A, + A3Az) 
— ds (AsA; + A,A; + A, A, — Ag A;)} 
— 2G, Re {ay (Ay Ag — AsAg) —o2 (Ag A; + A, As) 
++ ot (AzAg — AgAs)}, 
a = 4N, lm {AgA, = AlAs 2A,4,)/V0, 
th = 1 = —4N, Im{A, A, 4+ AgA)/M?, 
ty = 4N) Re (AAs — A, A, + 2A,A,)/M3, 
i= Fim (4( 4, Ag AA,) 0, (4,A, — ALA,) 
+ a; (AeA + AgAs — A,AG + AgA5)} 
=='2G), Im (a; (APA, — AsA,) a, (AeA, -- 4,4; ) 
+ Og (A,As — A,As)}, 
{FH Fa Ret (AsAs —-AtA;) — 00 (As, 4 ALAS) 
+ Og (AiAs — A.A; + A\Ag + A3Ag)} 
+ 2G) Re {04 (Ar Ag + AsAs) 
— og (AgAs — A2As) + a3 (AoAg + AgAs)}s 
dix = Re {Tx (ArAs — As As) + Bax (AgA5 — Az As) 
+ Cry (Aras + Ass) — Dax (Aas + AaAs)}, 
Gre = 1M {Bry (AgA5 + AgA5) — Tax (A145 + AAs) 
+ Cry (AsAs — AAs) + Dae (AgA§ — AgAS)}, 
Fx = I py [Oy (|As|? — |A,|?) — %1%2 (|Aal? cael) 
— Qa Re (AA — AzA4)] + 2H Gude (|Aa|® — |A2]?) 
4 H,F,, [4Re(A; Ag — As Ag + 247A) 
— ots (|Aa|? — |Aol?)] + LaGx [4Re (A143 — AsAa — 2A5A6) 
— og (|Aa|? — Agl|?)] + 2MPLF,, [| As]? — | Ai)? 
— a, Re (A, A; — AsAq) — os (|Aal? — [Aal*)1/(pP’), 
Mae = Tax [Oy (|Ai|® + |Ag|?) ++ 2ote [As]? — 2otg | Aol? 
— XX (|A2|? + |A4]?) ++ 205 Re (AA; ie A3A,)] 
+ 2HyG, [oe (|Ao|? + |Aal?) + 201 | Ao|7] 
— (Hy Fx + LG) [4Re (Ar Az + AsAa) + 2% (Jal? + |Aal? 
— 2|Agl?)] + 2MPL,F,, [| Ai]? + |Asl? + 2|As)? 
+ os Re (A, Az + AsAi) 
— os (|Aa|? + |Aal?) — % |Acl?1/(20’): 
yi, = QM (Dye [ot Ar As — Hae Ards + 5 (Ar Aa + 424s) 
4 DH, GytgAgAy — Ha Fx 12 (ArAg + Avs + 2454s) 
4 Ag Ag] — LaGy [2 (Ar Ag + Ans — 2455) + 5 A2Aal 
4 MPL) Fy (24,3 + 3 (Ar Ag+ A2ds) — 2%5A2Aal/(pp’), 
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yi, = Re {Bix (AoAs + Ass) — Tax (ArAs + As45) 

aE Cn AA; = Apa (Arde ee 
yf, = Im {T rx (AsAg — AAs) + Bax (AsAs — Ass) 

+ Ca (ArAg + As As) — Dax (Aas + AaAs)}, 
yi, = 2 Un [ta |As|® — ot Re AAs + %1%2 Re AoAa 

+ ty |Agl? — as Re (AyAg + AoAs)] 

4 (AyFy, + LiGx) (2Re (A, 4g + AAs) 

+ as (Re AsAg —|Ao]?)] — 2HnGy Lats |Ac|? + 2 Re AoAal 

+ MPL Fx [2|As\? — 2Re Ar A; — %3 Re (Ay Ag + Avs) 

+ 2a Re AeAg + a6 |AglI/(pp’). (15) 
pe eee power h and Net h®? and a, 
NEW and Vane and Yin and Ny, are due to the dif- 
ference in sign between the terms with |A; |? and 
[Agl’. 

The following notation is used: 


a, = 4—%,— Xo, Oy = % + Xo, CB SS 1a en 


Os = [2 (x + Xe) — (%, — X2)]/8, 
Og = [2 (xy + %g) + (%1 — %2)71/4, 
Ee eay 
(Kp) 
Thx cae dxx ae PaP,|(pp’), he = 4ikiups Pop,,|M?, 
Bye = 4 Litre KoQn + Nep,/M? — No pel M2\/M?, 


Cr = 4 (ND, + Napx)/M? — itrxpsKo (Pp + P,)1/M?, 
Dyx = [4(N,Ka ae N,Kx)/M? 


Og = Xy + Hq — Hy Xe, 


+ i (%y — Xe) ErxpoKs (Pp + p,,)]/M?. (16) 
We note that the following equalities hold: 
Lit Slalioe = hp = G9 0, 
Die Dn = Ty Py, = TxD. = Tix Ph, = Bix Px 
= By P, = CrP = Con PD, = Dax Pu = Dy.p, =9. (17) 


It follows from (6) and ( 7) that p’Z’ = p’Q’! =0 

The formulas for the remaining coefficients can 
be obtained from (15) with the aid of relations (10) 
and (12). 

Let us derive expressions that show the behavior 
of the quantities contained in (15), for different sub- 
stitutions of the momenta. The substitution k = 
—k’ yields 


Less Ly, | Sere cy Hy,3S— A, Gz=2— G,, 
De Pg Mig 8 ee Byes — Bix, CS as (Oper 
Dried) xs We == Apt ==)2 3.0; 0)5 p= — Apt — 2,4). 


(18) 
From the substitutions k == —k’ and p= -p’ 
we get 
Ay = ae G,, 
Bux S By, 


ee 
Ly a aan Fig 
Oxy ee Ca; 


Je An = Ta, 
A: Aj. 
(19) 


eee. 


ae 
Dice Ca ae Den, 


Gh Ver eRe POV 


We see from (15) that the expression for any 
polarization coefficient 6 has the form 


oS Di Hen 


where p, is a known eutee quantity and gp is a 
definite bilinear combination of the form factors 
A;- Knowing B, we can readily determine all the 
oo by taking various projections. This also de- 
termines the quantity Bn 


eon 


inasmuch as Te is obtained from p, with the aid 

of (19). Experiments on the determination of quan- 

tities which are connected by relation (10) are not 

independent. In particular, some of the relations 

(10) are merely equalities, namely 

feel, 9 C SEE hee ee te 
di = uh, = ae Oe (Gj = 11722, 33912) (20) 

The sign rule is the same as in (10). The first 
two equalities were derived earlier.! The coef- 
ficient connected with the B by means of relation 
(12) has the form 

B= DI BaGn- 

With the aid of (18) we can express @y in 
terms of the form factors Aj with arguments ly- 
ing in the physical region. However, On isa 
combination of form factors different from @p. 
Therefore relations (12) make it possible to obtain, 
for example, gk from a known value of dk, but 
for this purpose it is necessary to have an analy- 
tical expression for one With the aid of (18) and 
(19) we can readily verify that formulas (15) sat- 
isfy the conditions imposed by relations (11). 


3. APPLICATION TO THE COMPTON EFFECT 
ON AN ELECTRON 


Equations (15) were derived under most general 
assumptions regarding the scattering amplitude. 
Therefore, if the amplitude is known in some ap- 
proximation, it is sufficient to recast it in form 
(13) and determine Aj, and then the polarization 
coefficients can be directly obtained from (15). 

For the Compton effect on an electron, all the 
polarization coefficients were calculated in the 
first non-vanishing approximation by Lipps and 
Tolhoek.’ By using the equations derived in the 
present article it is possible to calculate the po- 
larization effect in the next higher approximation 
and find the radiative corrections for the existing 
expressions. In addition, certain polarization ef- 


fects appear in the second approximation for the 
first time. 


POLARIZATION PHENOMENA IN THE COMPTON EFFECT 


In fact, as can be seen from (15), some pola- 
rization effects are determined by imaginary parts 
of expressions of the type A,;A*, whereas in the 
first approximation all the A; are real. The ex- 
pressions obtained for A; in the second approxi- 
mation with the aid of the paper of Brown and 
Feynman’ are very cumbersome. We cite there- 
fore only the simplest result —the expression 
for b,, which characterizes the polarization of 
the recoil electrons, and also the azimuthal asym- 
metry in the scattering of unpolarized photons by 
polarized electrons (b, = 0 in the first approxi- 
mation): 

nw, 4 
by = ms aga {In (1 a *) E 7 z MM OMe 


4 2 4 “41 x2 \ || 
cet san aeTING ile 
(21) 
The coefficient by is normalized to make 
ds “ae (1 2 Vien @ ay 
dO. \.A0,) 9.\ PPTs WRITE 
m is the electron mass, (da/d@®) is the first- 


approximation cross section averaged over the 
polarizations, and the symbols for y, Uo, and U, 
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are the same as in Sec. 52 of the book by Akhiezer 
and Berestetskil.° 

The complete results of the second-approxima- 
tion calculations of the polarization effects in the 
Compton effect on an electron and in pair annihi- 
lation will be published separately. 

The author is grateful to I. M. Shmushkevich 
for continuous interest in this work. 
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We calculate the differential cross section for bremsstrahlung in the collision of charged 
particles with equal or similar e/m values, for which quadrupole radiation predominates. 
We obtain formulas for the distributions in angle and energy and for the polarization, taking 


into account the quadrupole and dipole terms and their interference. 


The calculation is a 


classical one, which is valid for low frequencies and for sufficiently low energies of the 


colliding particles. 


IL. The bremsstrahlung emitted in electron-electron 
collisions has been studied theoretically by several 
authors,' who used the Born approximation; there- 
fore their results, even for the nonrelativistic case, 
are valid only for particle velocities high enough 

to satisfy the well known condition 


ee,/hu<1. 


In the opposite limiting case and for v «c, the 
calculations must be performed using the exact 
Coulomb wave functions. The results obtained are, 
from the practical point of view, a somewhat un- 
wieldy series; the only exception to this drawback 
is found in the case of dipole radiation.” 

In electron-electron collisions, as well as in 
general when particles with equal e/m values col- 
lide, the radiation given off is essentially of a 
quadrupole nature. In particular, for instance, in 
experiments’ on Coulomb excitation of nuclei by 
multiply charged ions, the incident and target parti- 

‘cles have about equal values oe Z/A. This occurs, 
for example, when Mgi} or C¢? is bombarded by 
Ne} nuclei,’ or in general in the collision of not 
very heavy nuclei, for which Z/A © ¥,. In these 
experiments the velocities are such as to lead to 
the condition that 


(1.1) 


Zale 1) (1.2) 


under which the Born approximation is invalid. If, 
however, one is interested in the emission of 
quanta whose energy is low compared to the nuclear 
kinetic energy E, i.e., such that 


ho<E = wv?/2 


(where p is the reduced mass of the colliding 
particles, and v is their relative velocity) and if, 


(1.3) 


further, (1.2) is fulfilled, the intensity of radiation 
and cross section can be calculated classically. 
This is done by first finding the particle trajec- 
tories neglecting the radiation reaction, and then 
finding the radiation arising from motion along 

the already determined trajectory. Such calcula- 
tions for dipole radiation were carried out partially 
in the old works of Kramers and Wentzel.* Landau 
and Lifshitz’ have given a complete treatment of 
the classical dipole case. In the present work we 
use the same classical method to study quadrupole 
emission, which is of fundamental importance in 
the cases mentioned above. 

Bearing in mind that the e/m values of colli- 
ding nuclei, although very similar, may not be 
equal, we shall include not only the electric quad- 
rupole, but also the electric dipole radiation, and 
therefore also their interference. In no case does 
magnetic dipole radiation occur. In our calcula- 
tions the particle velocities are treated as non- 
relativistic. 

2. In our approximation, that is with the inclu- 
sion of dipole and quadrupole terms only, the 
Fourier transform H(w) of the magnetic radiation 
field is given i 

H (o)e= ae {ld (o) xn} + 21D (o)xmb. 2.0 
Here n is the unit vector in the direction of propa- 
gation, Do (w) = Dap (w )ng, and da (w) and 
Dap (w) are the Fourier transforms of the corre- 
sponding time derivatives of the components of the 
dipole and quadrupole moments, 


+e9 
\ He‘* dt,... 


—0oo 


H(@) = 5— (2.2) 
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Using (2.1), we find that the energy d&@, ra- 
diated in an element of solid angle do and a fre- 
quency interval dw is given by 


dé, = gem ee 


da. (@) dz (@) — dy («) dj (@) nang 
aL Re [dz (©) Daa (@) ng — a (0) Dey (©) nangn) 


[De (@) Delo @) Ngn, 


+ Ea ree 


— Dag (0) Dis (@) nangrens|\ . (2.3) 


All the following calculations will be performed 
in the center-of-mass (c.m.) system of the colli- 
ding particles. In this system the dipole and quad- 
rupole moments are given by 


dy = pw (e, / mM, — €2/ Mz) Xa, 


Dap = w° (ey / my + es / m3) (3XaxXp—r°'bap), (2-4) 


where mj, Mo, e;, and ey are the masses and 
charges of the colliding particles, u = mym,/(m; 
+ m,), and the xq are the components of the 
radius vector r from particle 2 to particle 1. 
Let p be the impact parameter of our trajec- 
tory, and let ¢ be the angle between the plane of 
this trajectory and the xy plane. We choose our 
coordinate system so that the x axis is along the 
relative velocity vector of the particles, and we 


denote the unit vector in this direction by j. Then 
the differential cross section is given by 
ds = (dé../hw) pdpdg. (2.5) 


In order to integrate this cross section over 
all impact parameters, we first average (2.3) 
over gy. This averaging is most easily accom- 
plished by a method which we shall explain through 
the following example. 

In addition to our unprimed xyz coordinate sys- 
tem, let us introduce a new xy’z’ coordinate sys- 
tem whose xy’ plane is that of our trajectory. 
Then the primed and unprimed components of the 
Dog (w) D* 7 (w) tensor are related Be 


Das () D 
where the aq, are the elements of the matrix for 
rotation through an angle ~ about the x axis. 
Since our problem has a unique preferred direc- 
tion characterized by the j vector, averaging over 
gy gives a tensor which, when one takes account of 
the symmetry of the Dog (w) tensor, must be of 
the form 


Dap (@) Des (@) = Crd08048 + Co (dard + 5285 pr) 
+ C3 (jajps + jrisdap) C1 GaivSes + jajsday 
+ jajsdp- ln ip}+5a8) Ae CsJal pis. 


is (@) = AapApvAypAsr Ds (@) D Es (o), (2.6) 


(2.7) 
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The Cj are invariants which, according to (2.6) 
are bilinear functions of Dag (w) and Dy (w). It 
is possible to construct just three such invariants 
out of these quantities and the vector j, namely 


| Dj) = Das (@) De 


| D? = D'ap (@) Dap (), wv (©) joj, 


Bao: 


| {Di = Dap () Dy (©) jaisivis- (2.8) 
Hence we may write 
C:=CP| DP + EP| Dik +cP| jDjP, (2.9) 


where Cs om and cy are numbers easily 


found by giving specific values to the indices a, B, 
y, and 6 and integrating (2.6) over @. 

After some rather lengthy algebraic manipula- 
tions we arrive at the following formula for the 
cross section averaged over 9g: 


a, dodw 2 “, 4 e Rods 
ao am 2n odo {| 3 a 4 ( a ae dj?) P, (cos) | 


[+ (dj) P, (cos 9) 


4 
ap eyelae 


+ (4 GD) @H) Ps (cos 9) | 


+ = E [DP =D alba) P, (cos 9) 


Re 


where ¥ is the angle between n and j, and 


("D'j)= dy (@) Dap () jp, (JD i) = Das (©) fais, 
(d"j)= dz (0) ja, dP = da (0) da (0). 


As is well known, for a Coulomb interaction the 
particle trajectories are hyperbolas. The Fourier 
transforms of the dipole and quadrupole moments 
are most easily calculated in an x”y”z’ coordinate 
system such that the x”y” plane coincides with 
the x’y’ plane (i.e., the trajectory plane) but 
such that the x” axis lies along the symmetry axis 
of the hyperbola. In this coordinate system the 
parametric equations for the time-dependence of 
the relative coordinates are of the form (assuming 
the particles to have charges of the same sign) 


y=aV e—1 sinh, 


x | DP ++-[Di? —|i Dit) Pa (cosa) |, 
(2.10) 


x =a(e+cosh&), 


t = 0) (e sinh € + &) 
(2.11) 


r=a(ecosh € + 1), 
(— 0 <§ < oo). 


Here a = e;€)/2E, wy = (e1e2/pa*)'”, and € is the 
eccentricity of the orbit, which is given in terms 
of the impact parameter by the ptation (the no- 
tation is that of Landau and Lifshitz’ ) 


e=V 1+") a. (2.12) 
(In the x”y”z” coordinate system the compo- 
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nents of j are jx =— 1/é, iKPe —V1= Ve and 
jz = 0.) 


Appendix I gives an example of the calculation 
of dg and Dof. 

After inserting dg (w) and Dap (w) into (2.10), 

we must integrate over p. To do this we change 

variables from p to €, noting that according to 
(2.12) pdp = a’ede and that the integration over € 
is from 1 to ~. Then three types of integrals 
occur in our calculation. They are (v = w/w) 


ast ( Ki, (ve) Ks (ve) ede, 
1 


Mx \ Ke (ve) ede, 


1 


== K2,(ve)e"de, (2.13) 
1 
where Kj, (x) is a Macdonald function. 
In Appendix II these integrals are calculated 
for the relevant values of n. The result for the 
cross section integrated over p and ¢ is 


6 (w, n)dodw 


2 2 
do dw 8 ( ey 
4m Yor keto? my 


2.) (gi? + giPs (cos 9)! 


eget ye) = 1g8 + g8Ps (cos) + 2 


1 


P,(cos 9)] mae a =) G a 


] my 
= [el P, (cos 9) + g Ps (cos ) \. (2.14) 
Here 
a= — 5 ve Ky (v) Kin (9), 
; Brig eer el aC) 
og) = ve Ee Ki (v) Kiv (¥) + 8vK iy (Vv) ae >| : 


a: ae 
a = ve [3 vK2 0) — F Kw) Kol 


“e lh By ees 16 ; 
gy =ve | Se oKE w) — 2 Ki () Kis (9) 


eal 


55) a2 " 
of = ve |- oi vKiy (v) 4 (F Nee 5) Kiy(v) Kiv(¥) 


= SoKi(v ee 


39 % 5, Ke 
— — vKj, (v) + (80v9-4+ > v) KR (v oR moll 
a ; 46 d fs (v) 
gis = ve Ls Ruy (¥) Kiy (¥) + viv (v Mav Kn) 
| me a d_ K,,(v) 
gt = ve | — SK) Kino) — FvK) ay RH) 
(2515) 


Integrating (2.14) over do and denoting the re- 
sult by 0(w)dw, we obtain 
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Ges ey é, \2__(0) 
6 (0) do = <2 (2-2) gs 
2f e1 eg \2 v2? 0) | do 


The effective radiation kK (w, n)dwdo is defined 
5 


(2.16) 


by 
x (@, n) dodw = hws (a, n) dodo. 


Inserting (2.14) and integrating over w (see 
Appendix III), we obtain 


%(n) do = do \x(o, n) do = do 8mpveres {( ey ae y 


4m 98 my Mg 


Ade pe 
baal ga ai 


2 
c 
m, m2 


zie & a oe (a = a (cos oF 


Let us now consider the two limiting cases of 
low and high frequencies, w « wy and w >» Ww. If 


[its P, ee) 


(2.17) 


v=0/% <1 


(for which Kip (v) © Ky(v) * In(2/yv), where y 
= eC = 1.781, and C is Euler’s constant), we may 
use (2.14) and (2.15) to obtain 


_ do dw eres ey ez \2 [ 16 2 
6 (a, n) dodw = ano  hcev? {(2 but My ) l= In Vv 
8 2 aif 61 ),0 eae 

+ ($ In 5 —1) Pa(cos ®) | +0 (2 f 5, 


<S[Rod+S) +t nes 


x) P, (cos %) 


+ (In nay —F) Pa (cos ®)| — a(S se 
xr nape [ar lia alitegy) Pu(eos #) 


oie = (in + —3) P3 (cos 9) |} 


From (2.14) and (2.16) — (2.18) it follows, for 
instance, that if Mgi or GE nuclei are bombarded 
by those of Ne? , the quadrupole radiation becomes 
more intense than the dipole for v/c >5 x 107 and 
NiO 1A 2 lO respectively. In the laboratory 
coordinate system (in which the Mg and C nuclei 
are at rest) this corresponds to Ne nuclei of 
energies greater than 0.25 Mev and 0.015 Mev, 
respectively. 

For high frequencies such that 


Vv=0/0)>1 


(2.18) 


[but such that w « E/h; see Eq. (1.3) ], we use 

the asymptotic formula® 

K;, (v) —~ e—=v/2 PC's) IP (er) = O (=a)] 
ii 
(2.19) 
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Inserting this into (2.14) and (2.15) we arrive at 


+ le " do ez e2 {6 ey €y \2 
(Oh n) doda; = oO. aan ir ae 2V3 Ga ve a) 

il 2 \2 v2 
pcan +p e 1 ieee s 


T2 2/ 8.6% A 
vy, ALL + FP a (cos 99] tw 


x hie = U [ 
my Mg Cc 


Wee a= (ER cooe 


1760 
—P, 
15V3 


(cos >) 
(2.20) 


3. When we include the dipole and quadrupole 
terms, the Fourier transform of the electric 


radiation field becomes 
=| aivinete ose 
E(0) =e id (0) + =D (0) xn] xn] Ce ear 


Let ej and ej be unit vectors perpendicular 
to each other and to n and such that 


e1 = [xj] /|[nxi]|, ey = Inxexl. (3.2) 
da 5 2 
#5 (0,1) dete 5 “ae Wim — i) Ct TBE + 
1 


+ a — [gel + gf] Ps (cos a 


K;, (v) 
TGQ) 


(0) 2 —nxv 772 d 
fi, = 4v’e "Ky (v) ie 


Bit = — 8v'e Ki (v) <— 
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Let E,(w) and E,(w) be the components of 
E(w) along the two directions defined by these 
unit vectors, and let us define the polarization 
density matrix Pup by 


P,. = AE, (o) E,(o). (3.3) 


Here pw and p take on the values 1 and 2, and the 
bar denotes averaging over the parameters p and 
y of the incident particle (as usual, the constant 
A is determined by the normalization condition 
Sp .P =i). 

It is easily shown that as a result of averaging 
over @~ alone, Pj, = Py; = 0. This means that in 
our case the radiation in any direction n is a su- 
perposition of two incoherent waves polarized 
along e; and ej. In analogy with (2.14), we 
therefore define the cross sections o| (w, n)dwdo 
and oj| (w, n)dwdo corresponding, respectively, to 
radiation polarized in these two directions. 

Proceeding by methods similar to those of the 
previous section, we obtain 


< / e 
) Ga oat al £12 Pi (cos 9) 


poe Oe wae 10 Oh Se E a K,,(v) 
g0) =ve [8 x72) +2 vn) Ki (v) —-> Ki, (v) + (vets Biers 
= 50 : 4 K,,(v) 
gt =v [4x2 0) + Poko) Ko) — 2 KR) + (B44) ae eo: pte 


We express our gratitude to I. Kh. Lemberg 
and A. P. Grinberg, who demonstrated to us the 
value of the calculations here presented. 


APPENDIX I 


We show how the Fourier transforms (2.2) are 
calculated, using Dxx (w) as an example. We 
first perform a change of variables from t to é 
according to (2.11) in the integral expression (2.2) 
for Desc @); we remark that ~ varies from — © 
to + ©, Further, we displace the contour of inte- 
gration in the complex é plane upward by an 
amount 17/2, and integrate twice by parts, obtain- 


ing 
@2 ye (a) F 
Dyx(®) = — palms ns ( exp \— os (cosh y — in) 


x Dax (n+) an, 1.1) 


where 7 =& — in/2. According to (2.4) and (2.11) 
we have 


ua? Cu ges 2__ 3) sinh 2 

Du (n+ >)= a ee ) sinh *y 

+ 4ie sinh yn + (3e? — 1)). (1.2) 

We insert (I.2) into (I.1) and write out the 
hyperbolic functions as sums of exponentials 
Then using the integral representation® 

Loo 
K,(z)=+ exp {— z cosh 9 + vy} dy (I.3) 


—c) 


for the Macdonald function, as well as the recur- 
rence relation 
2K, (z) + vK, (z) = —2Ky-1(2), 
2K, (2) — vK, (2) = — 2K v4 (2); (1.4) 


we obtain 


1286 Wy, dl. 


bix(o) = 2 (2+) Bem 
ef 


1 
The other components of Dag (w) and of dq (w) 
are calculated similarly. 


: vK iy (ve (ve) | (1.5) 


APPENDIX II 


Integration by parts reduces J; and J, to inte- 
grals of the type Jz: 
a ‘ 1 2 ane 
\ Kis (ve) Kiy (ve) €" de = we x 
1 


1 


iv (ve) €?—1 de, 


( K2 (ve) et de = —+ Ki, (v) Ky (v) + Ki (v) 
=i Ki, (v) je"— (1 se a on) er | de. 


In these integrals n takes on odd values from 
— 7to + 3. The necessary integration can be 
performed with the aid of Schafheitlin’s reduction 
formula® 


(II. 1) 


= (n+ 1) (w= 4 (n+ 19) 2°25} (2) dz 
2" (22, (2) 2 (n+ 1)Z, (2)? 


+ 2°) 2? —p? + 4 (n+ 1) Zz (2)1, (II.2) 
where Zy (z) may be any cylindrical function. 
Writing Zy(z) = H py (ive) = (2/mi je"? Kia (ve), 
we obtain 
in +2) v2 le™*®K2, (ve) de 
1 


=(n+ fi 


[vt (n+ 1) e"K?, (ve) de 
il 


— [Vv 


Kix (v) — (t+ 1) ¥Kiy (v) Kin (v) 


+4 (n + 1)? Ki, (v)I. (11.3) 
With the aid of this formula all of our integrals 

can be expressed in terms of integrals with n = 1 

and n=— 1. Those with n =1 can be expressed 

simply in terms of Kip (v) by means of (II.2), 

and those with n = — 1 represent a special case 

of Lommel’s integral’ 


co 


J Ka (Aspe S =F {KG (A) Kah) — Kn (h) 2 Ka (0) 
7 (11.4) 


In our case n=iv, A =v, and x =€. The final 
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results, in which derivatives with respect to the 
index of the Macdonald function are written in 
terms of the derivatives with respect to the argu- 
ment and the total derivative with respect to p, 
are the following 


Ki, (ve) ede = ak (v), 


| KR (we) ede = (5 + aa) Kia (») — ay Kin (v) Kin) 


a anki (v), 


C r 4 d Ki, () 
\ Ki, (ve) etde = > Ki, (v) ‘dv K,, ®) 
1 


— Kis (v) - a KGS (v) ie (v), 


| Ki, (ve) ede = TEDL KOO) ae dv K,, 0) ei - 


+ 3vKis (¥) Kiv (v) + 2K2 (9)], 


WK 2 (v) 


—_ 


1 - %9 
ee [ (sv! + 2v2) KA (v) 


{ 2 mo) ee 
\ Ki (ve) & de yz + 1) (v? + 4) 
1 


+ (17v3 + 8v) Kiy (v) Kiv (v) + (22v® + 16) K3, (v) 


| oe ade@) 
SF 31K, (v) See iG, | ) 


\ Ki, (ve) e7 de 
1 


cs 1 6 1 5Oy4 Qy2 2 
~ 96 (v? + 1) (v2 + 4) (v? + 9) [(48v p DOW aay aK 


+ (133 v5 + 280 v3 + 192-v) Kiy (v) Ki (v) 
+ (254 vt + 800 v?-+ 576) K3, (v) 


—- 15 v8Ki, — 


K;, (v) 
ee |. (II.5) 


‘dv K,, (v) (v) 
APPENDIX III 
Let us turn to one of the integrals occurring in 


the calculation of the effective radiation xk (n), 
namely 


i \ e—™ vK x, (v) Kix (v) dv. 


(III. 1) 
0 
Using the integral representation 
+90 
K (2) = pe | exp (— iz sinh t— Af) df, 
Z2>0;— 1 Rev = (II.2) 


of the Macdonald function, °® we have 
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Ki (v) em 2 = oa \ exp {— iv(sinh?¢ + 1)} az, 
, j ke 
Kix (v) e772 = — + \ exp {—iv(sinht + 1)} sinh cdr, 


(111.3) 


2 
We now insert (III.3) into (III.1) and, making use 
of the symmetry of the integrand so obtained, 
extend the integral over pv from — © to + ~, 
We then obtain 


+.co +oo 


—— \ vdv \\ exp {— iv(sinht + sinht 
en fod te te 
+t-+1)}sinhtdt dt er \ dv \\ exp {— iv (sinh ¢ 


—0oo —0co 


+sinht +¢-+1-+ x)}sinhtd¢ dt| (III.4) 


bey 
Changing the order of integration and recalling 
the integral representation 


1 --00 
d(v) = 5- \ e*Ux, 


of the 6 -function, we arrive at 


+00 


fafa \\ sinh 1d (sinh¢ +sinht+¢+1+x)dtdr|,_,. 


dv 
—oo 


(111.5) 


For given x and 1, the argument of the 6 
-function has a single root ty) on the real axis, 
and this root is simple. For small values of x 
this root is easily expressed in powers of x, 
namely 


x? | 


x 
teem cay od a Tlenghase Dash ani oe 


Hence 
6(sinht + sinht+?t¢+1-+ x) 


pelt autre 211 Scoah's) F127) Ae 
~ cosh [t+ */(1-+ cosht) +--+] +4 ° 


(III.7) 


Inserting (III.7) into (III.5), we obtain 


-+co 


gee sinh vde FI + cosh Eerie 


—oo 


x=0 


co 
sinh? t dt 


Pil a \ sinhlt Gre 
~~ 2 § (cosht+1)* 
6 


(III. 8) 


ae 
=— =. 
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Similar methods may be used to calculate the 
other integrals which occur, namely 
Xf 


Lee} 
ev KE (vy) dv =, \ e" wKi, (v) dv = gee, 
0 


8 or 29 


\ Cm? (Ki, (v) = Ki (v) =F Ki (v) < Kis (v)) dv = , 


0 


2m 


\ Cima v3 Ki, (v) Kiy (v) (lie 315 , 
0 


\ et v8(Kiy(v) 2 Kis (v) — Kis (¥) ep Kiv (v)) dv = Foo 
; (III.9) 


In these calculations, higher powers of x must 
be maintained in the expansion (III.6). 
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The portion of the energy transferred to the electrons in w-e or m-p-e decay is calculated 
with allowance for the nonconservation of parity in y-e decay. 


Ik. We shall determine the fraction of the energy 
transferred to the electron component in the decay 
of a fully or partially polarized u-meson beam. 

The energy of the decay electron in the labora- 
tory system is given by 


E, =+(E,, + Bp,,60s 9,,), (1) 


where y is the Lorentz factor of the muon, f its 
velocity, Eee and pec the energy and momentum 
of the electron in the rest system of the muon, and 
Q4¢ the momentum of the electron in the rest sys- 
tem of the muon and the direction of motion of the 
muon in the laboratory system. Here, as also in 
the following we employ the system of units with 
c=1. 

Until the discovery of parity nonconservation 
it was assumed that the average momentum vector 
of the electron in the rest system of the muon van- 
ishes, and therefore averaging (1) yields 


Ee == (Ecc. 


Furthermore, assuming Eee = my /3, we obtain 
Ee = Ey /3, where m,, is the rest mass of the 
muon, and Ey is the energy of the muon in the 
laboratory system. In fact, in the decay of a rest- 
ing muon the electron carries away an average 
momentum of 


(2) 


directed along the spin of the 4* meson for a posi- 
tron, and in the direction opposite to that of the 
spin of the u~ meson for an electron; this follows 
from the angular and momentum distribution of 


the electrons given by the formula of Lee and 
Young: 


P., = 0.05 mz, 


dN / N = 2x?(3—2x +2(2x—1)cos@]dxdQ, (3) 


where x = p/pmax, P is the momentum of the elec- 


mined by the relation of the variants of the theory 
(A =+1 for the decay of a y* meson, A = —1 for 
the decay of a uy meson), and @ is the angle be- 
tween the momentum of the electron and the spin 

of the muon. 

From (3) we find in the rest system of the muon 
the average energy of the electron Eec, and the 
average fraction of the energy of the muon Kec 
carried away by the electron: 
iene = Evi = "Ja. - 


Ee aa (7/20) Mu; (4) 
For a beam of fully polarized muons we find these 
quantities in the laboratory system from (1), (2), 
and (4), making use of the fact that for fully polar- 
ized muons Oye = 8 or Oe=T- 8: 


Kye = Ee/ ‘tity = (Eee + Bp, €089,,) / 1, = 0.35 (1 +E 1/5). 


We choose the plus sign for a u* meson polarized 
in the direction of motion; the sign changes when 
we go over from y*-meson decay to 4~-meson 
decay, and also when the polarization is reversed. 

This leads to a simple rule of signs for com- 
pletely polarized muons (the polarization vector 
of which lies along the straight line of their mo- 
tion), produced in the ™*-meson decay, since in 
the rest system of the pions the polarization of 
the muons also changes sign when the meson 
charge changes sign. From this, independently of 
the sign of the meson charge, we obtain 


Key, =-0.35(1 —1/, 8), (5) 


if the neatrino (antineutrino) from the pion decay 
moves in a direction opposite to the muon (in the 
rest system of the pion this is always so), and 


Key = 0.35 (1 + 1/78), (6) 


if the neutrino (antineutrino) moves in the same 
direction as the muon. For 8 =1 from (6) we ob- 


tron, Pmax = Emax = m,/2 (accurate to me /2my ) tain Key, = 0.40. 


Me is the electron mass, A is a constant deter- 


In the most general case, when the beam of 
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muons is partly polarized and the vector of the 
average polarization makes an angle a@ with the 
vector momentum of the muons, analogous reason- 
ing yields 


Ke, = 0.35 (1 £4/; n8 cosa), (7) 


where 7 is the polarization; the plus sign refers 
to 4* mesons, and the minus sign to ~ mesons. 

For cosmic rays at sea level || = 0.3 and 

= 0 for muons of both signs, and the sign in the 
parenthesis of expression (7) is minus. For the 
case when 6 = 1 this yields Key, = 0.337, which 
differs very little from the commonly accepted 
value Key = 43. In the case of unpolarized me- 
sons (7 =0), or @ =7/2 we would have Key 
= 0.35. 

2. We determine next the average fraction of 
the energy transferred in the decay of m mesons 
in vacuum to the electron component. Initially we 
shall consider the pion rest system. The decay 
muons in this system are fully polarized along 
the radius vector of the direction of their emis- 
sion in such a way that the average vector mo- 
mentum of the decay electrons of the muon is di- 
rected opposite to its momentum. The energy 
transferred to the electrons is, therefore, equal 
to 
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ji == 6 (Ecc ros 


BP ee) (8) 


where y = (m% + mj, )/2m_7my, p= (mi — mj, )/ 


(m7, + mj,) is the Lorentz factor, and the velocity 
of the muon in the rest system of the pion; bea 

= 0.35 m, and Pec = 0.05 my is the average en- 
ergy and the average momentum of the electrons 


in the rest system of the muon. Hence we obtain 
Kon == Lent) (re = 0,15 si 0,2 m:/m?, 


which yields Ky, = 0.2646. On going over from a 
rest system of the pion to the laboratory system 
of coordinates nothing is changed, since the aver- 
age vector momentum of the electrons in the pion 
system vanishes. 

Analogous calculations for the case of Ky, decay 
yield KeK = 0.159. In the calculations we used 
mass values mz = 273.2 Me, My = 206.7 Me, and 
MK = 966.5 Me. 

If the decay processes take place not in vacuum 
but in some medium, then the precise values of the 
corresponding quantities are considerably more 
difficult to obtain, since the energy losses of the 
muons prior to decay depend on their initial en- 
ergy, which is in turn related to their polarization. 
Translated by Z. Barnea 
ool 
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EXPERIMENTAL DETERMINATION OF 
THE POLARON MASS IN CUPROUS OXIDE 


N. I. KRIVKO and N. M. REINOV 


Leningrad Physico-Technical Institute, 
Academy of Sciences, U.S.S.R. 


Submitted to JETP editor July 12, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1850 
(December, 1960) 


SUPPLEMENTING the previously described! ex- 
periments on the determination of the effective 
masses of the polarons in polycrystalline cuprous 
oxide, we performed analogous experiments on 
single crystals. 

The [111] plane of the single crystal of cuprous 
oxide made an angle of 10° with the direction of 
the external magnetic field. 

With the single crystal illuminated with white 
light we obtained at 4.2°K the dependence of the 
absorption of high-frequency energy on the mag- 
netic field shown in the figure. It is seen that in 
strong magnetic fields there are two moderate 
maxima, corresponding to effective masses M, 
= 5.8m, and M,=6.6mp, as calculated from the 
relation w =eH/Mc. In accordance with the ar- 
guments advanced earlier,! we assume that in 
strong magnetic fields the absorption maxima 


3 


= 


0 4 8 12 1 20 


Absorption, rel. units 


24H koe 


are due to polaron states. 
The authors are grateful to A. I. Gubanov for 
a discussion of the results. 


1 Gubanov, Krivko, and Reinov, JETP 88, 341 
(1960), Soviet Physics JETP 11, 247 (1960). 
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PRODUCTION OF CHARGED MESONS BY 
245-Mev NEGATIVE PIONS ON HYDROGEN 


Yu. A. BATUSOV, S. A. BUNYATOV, 
V. M. SIDOROV, and V. A. YARBA 


Joint Institute for Nuclear Research 
Submitted to JETP editor October 1, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1850-1852 
(December, 1960) 


We report here preliminary results obtained in 
an investigation of the reaction 


t pa nn (1) 


at a primary meson energy 245 + 15 Mev. The ex- 
periment was performed with the synchrocyclotron 
of the Nuclear Problems Laboratory of the Joint 
Institute for Nuclear Research, using emulsion 
chambers. The method of scanning for meson- 
production events and the selection criteria have 
been described earlier.! 

A total of 32 events were registered. The cross 
section of the reaction (1) at an energy 245 + 15 
Mev was found to be 0.10 + 0.04 mb. Figure 1 


6 mb 


a8 


FIG. 1. Energy depend- 
ence of the total cross sec- 
tion of the reaction 7 +p 4 
+++ +n near threshold. 


"170 20-250 290 530 
£ Mev 

shows the experimental data!»?»3 on the total cross 
sections of reaction (1) as functions of the energy 
of the incident pion. On approaching threshold 
(172 Mev), the cross section falls off rapidly, but 
remains nevertheless greater than the theoretical 
values‘ obtained with the Chew-Low static model, 
which assumes a direct interaction between the in- 
coming pion and the nucleon. To explain the de- 
pendence of the meson-production cross section 
on the energy, Rodberg® proposed that the cross 
section is due entirely to the interaction of the 
incoming pion directly with the meson of the 
“‘coat’’ of the nucleon. However, there are no in- 
dications that such an assumption is valid at ener- 
gies close to threshold. An interpretation of 
meson production by mesons near threshold was 
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given by Ansel’m and Gribov,® who showed that 
the energy dependence of the cross section is 
brought about by the interaction between particles 
in the final state, and is determined essentially by 
the amplitudes of the charge exchanges m*+ 1 

— 79+ 79 and r++n—7°+p. This makes it pos- 
sible to obtain the amplitude of charge exchange of 
a pion on a pion by determining the dependence of 
the cross section on the energy of the incident 
pion. However, this calls for more detailed and 
more exact data on the total cross sections of the 
meson-production reactions near threshold than 
are available at the present time. 

Another method of obtaining the pion-pion 
charge-exchange cross section from the relative 
momenta and angular distributions of the second- 
ary particles from reaction (1), at an incoming- 
pion energy of 290 Mev, was obtained in reference 
7, where the advisability of performing the experi- 
ment at a lower energy was noted. Figure 2 shows 
the momentum and angular distributions of the 
secondary particles in the c.m.s. at a pion energy 
of 245 Mev, compared with the data obtained at 
290 Mev.® The corresponding values of the aver- 
age particle scattering angles in the c.m.s. are: 


245 Mev 290 Mev 
Onin deg 10347 116,722.4 
0* +n deg (7) 413.4 2 2:5 
Ooo dee 13425 | 129,32 2,4 


It is evident from the foregoing and from Fig. 2 
that the angular distributions of the secondary par- 
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FIG. 2. Momentum and angular distributions of 

secondary particles for the reaction 7 +p >1n* 

+m +ninthe c.m.s. Solid line — at 245 Mev (32 
events), dashed line — at 290 Mev (250 events’). 
a— distribution of angles between secondary par- 
ticles, b—momentum distributions, c— angular 
distributions relative to the direction of the pri- 
mary meson. 


(0 Q6 02-02 -Q6-10 
cos 6" 


ticles (in the c.m.s.) do not change significantly 
as the energy is reduced from 290 to 245 Mev. 

A detailed reduction of the experimental data 
obtained at 245 Mev will be made with larger sta- 
tistical material, in order to determine the pion- 
pion charge-exchange amplitude at zero energy. 

The authors are grateful to V. P. Dzhelepov 
and L. I. Lapidus for interest and attention to the 
work. 
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THE CRYSTAL STRUCTURE OF SOLID 
HYDROGEN DEUTERIDE 


R. F. BULATOVA, V. S. KOGAN, and 
B. G. LAZAREV 


Submitted to JETP editor October 1, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1853 
(December, 1960) 


As we previously reported,'? hydrogen and deu- 
terium have a tetragonal body-centered lattice with 
the values of c/a different by a factor of more 
than two: 0.82 for H, and 1.73 for D,.* The heavi- 
est isotope of hydrogen — tritium — has the same 
structure as deuterium. It seemed of interest to 
examine the structure of the fourth in this iso- 
topic series — hydrogen deuteride. 

Gaseous hydrogen deuteride was obtained by 
electrolysis of a 50% mixture of heavy water in 
ordinary water. The mixture then passed through 
a non-regenerative rectification column working 
at liquid hydrogen temperature, to obtain pure 
HD.+ The helium cryostat for low temperature 
x-ray diffraction photography, previously de- 
scribed,! was used for examining the crystal 
structure. As in the case of deuterium and tri- 
tium, only one line (here at an angle of 19°) ap- 
pears in the diffraction pattern obtained from solid 
HD specimens. The calculation from the patterns 
showed that the hydrogen deuteride lattice belongs 
to the same group — C} (body-centered tetragonal 
lattice) as the deuterium and tritium lattices. The 
density of solid hydrogen deuteride calculated 
from the parameters obtained (a = 3.39A, 

c =5.86A, c/a =1.73) comes out as 0.146 g/cm, 
which is in good agreement with the value of 0.143 
g/cm? at 4.2°K found by extrapolation of the litera- 
ture value? of 0.137 g/cm? at 16.6°K. Thus, while 
c/a remains constant in the series hydrogen deu- 
teride, deuterium, tritium, the value of the lattice 
parameters decreases monotonically (the values of 
a are, respectively, 3.39, 3.35 and 3.30A). We 
should point out that a similar trend has been found 
in the solid neon isotopes, with a possible explana- 
tion in the difference of zero-point energy.® 


*From the x-ray structure analysis data, a hexagonal struc- 
ture with axial ratio c/a = 1.73 could be ascribed to hydrogen 
equally as well as the tetragonal structure indicated above; 
however, investigations carried out by other methods’ indicate 
that the tetragonal structure is evidently to be preferred. 


tThe column will be described in a separate communication. 
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IN STRONG INTERACTIONS WITH PARTICI- 
PATION OF STRANGE PARTICLES 
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SKAYA, A. A. KUZNETSOV, NGUYEN DINH TY, 
A. V. NIKITIN, M. I. SOLOV’EV, T. KHOFMOKL’, 
and CH’ENG LING-YEN 


Joint Institute for Nuclear Research 
Submitted to JETP editor September 1, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 1854-1856 
(December, 1960) 


FE. OLLOWING the discovery of parity nonconserva- 
tion in weak interactions, the question of the status 
of this law in strong interaction has been under fre- 
quent discussion by various authors. Solov’ev!»? 
discussed the possibility of verifying this law. It 
follows from his papers that the longitudinal po- 
larization of a A° hyperon generated in nuclear 
collisions would be evidence of parity nonconser- 
vation in strong interactions, provided the A° hy- 
peron has no preferred direction. Several experi- 
ments were performed on the detection of longi- 
tudinal polarization of hyperons. These experi- 
ments were performed with primaries near zero* 4 
or medium energies*~’ and the momentum of the 
generated strange particles was less than or about 
300 —500 Mev/c in the c.m.s. No longitudinal po- 
larization of the hyperons was observed. An analy- 
sis of these data leads to the conclusion that to 
answer the posed question the experiments must 
be carried out at high energy and must involve 
interactions not with nuclei but with nucleons, for 
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the former make interpretation of the phenomenon 
difficult. 

For this purpose we analyzed the angular sym- 
metries in the decays of A° generated in ap col- 
lisions at 7 —8 Bev energy.’ The preliminary re- 
sults are reported in this letter. In the 14,000 
photographs obtained with a beam of 6.8-Bev 77 
mesons we found 84 A® and 9 V°, which can also 
be classed as A® and K°, while the 20,000 photo- 
graphs with ~ 8 Bev/c incident 7 mesons con- 
tained 91 A° and 24 A° or K®. The A° admixture 
formed on the quasi-free protons amounts to 20 
percent,® while the A° produced by =° decay make 
up a very small fraction.* 

All 208 events were broken up into four mo- 
mentum intervals (see Table J). 


TABLE I 
Systematic 
Px» Mew/c! No, of A» No. of | omissions 
; A* or K°|in scanning 
<400 3 0 
400—800 50 1 6 
800—1200 54 3 } 
>1200 68 29 
Total | 175 33 6 


The A° hyperons can be easily identified in 
principle by the kinematics of the decay and ioni- 
zation of the decay products only up to a momen- 
tum of 1200 Mev/c. In some cases the identifica- 
tion of the A° is made difficult by the conditions 
of the experiment (decay geometry, luminosity ). 
For this reason, four unresolved cases remained 
in the region below 1200 Mev/c. In the region 
above 1200 Mev/c we have found 29 V° which can 
be classed, in accordance with their kinematics, 
as either A® or K®°. Measurements of the ioniza- 
tion of the positive decay products likewise do not 
permit identification of the A° in this case. In 
addition to the difficulty of identification at high 
energies, systematic omissions in scanning are 
possible if the 7 meson from the decay of the 
A® has a momentum < 50 Mev/c ( range approxi- 
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mately 7mm). The fraction of these events was 
estimated from the spectrum of the observed A° 
and amounted to not more than 3.5% (assuming 
that the angles of emission of the proton in the 
rest frame of the A° are distributed isotropic- 
ally). In our statistics this corresponds to 6 
events. The main contribution of these events is 
in the interval from 500 to 1000 Mev/c for pao. 
The asymmetry in the A° decays was investi- 
gated in the coordinate system shown in the fig- 
ure: x—direction [p,- x pad], normal to the 
plane of A° production, y —direction pao of 
emission of the A°, z—direction pj? x [p,- 
x pad] perpendicular to the xy plane. The angles 
between Pp and the xyz axes are denoted é*, 


Lope bn, P 


9*, and w*, respectively. The asymmetry in the 
distribution of the angle é* is the up-down asym- 
metry (asymmetry coefficient aPs), that in the 
distribution of the angle 9* is the forward-back- 
ward asymmetry (aP,), while that in the distri- 
bution of y* is the right-left asymmetry. 

The asymmetry coefficient @P, is calculated 
from the formula 

N 
aP, == >\cos6; + V3 [1— (aP)/N, 
£=1 

where a is the asymmetry coefficient of the com- 
pletely polarized Ae (P=1), P, is the average 
polarization of the A°, and @* is the angle between 
the proton from the A° decay and the direction of 
motion of the A°. The coefficients a@P, and aP, 
are calculated similarly. 

The result of our analysis, with allowance for 
the possible omissions, is presented in Table II. 
The figures in the parenthesis stand for additional 


TABLE II 
ee ———————————— 
Paro N aP, aP, aP, 
400<p,.<1200 104 —0.58+0.15 | 0.004017 | 0,03+0.47 
Shes 104 + (4) —0'5020.15 | 0.06+0,46 | 0.07+0.16 
104+ (4+ (8) | —0.37 £0.15 
.>1200 68 _0.66+0.19 | 0.1440.21 | 0.24+0.24 
Na 68 + (29) —0.09+0.17 | 0.06+0.17 | 0.21+0.17 
All py. 172 —0.61 £0.12 0,05 + 0.13 0.44 £0.13 
an 172 + (33) —0.31+0.12 | 0.00+0:12 | 0.12+0.12 
172 +-(33) + (6) | —0.24+0.12 
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unresolved and omitted events. The value aP, 
= —(.37 + 0.15 for cases with 400 < pad = 1200 
Mev/c and aP, = —(.24 + 0.12 for all cases are 
lower limits, and therefore we classed all unre- 
solved cases as A°, it being known that some of 
these, but not many, are K?, 

We investigated the possible systematic errors 
in the data reduction, for example systematic er- 
rors in the particle momenta, and in the angles, 
which could lead to errors in the determination of 
@*, and the like. We found no such errors. 

We note that the average c.m.s. momentum of 
the A°, for the group of events in the momentum 
range 400 —1200 Mev/c (in the laboratory system ) 
is 1100 Mev/c, and approximately 600 Mev/c for 
the group with > 1200 Mev/c in the laboratory sys- 
tem. It is possible that the value of aP, depends 
on the c.m.s. momentum of the A’. Naturally, 
more study is needed here. 

No right-left (in g*) or up-down asymmetry 
(in €*) was observed, within the limits of statis- 
tical errors. The presence of forward-backward 
asymmetry is an important result, in connection 
with parity nonconservation in strong interactions 
with production of strange particles. It is possible 
that the result obtained is nonetheless the conse- 
quence of poor statistics, since we processed only 
about 200 A°. The work is now being continued. 


*Material presented at the Tenth International Conference 
on the Physics of High-Energy Particles, 1960. 
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‘Tae recent trend in quantum field theory has been 
to consider not Hamiltonians but only the unitarity 
relation and analyticity properties of diagrams, ex- 
pressing the local nature of the interaction. It is 
true that one has not succeeded as yet in writing 
down the complete equations for such a theory; 
however, one might hope that such equations would 
represent, in essence, a new theory, basically dif- 
ferent from a discussion of interaction processes. 

Occasionally the thought has been expressed that 
such a theory would only constitute a ‘‘framework,”’ 
i.e., that it would allow the introduction of all kinds 
of particles with all kinds of relations among them. 
The purpose of this note is to show that for loosely 
bound (but strongly interacting) particles there 
arises in such a theory a direct relation between 
the coupling constant and the binding energy of 
the particles. 

Let us denote by the letter c a particle which, 
when given acomparatively small amount of energy, 
can decay into two particles a and b. Obviously 


M, = Ma+ Mp—e, (1) 


where € is the binding energy. These conditions, 
as is well known, are satisfied by the deuteron. It 
is true that it is customary to treat the deuteron 
as a composite particle, ‘‘consisting’’ of a proton 
and neutron. In reality, however, the concepts of 
‘“‘elementary’’ and ‘‘composite’’ lose their meaning 
in relativistic quantum field theory and the asser- 
tion that the deuteron is a ‘‘composite’’ particle 
differs only quantitatively from the assertion that 
mesons ‘‘consist’’ of nucleons and antinucleons. 
Only the assumption that all particles under con- 
sideration interact strongly is relevant. 

For simplicity let us suppose that all particles 
have zero spin. It is understood that the particle 
¢ has even parity relative to the particles a and 
b (s-state!). Let us denote by the letter g the 
full vertex part for the transition a+b—c. We 
look now at the amplitude for the mutual scattering 
of particles a and b. This amplitude has a pole 
term, associated with the virtual production of the 
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particle c, equal to Finally we obtain 


(2/8) | (Ma + Mb) [(Pa + po)? — Mi]. (2) € = (g*/5120*) MaMo/ (Ma + Mp)’. (5) 


Replacing (pa + pp)? by (Ma + Mp + E)?, where This is the desired formula which expresses the 
E is the energy in the barycentric frame after sub- binding energy, assuming it is small, in terms of 
traction of the rest energy, expressing Mg in terms the corresponding coupling constant. 


of Eq. (1), and assuming that E and € are small, It should be noted that analogous relations were 
we find already encountered by Fainberg and Fradkin! in 
writing dispersion relations for nucleon scattering. 
2 2 
(g°/16st) / (Ma + Mb)? (E + 8). (3) It seems to me that it would be of interest to 
Let us compare this expression with the well derive this formula directly from unitarity and 
known expression for the resonant scattering am- analyticity properties of the amplitudes. 
plitude for not too high energies. The latter is 
given by ‘Vv. Fainberg and E. Fradkin, Doklady Akad. 
2 ms Nauk SSSR 109, 507 (1956), Soviet Phys.-Doklady 
V 4/2 (1/Ma + 1/Ms) /(Ve +iVE }. (4) 


ih, ZS) (LOT). 
It is obvious that the expression 1/( Ve +iVE) 
evaluated at the point E = —€ is equal to 2Ve . 


One may therefore assert that Translated by A. M. Bincer 


g?/16m (Ma + Mz)? = V 2(1/Ma + 1/Mb) €. 336 
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Landsberg, P. I. Lebedev, B. V. Obukhov, and 


B. Pontecorvo — 812L. 

On the Probability of Meson Capture in Different Meso- 
Atomic Levels. S. S. Gershtein — 815L. 

Nuclear Reactions and Scattering at High Energy 

(Experiment) 

Angular and Momentum Distribution of Residual Nuclei 
Produced in the Inelastic Scattering of Fast 7 
Mesons and Protons on Helium. M. S. Kozodaev, 

M. M. Kulyukin, R. M. Sulyaev, A. I. Filippov, and 
Yu. A. Shcherbakov — 644. 

Interaction of 5 x 102 ev Nucleons with Photographic 
Emulsion Nuclei. N. A. Marutyan, K. A. Matevosyan, 
and R. T. Toshyan — 689. 

Investigation of Secondary (a, xn) Reactions in 
Bismuth. Wang Yung-Yii, V. V. Kuznetsov, M. Ya. 
Kuznetsova, and V. A. Khalkin — 166. 

Polarization of 6.8-Mev Protons Scattered on Carbon. 
M. V. Pasechnik, N. N. Pucherov, B. F. Orlenko, and 
V. S. Prokopenko — 634. 

Production of Charged Hyperons by 9-Bev Protons 
Interacting with Photographic Emulsion Nuclei. 

L. P. Dzhanelidze, D. K. Kopylova, Yu. B. Korolevich, 
N. I. Kostanashvili, K. V. Mandritskaya, N. I. 
Petukhova, M. I. Podgoretskii, D. Tuvdendorzh, O. A. 
Shakhulashvili, and Cheng P’u-Ying — 863. 

Nuclear Reactions and Scattering at Medium and Low 

Energies (Experiment) 

Angular Distribution of @ Particles Produced in the 
Reaction F!9(p, a) 0!*, I. B. Teplov, O. P. 
Shevchenko, and E. K. Ruuge — 640. 

Angular Distribution of Protons from the ca, Pp) Cc 
Reaction with 5 — 13 Mev Deuterons. N. I. Zaika, 

O. F. Nemets, and M. A. Tserineo — 1. 

Capture by F!’, P*!, and S** Nuclei. G. E. Velyukhov, 
A. N. Prokof’ev, and S. V. Starodubtsev — 395. 

Charged Products from the Reactions He’ + d (20 Mev). 
K. P. Artemov and N. A. Vlasov — 1124. 

Elastic Scattering of Deuterons by Nuclei. Yu. V. 
Gofman and O. F. Nemets — 1035. 

Excited States of the Si®? Nucleus. A. M. Romanov 
== OAc 

Five New Millisecond Isomers Produced by 19.2-Mev 
Protons. A. M. Morozov, V. V. Remaev, and P. A. 
Yampol’skil — 674. 

Investigation of Stripping Reactions on C', O!* and 
si?®, N. V. Alekseev, K. I. Zherebtsova, V. F. Litvin, 
and Yu. A. Nemilov — 1049. 

Investigation of the He? + He® Reaction. Li Ga Youn, 
G. M. Osetinskii, N. Sodnom, A. M. Gavoroy, I. V. 
Sizov, and V. I. Salatskii — 163. 

Production of Nuclear Fragments in Nuclear Emulsions 
by 80-Mev Mesons. A. S. Assovskaya and N. S. 
Ivanova — 1051. 

The (d, t) Reaction on Zirconium Isotopes. N. A. 
Vlasov, S. P. Kalinin, A. A. Ogloblin, and V. I. Chuev 
= IY, 

The Reaction B'! (d, t)B!°, N. A. Vlasov, S. P. 
Kalinin, A. A. Ogloblin, and V. I. Chuev — 1129. 

The (a, t) Reaction on Li’, Be’, and Na”. N. A. 
Vlasov, S. P. Kalinin, A. A. Ogloblin, and V. I. 

Chuev — 1020L. 


Nuclear Reactions, Disintegrations, Scattering (Theory) 

Cross Sections for Radiative Capture of Neutrons by 
Heavy Nuclei. P. E. Nemirovskii — 1213. 

Dispersion Relations and Analysis of the Energy De- 
pendence of Cross Sections near Thresholds of New 
Reactions. L. I. Lapidus and Chou Kuang-Chao — 82. 

Energy Spectrum of Cascade Alpha Particles in Photo- 
graphic Emulsion Stars Produced by High-Energy 
Protons. V. I. Ostroumoy, N. A. Perfilov, and R. A. 
ilove wis 

Inelastic Final-state Interactions and Near-threshold 
Singularities. L. I. Lapidus and Chou Kuang-Chao 
SARE) 

Interference between Coulomb and Nuclear Scattering 
at High Energies. B. P. Bannik and V. G. Grishin 
— 69. 

Investigation of the (n, p) Reaction in Li®. I. Sh. 
Vashakidze, T. I. KopaleYshvili, and G. A. 
Chilashvili — 278. 

A Relativistic General Theory of Reactions. M. I. 
Shirokov — 445. 

On the Bond in the C!? — C® Nuclear Molecule. A. S. 
Kompaneets — 1196. 

On the Influence of the Inelastic Processes on the 
Elastic Scattering in the Vicinity of the Thresholds 
of the Inelastic Reaction Modes. L. A. Khalfin — 709. 

Polarization of Deuterons Elastically Scattered on 
Helium. L. S. Dulkova — 701. 

Polarization of Protons Scattered from O!*, K. V. 
Karadzhev and V. I. Man’ko — 294, 

Theory of Alpha Decay of Nonspherical Nuclei. V. G. 
Nosov — 102. 

Nuclear Reactions on Multiply Charged Ions 

Secondary Capture of Lithium Nuclei by Lead. Wang 
Yung- Yu, V. V. Kuznetsov, M. Ya. Kuznetsova, V. N. 
Mekhedovy, and V. A. Khalkin — 370. 

Nuclear Spectra (a, B, y) (Experiment) 

Decay of Er.” 10s: Dneprovskil, L. Német, and L. K. 
Rekets—o. 

Hyperfine Structure of Gamma Rays Produced by 
Quadrupole Interaction in a Crystal Lattice. N.N. 
Delyagin, V. S. Shpinel’, V. A. Bryukhanov, and 
B. Zvenglinskit — 159L. 

Investigation of the Decay Scheme of My Slee Is 
Rusinov, A. V. Borovikov, V. S. Gvozdev, G. D. 
Porsov, S. L. Sakharoy, and Yu. L. Khazov — 1064. 

Measurement of the Energy of Alpha Particles from 
Some Emitters. A. A. Vorob’ev, A. P. Komar, and 
Vv. A. Korolev — 50. 

Nuclear Zeeman Effect in Sn''®, N. N. Delyagin, V. S. 
Shpinel’, V. A. Bryukhanoy, and B. Zvenglinskil 
— 619L. 

On Reactions Involving the Formation of Ppeem 
Isomer. V. L. Glagolev, A. M. Morozov, and P. A. 
Yampol’skii — 1131. 

On the Level Scheme of Ta 
A. G. Khudaverdyan — 16. 

On the Production of Monoenergetic Positrons in the 
Decay of Eu'!”, §.S. Vasilenko, M. G. Kaganskii, 
and S. F. Kiksharova — 672. 

The y Spectrum of Na24 in the 2.5 — 5.5 Mev Energy 
Range. K. P. Artamonova, L. V. Gustova, Yu. N. 
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Podkopaev, and O. V. Chubinskii — 1109. 

The £* Spectrum of Si?’. S.S. Vasil’ev and L. Ya. 
Shavtvalov — 851. 

Two-Cascade Gamma Transition in the Nd‘** Nucleus 
Accompanying the Capture of Thermal Neutrons. 

V. R. Burmistrov,and V. P. Radchenko — 411. 
Nuclear Structure (Theory) 

Determination of the Deformation of a -Active Nuclei 
and their Quadrupolarization on Basis of the a- 
Particle Energy and Angular Distributions. V. G. 
Nosoyv — 1159. 

Effect of Pair Correlation of Nucleons on the Proba- 
bilities of Electromagnetic Transitions in the Nucleus. 
Nauk, Ah, eral — iO. 

Electric Monopole Transitions in the Theory of Non- 
axial Nuclei. V.S. Rostovskil — 592. 

On the Ground States of Atomic Nuclei. M. Ya. Amus’ya 
— 449, 

On the Nature of the First Excited States of Even-even 
Spherical Nuclei. S. T. Belyaev — 968. 

On the Theory of the Optical Anisotropy of Atomic 
Nuclei. A. M. Baldin and S. F. Semenko — 306. 

Probabilities of Rotational Gamma Transitions of Type 
E2 and Quadrupole Moments of Deformed Nuclei with 
K=1 and %. D. A. Varshalovich — 324. 

Quadrupole Moments of Odd Barium Isotopes. N. I. 
Kaliteevskil, E. E. Fradkin, and M. P. Chaika — 661. 

Rotational State Energies of Nonaxial Nuclei with J 
= 10 and J =12. V. K. Luk’yanov — 731. 

The Possibility of Experimental Verification of the 
Nonaxial Rotator Model by Studying the Effect of the 
Medium on the Angular Correlation of a Gamma 
Quantum Cascade. D. P. Grechukhin — 957, 

On the Problem of Pairing with Non-Zero Angular 
Momenta. V. M. Galitskii — 806L. 

Photonuclear Reactions 

Behavior of the Total Cross Section for the Photopro- 
duction of 7 Mesons at High Energies. E. D. 
Zhizhin — 158L. 

Fast Photoneutrons from Some Elements. L. A. 
Kul’chitskiil and V. Presperin — 696. 

Investigation of the (y, p) Reaction on the Sn 
Isotope. Kuo Ch’i-Ting and B. S. Ratner — 1098. 

Photodisintegration of the He* Nucleus at High Ener- 
gies. R. I. Dzhibuti and A. V. Tagviashvili — 1225. 

Photoproduction of m Mesons on Nucleons in Peripheral 
Collisions. V. B. Berestetskil and E. D. Zhizhin 
— 295. 

Ratio of Cross Sections for Positive and Negative 
Photomeson Production on Beryllium. M. I. 
Adamovich, N. M. Panova, V. M. Popova, and F. R. 
Yagudina — 1103. 

The Position of the Giant Resonance in the Dipole Ab- 
sorption of Gamma Quanta by Atomic Nuclei. V.G. 
Neudachin, V. G. Shevchenko, and N. P. Yudin — 79. 

Theory of Photonuclear Reaction on Light Nuclei In- 
volving the Emission of Deuterons. G. M. 
Shklyarevskii — 717. 

On the Role of the Nonphysical Region in the Dispersion 
Relations for the Photoproduction of 7 Mesons. 

A. M. Baldin — 800L. 
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Phase Transformations 

The Hydrostatic Effect Near the Critical Point of a 
Liquid. A. V. Voronel’ and M. Sh. Giterman — 809L. 

Polymorphic Transformations of Lithium, Sodium, and 
Potassium in Films Condensed on a Cold Substrate. 
B. G. Lazarev, E. E. Semenenko, and A. I. Sudovtsov 
— 811L. 

Plasma (Theory) 

Build up of Ion Acoustic Vibrations in an Anisotropic 
Plasma. A. V. Timofeev — 281. 

Collisions of Particles in a High Temperature Plasma. 
O. V. Konstantinov and V. I. Perel’ — 597. 

Dynamic Stabilization of a Plasma Ring. S. M. Osovets 
— PAP) Ns 

Electromagnetic Waves in Half-Space Filled with a 
Plasma. Yu. N. Dnestrovskii and D. P. Kostomarov 
= Oeil. 

Finite-Amplitude Waves in a Multi-component Conduct- 
ing Medium. V.S. Tkalich — 52. 

Investigation of the Stability of a Plasma by a General- 
ized Energy Principle. V.G. Aleksin and V. I. 
Yashin — 572. 

On the Anisotropy in the Propagation of Longitudinal 
Electroacoustic Oscillations in a Drifting Plasma. 

V. A. Liperovskil — 951. 

On the Growth of Magnetohydrodynamic Waves ina 
Plasma Stream Moving through an Ionized Gas. V. P. 
Dokuchaev — 292. 

On the Instability of a Plasma with an Anisotropic Dis- 
tribution of Velocities ina Magnetic Field. R. Z. 
Sagdeev and V. D. Shafranov — 130. 

On the Theory of Runaway Electrons. A. V. Gurevich 
— 904. 

Natural Oscillations of a Bound Plasma. D. A. Frank- 
Kamenetskil — 469. 

Plasma, Gas-Discharge (Experiment) 

Acceleration of Positive Ions in an Expanding Vacuum 
Spark Plasma. A. A. Plyutto — 1106. 

Conditions for Electron Excitation of Negative Temper- 
ature States ina Gas Mixture. N. G. Basov and O. N. 
Krokhin — 1240. 

Gyrotropic Properties of a Plasma During Propagation 
of an Extraordinary Wave. B. 1. Patrushev, V. D. 
Rusanov, I. A. Kovan, V. V. Savichev, and D. A. 
Frank-Kamenetskii — 1045. 

Investigation of Magnetic Mirror Confinement of a 
Plasma, I. M.S. Ioffe, R. I. Sobolev, V. G. Tel’kov- 
skii, and E, E. Yushmanov — 1117. 

Investigation of Magneto-acoustic Resonance in a 
Plasma with Aid of Double Electric Probes. V. D. 
Rusanov, B. I. Patrushev, I. A. Kovan, V. I. Garkusha, 
and D, A. Frank-KamenetskiY — 1041. 

Magneto-acoustic Resonance ina Plasma. A. P. 
Akhmatov, P. I. Blinov, V. F. Bolotin, A. V. Borodin, 
P. P. Gavrin, E. K. Zavoiskii, I. A. Kovan, M. N. 
Oganov, B. I. Patrushev, E. V. Piskarev, V. D. 
Rusanoy, G. E. Smolkin, A. R. Striganov, D. A. 
Frank-Kamenetskii, P. A. Cheremnykh, and R. V. 
Chikin — 376. 

The Realization of a Medium with Negative Absorption 
Coefficient. V. K. Ablekov, M. S. Pesin, and I. L. 
Fabelinskil — 618L. 


Polarization, Nuclear 

Effect of Pulsed Acoustic Resonance Action on a 
Nuclear Spin System. A. R. Kessel’ — 604. 

Nuclear Magnetic Resonance in Plastically Deformed 
Rock Salt. M. I. Kornfel’d and V. V. Lemanov — 188. 

Polarization of Sc** Nuclei in Iron. A. V. Kogan, V. D. 
Kul’kov, L. P. Nikitin, N. M. Reinov, I. A. Sokolov, 
and M. F. Stel’makh — 34. 

Quadrupole Effects in Nuclear Magnetic Resonance in 
NaNO; — AgNO; Mixed Crystals. M. I. Kornfel’d 
and V. V. Lemanov — 38. 

Second-order Quadrupole Effects in Sodium Nitrate. 
Vv. V. Lemanov — 187. 

Positrons 

Observation of Positronium Reactions in Aqueous 
Solutions. V. I. Gol’danskiY, O. A. Karpukhin, and 
G. G. Petrov — 1026L. 

Pressures, High 

Some Properties of Strongly Compressed Matter, I. 
A. A. Abrikosov — 1254, 

The Dynamic Compressibility, Equation of State, and 
Electrical Conductivity of Sodium Chloride at High 
Pressures. L. V. Al’tshuler, L. V. Kuleshova, and 
M. N. Pavlovskii — 10. 

Quantum Electrodynamics 

Account of the Nuclear Coulomb Field in Processes 
Involving the Interaction between Electrons and an 
Electromagnetic Field. V. G. Gorshkov — 983. 

Anomalous Magnetic Moments of the Muon and Electron. 
V. B. Berestetskil — 993. 

Bremsstrahlung from a Distributed Proton. N. A. 
Guliev and E. M. Epshtein — 304. 

Change of the Adiabatic Invariant of a Particle ina 
Magnetic Field. I. A. M. Dykhne and V. L. Pokrov- 
skil — 264. 

Effect of Multiple Scattering on the Proper Field of a 
Fast Charged Particle. F. F. Ternovskil — 344. 

Higher Born Approximation in Pair Conversion. V. A. 
Krutov and V. G. Gorshkov — 417. 

On the Infrared Catastrophe in Scalar Quantum Electro- 
dynamics. V. A. Shakhbazyan — 340. 

Phenomenological Quantum Electrodynamics in the 
Case of Two Media. G. M. Garibyan — 1138. 

Quantum Field Theory; Theory of Strong Interactions 

A Method of Solution of Field-Theoretical Problems 
Involving a Static Nucleon. B. M. Barbashov and 
G. V. Efimov — 316. 

A Resonance Model for the 7+ N— 1+ 7+ N Reac- 
tion at Meson Energies of 300 — 400 Mev. V. V. 
Anisovich — 71. 

A Resonance Model for the N+ > N+ 7+ 7 and y 
+ N+ N+ 7+ 7 Reactions. V. V. Anisovich — 946. 

Annihilation of an Antiproton-Proton System. E. O. 
Okonov — 738. 

Application of Mandelstam’s Method to a Computation 
of the Scattering Amplitude with Anomalous Singu- 
larities. V. A. Franke — 1269. 

Asymptotic Behavior of Cross Sections at High Ener- 
gies. V. B. Berestetskil and I. Ya. Pomeranchuk 
— 752. 

Equations for the Mandelstam Spectral Representation 
Functions. K. A. Ter-Martirosyan — 575. 


Location of the Nearest Singularities of the mm -Scat- 
tering Amplitude. V. A. Kolkunov, L. B. Okun’, 
A. P. Rudik, and V. V. Sudakov — 242. 

Low Energy m7 Scattering Integral Equations. Hsien 
Ting-Ch’ang, Ho Tso-Hsiu, and W. Zollner — 1165. 
On Secondary Processes in the Production of 7 Mesons 
on Nuclei. V. M. Mal’tsev and Yu. D. Prokoshkin 

= ileyeh 

On Symmetry of the Solutions Obtained in Determining 
the Singularities of Feynman Diagrams by Landau’s 
Method. A. Z. PatashinskiY — 1217. 

On the Normalization Constants of the State Vectors 
in Field Theory. M. A. Braun — 514. ‘ 

On the Nucleon-nucleon Potential. A. F. Grashin and 
Yu. P. Nikitin — 498. 

Peripheral Interactions between 7 Mesons and Nu- 
cleons at High Energies. I. M. Dremin — 94. 

Pion-Nucleon Scattering at Low Energies. I. A. V. 
Efremov, V. A. Meshcheryakoy, and D. V. Shirkov 
= ails). 

Pion-Nucleon Scattering at Low Energies, Il. A. V. 
Efremov, V. A. Meshcheryakoy, and D. V. Shirkov 
= 190. 

Pion-pion Interaction and the Electromagnetic Structure 
of the Nucleon in the Static Theory. E. V. Teodorovich 
— 334. 

Semi-analytical Solution of Equations of the Chew- 
Mandelstam Type. Yu. A. Simonovy and K. A. 
Ter-Martirosyan — 1003. 

Signs of Constants of Strong Interactions. I. Yu. 
Kobzarev and L. B. Okun’ — 150L. 

Some Properties of Dressed Particle Operators in 
Field Theory. M. A. Braun and Yu. V. Novoshilov 
—1949: 

The Hypothesis of the Neutral p Meson in the Light 
of Data on Antiproton Annihilation. V. I. Gol’danskii 
and V. M. Maksimenko — 584. 

The Spatial and Charge Parities and Two-meson Anni- 
hilation of the Proton-antiproton System. M. I. 
Shirokov and E. O. Okonov — 204. 

High-Energy Behavior of the Total Cross Section for 
m-p Scattering. Yu. M. Lomsadze, V. I. Lend’el, and 
B. M. Ernst — 803L. 

Pion-Pion Resonance in p State. 
Chou Kuang-Chao — 1032L. 

Quantum Mechanics (Various Problems) 

On the Theory of Unstable States. Ya. B. Zel’dovich 
— 776. 

Second-order Equations for Spinor Fields. V.S. 
Vanyashin — 240. 

Radiation, Electromagnetic 

Electric Forces in a Transparent Dispersive Medium. 
L. P. Pitaevskii — 1008. 

Electromagnetic Radiation Emitted in the Collisions 
Between Charged Particles with Close Specific 
Charge e/m Values. E. I. Malkov and I. M. 
Shmushkevich — 1282. 

Electromagnetic Radiation from Electron Diffusion. 
G. A. Askar’yan — 151L. 

Generalized Reciprocity Principle. L. M. Biberman 
and B. A. Veklenko — 64. 

Instability of a System of Excited Oscillators with 
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Respect to Electromagnetic Perturbations. A. V. 
Gaponov — 232. 

Negative Absorption in Metal Vapors. S. G. Rautian 
and I. I. Sobel’man — 156L. 

On the Theory of Radiative Processes in Piecewise 
Homogeneous Media. F. F. Ternovskil — 123. 

Raman Scattering of Light near Second-Order Phase- 
Transition Points. V. L. Ginzburg and A. P. Levanyuk 
== IBN, 

Radiation Emitted by a Charged Particle Passing 
through a Plate. V. E. Pafomov — 97. 

Radiation from a Charge Moving in an Inhomogeneous 
Medium. S. P. Kapitza — 954. 

Radiation of a Particle Moving across the Interface of 
Two Media with Account of Multiple Scattering. G. M. 
Garibyan — 237. 

Resonance Effects of Radiation in a Laminar Medium. 
M. L. Ter-Mikaelyan and A. D. Gazazyan — 1183. 

The Vavilov-Cerenkov Effect in Uniaxial Crystals. 

C. Musicar — 117. 

Transition Radiation in the Case of a Diffuse Boundary 
Between Two Media. A. Ts. Amatuni and N, A. 
Korkhmazyan — 703. 

On the Radiation of a Nucleus in the Presence of 
Unexcited Nuclei of the Same Type. M. I. Podgoret- 
skil and I. I. Roizen — 1023L. 

Scattering (General Theory) 

Dispersion Relations in Nonrelativistic Scattering 
Theory in which Account is Made for Spin-orbit 
Interaction. V.S. Buslaev — 990. 

Effect of External Fields on the Angular Correlations 
and Resonance Processes During Quantum Transi- 
tions. L. G. Zastavenko and M. I. Podgoretskii — 711. 

On Electromagnetic Scattering of Particles of Spin pe 
L. G. Moroz — 416. 

Properties of the Scattering Amplitude Conditioned by 
the Unitarity Condition. M. A. Braun and L. V. 
Prokhorov — 1146. 

Recurrent Construction of Angular Operators. III. 

J. Fischer and 8. Ciulli — 941. 

Scattering Theory for a Three-particle System. L. D. 
Faddeev — 1014. 

The Scattering Matrix with the Pauli Interaction Taken 
into Account. L. G. Moroz and F. I. Fedorov — 209. 
Scattering Matrix of Nucleons Scattered on a Target of 

Spin 1. P. Vinternitts — 1025L. 
Note on the Optical Theorem. D. Blokhintsev — 802L. 
Scattering in Crystals 

Elastic Resonance Scattering of Slow Neutrons in 
Crystals. M. V. Kazarnovskil and A. V. Stepanov 
— 723. 

Inelastic Magnetic Scattering of Slow Neutrons on 
Phonons. B. M. Khabibullin — 714. 

Scattering of Slow Neutrons in Ferrites and Antiferro- 
magnets. V. G. Bar’yakhtar and S. V. Maleev — 995. 

Scattering of Electrons and Gamma Quanta 

Elastic Scattering of y Quanta by Nuclei. L. I. Lapidus 
and Chou Kuang-Chao — 735. 

Elastic Scattering of y Quanta on Deuterons below the 
Threshold for Pion Production. L. I. Lapidus and 
Chou Kuang-Chao — 898. 

Electron Scattering in the Thomas-Fermi Model. 
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Dietz ——0A0): 


Inelastic Scattering of High Energy Electrons on Nuclei. 


A. G. Sitenko and V. N. Gur’ev — 1128. 

Inelastic Scattering of Photons on Rh!3 Nuclei. O. V. 
Bogdankevich, L. E. Lazareva, and A. M. Moiseev 
— 893. 

On Resonance Photon-photon Scattering. V. N. 
Oraevskii — 730. 

Polarization Phenomena in the Compton Effect. G. V. 
roo = WAG 

Resonance Scattering of y Quanta on the Li’ Nucleus. 
I. Sh. Vashakidze, T. I. Kopaleishvili, V. I. 
Mamasakhlisov, and G. A. Chilashvili — 466. 

Effect of Collisions of Recoil Nuclei on the Cross Sec- 
tion for Resonance Scattering of Gamma Rays by Nie”. 
D. K. Kaipov and Yu. K. Shubnyi — 615L. 

Semiconductors 

Contribution to the Theory of Exciton States in Semi- 
conductors. I. P. Dzyub — 429. 

Anisotropy of Even Photomagnetic Effect in 
n-Germanium at Low Temperatures. I. K. Kikoin and 
S. D. Lazarev — 1022L. 

Possibility of Using Indirect Transitions to Obtain a 
Negative Temperature in Semiconductors. N. G. 
Basov, O. N. Krokhin, and Yu. M. Popov — 1033L. 

Experimental Determination of Polaron Mass in 
Cuprous Oxide. N. I. Krivko and N. M. Rernov 
= ZOOL, 

Statistical Physics (General Problems) 

A Diagram Technique for Evaluating Transport Quan- 
tities. O. V. Konstantinov and V. I. Perel’ — 142. 
Application of the Laplace Transform for Calculation 

of the Partition Function. A. A. Zaitsev — 878. 

Fluctuation Thermodynamics of Nonequilibrium Proc- 
esses. R. L. Stratonovich — 1150. 

On Perturbation Theory for Large Quantum Systems. 
Yu. L. Mentkovskii — 225. 

Strange Particles 

A Possible Neutral Cascade Meson Decay. I. A. 
Ivanovskaya, E. V. Kuznetsov, E. I. Mal’tsev, 

A. Prokesh, G. M. Stashkov, and I. V. Chuvilo — 31. 

Determination of the Relative Parity of >° and A 
Particles from the Reaction 5° ~ A + e* + e-. 

B. N. Valuev and B. V. Geshkenbein — 728. 

Energy and Angular Distributions from Decays of 

Hypernuclei. V. A. Lyul’ka — 331. 


Form Factor for Ky3 and Ke; Decay. Ya. B. Zel’dovich. 


= IE 

Four-Pronged Decay of the Long Lived K’ Meson. 
EVO: Okonov, N. I. Petrov, A. M. Rozanova, and 
V. A. Rusakov — 48. 

Freon Bubble Chamber Observations on the Asymmetry 
in the Decay of A’ Hyperons Produced by 2.8 Bev/c 
m Mesons. V. V. Barmin, Yu. S. Krestnikov, I. I. 
Pershin, V. P. Rumyantseva, Ya. Ya. Shalamov, and 
V. A. Shebanov — 857. 
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